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 ABSTRACT  

 

Explorations by oil and gas companies have moved from shallow to deep water to satisfy 

consumers' changing needs. A circular- shaped cylinder structure placed in deep water is 

also known spar platform, is normally floated and subjected to severe conditions which 

cause unpleasant motions and fatigue damage to the structure. Wake oscillator model is 

considered a semi-empirical model that is most suitable for the evaluation of Vortex-

induced Vibrations (VIV) structure features during the design stage. This work focuses 

on validation of wake oscillator model for VIV with previously semi-empirical method. 

Wake oscillator and structure oscillator models are coupled based on the Van der Pol 

Equation. The coupled models were evaluated and analytically validated. The results 

showed a qualitative and quantitative agreement with previous analytical, at the same 

maximum peak amplitude response, 𝑦0 = 0.22, with 1.2% percentage error . Meanwhile, 

experimental results from literature only showed a qualitative agreement but not in 

quantitative agreement. Analytical modelling may offer potential means for investigating 

VIV features and provide a fundamental analysis by using a cost saving but reliable 

method. Further works should be done to characterise the VIV and Vortex-induced 

Motions phenomenon for spar platform. 

 

Keywords: vortex-induced vibrations; wake oscillator model, circular cylinder; van der 

pol equation; vortex-induced motions.  

  

INTRODUCTION 

 

Since the past few decades’ oil and gas industry has become one of the most prominent 

and leading industries. The maturation of this industry is represented by the increasing 

number of offshore structures around the world due to the price and increased demand for 

fuel every day. Williamson & Govardhan [1] stated that Vortex-induced vibrations (VIV) 

is a critical problem in the industry for immersed structure design such as a spar platform. 

Researchers have investigated and developed new technologies and techniques for better 

prediction of the VIV structure that are undergoing hydrodynamic forces (wave and 

current) so as to minimize damages to the structure. VIV has become one of the major 

problems faced by companies in dealing with the increasing cost of building a platform. 

That is because a large safety factor is applied during the design stage due to lack of 

knowledge and understanding on VIV prediction. Extensive study about VIV  was done 
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for a few decades, such as [2] [3-13], and thus attempts to reduce the VIV of structures 

have been done. It is important to know that many object shapes may lead to VIV. 

However, this work is limited to observation based on circular-shaped cylinder (spar 

platform). It is well known that VIV can limit the structural life expectancy of materials 

and may even lead to catastrophic failures [14]. One of the examples of catastrophic 

failures happened in 1940, where the Tacoma-Narrow Bridge collapsed due to severe 

wind-induced vibrations [15].  Some recent  investigation on VIV phenomenon based on 

circular cylindrical are seen in [16]. VIV is one of the important considerations for 

offshore platforms design. Construction and maintenance costs have increased due to 

large safety factors being applied in the structure design as a result of insufficient 

understanding of fluid-structure interactions. There are other priorities that need to be 

catered for during the preliminary design stage, such as providing a fundamental analysis 

by using a reduced-cost but reliable method. It is envisaged that through this proposed 

work a critical area to be tackled and become useful contributions are worth mentioning 

in earlier discussion. Although a great deal of effort was made during recent decades to 

improve VIV of ocean structures based on analytical, numerical and experimental 

approaches that are used for predicting vibrations due to vortex shedding, the available 

analytical approach are still rather crude.  

Generally, many topics based on VIV phenomenon were extensively reviewed 

and many successful approaches were based on numerical simulations and experimental 

techniques but not many are done analytically. The objectives of this paper are to further 

investigate the response of the cylinder to forces due to fluid flow by using analytical 

modelling and provide knowledge to the understanding of VIV phenomenon, and also 

give significant benefits to the oil and gas industry. As for the analytical way, is 

appropriate to use the wake oscillator model, which is also known as a semi-empirical 

model. Work with experienced structural VIV can be classified into three main types, one 

of them is wake–body (wake–oscillator) coupled models [17]. This type is coupled 

through common terms in equations for the structure and the wake oscillations. Earlier 

studies based on wake oscillator model were done by [18-20] and [21]. This model can 

illustrate most of the VIV features caused by the vortex. One of the features is the lock-

in domain. This model will be discussed in detail in other sections. The result from this 

model will be validated with the previous model, then compared with experimental results 

from the literature. 

 

METHODS AND MATERIALS 

 

Formulation of the Model  

The bluff body surface experiences a fluctuating pressure variation with time as the body 

is under the action of a fluid flow with velocity U. When a successive separation of 

vortices on each of its side takes place, oscillating pressure fields develop on the body. If 

the body is free to move in transverse direction to the fluid flow, the resultant periodic net 

forces will interact with the structure movement originating the vortex shedding induced 

vibration [22]. The parameter values used in the present coupling model are as shown in 

Table 1. 

 

Structural Oscillator 

Figure 1(a) illustrates a spar platform submerged in water and transformed into an 

analytical model, also known a semi-empirical model. The analytical models are based 

on a 1DOF of a rigid circular cylinder of diameter (D) that was elastically mounted. 
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Figure 1(b) shows that the cylinder is restricted in such a way that it can crosswise 

oscillate to a uniform flow of free stream velocity (U). The in plane form displacement 

(Y) of cylinder crosswise to fluid flow can be as stated by a linear oscillator as defined in 

[23]. 

 

Table 1. Parameter values. 

 

Parameter Value 

Diameter, D 

Strouhal Number, St 

Van Der Pol Parameter, ε 

Scaling of the coupling force, A 

Damping Coefficient, γ 

 0.0381  

0.2 

0.3 

12 

0.8 

 

 
 

Figure 1. (a) Illustration of Spar Platform submerged in water[24]; (b) Illustration model 

of coupled structure and wake oscillator for 2D vortex-induced vibration [21] [23]. 

 

                                                        𝑚𝑌̈ + 𝑟𝑌̇ + ℎ𝑌 = 𝑆                                                (1) 

 

where overdots (.) means derivatives with respect to dimensional time(T).  This model  

the inviscid inertia effects of fluid [25] which is the mass ( 𝑚 ) consisting of two parts 

that is 𝑚𝑠, the mass of the structure, and the second one is 𝑚𝑓, the fluid-added mass by 

[23], and reads, 

 

𝑚 = 𝑚𝑠 +  𝑚𝑓,     𝑚𝑓 =
1

4
𝐶𝑚𝜌𝐷2𝜋 ,     𝜇 = (𝑚𝑠 + 𝑚𝑓) 𝜌𝐷2⁄                       (2) 

 

where 𝜌 is the fluid density, 𝜇 is dimensionless mass ratio and 𝐶𝑚 is the added mass 

coefficient with assumption that a constant derived from a potential flow theory [25]. It 

reads 𝐶𝑚 = 1 at circular cross section case[23]. In Eq. (1), the linear damping 𝑟 models 

both viscous dissipations in support, 𝑟𝑠 and fluid-added damping, 𝑟𝑓 [23], namely, 

 

𝑟 = 𝑟𝑠 +  𝑟𝑓  ,        𝑟𝑓 =
2𝜋𝑆𝑡𝑈

𝐷
𝛾𝜌𝐷2𝜋                                 (3) 

where 𝛾 is a stall parameter and is a function of oscillation frequency related to the mean 

sectional drag coefficient of the structure [25]. In this case, Blevins [25], Pantazopoulos 
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[26]  and Facchinetti et al. [23][30] assumed that the amplified drag coefficient, that are 

constant with 𝐶𝐷 = 2.0. 𝑆𝑡 is Strouhal number as at common practice in the sub-critical 

range 300 < 𝑅𝑒 < 1.5 ×  105  that assumes 𝑆𝑡 = 0.2 [25], [26]. The fluid added 

damping coefficient 𝛾 = 0.8 from Eq. (3).  The stiffness coefficient in Eq. (1), h only 

relates to outer effects. Searching for simplicity, it is assumed that stall parameter, 𝛾 

remains constant. To develop a two dimensional model, oscillation of all mass 

parameters, damping and stiffness is defined as per unit length. The fluid hydrodynamic 

effects on structure consist of two parts,  i.e. the basic fluid effects, 𝑚𝑓 and another one 

is 𝑟𝑓, that has direct influence on the structure by Equation (2) and Equation (3), while the 

effects of vortices that are modelled as a forcing term is defined by Facchinetti et al. [23] 

and it reads as, 

 

𝑆 =
1

2
𝜌𝑈2𝐷𝐶𝐿                                                 (4) 

 

where 𝐶𝐿 is fluctuating lift coefficient. Defining structural angular frequency Ω𝑠 =

 √ℎ 𝑚⁄  structure reduced damping 𝜉 = 𝑟𝑠 2𝑚Ω𝑠⁄   and vortex-shedding frequency Ωf =
 2πStU D⁄  explained by Facchinetti et al. [23], so that Eq. (1) becomes 

 

𝑌̈ + ( 2𝜉𝛺𝑠 +
𝛾

𝜇
𝛺𝑓) 𝑌̇ + 𝛺𝑓

2𝑌 =
𝑆

𝑀
                               (5) 

 

Wake Oscillator 

Equation of wake in Equation (1) was used to couple with equation of wake structure in 

Equation (6). Nature fluctuations of the vortex street is modelled by a nonlinear oscillator 

complying to the Van der Pol Equation [33]. 

 

𝑞̈ + 𝜀𝛺𝑓(𝑞2 − 1)𝑞̇ + 𝛺𝑓
2𝑞 = 𝐹                              (6) 

 

The dimensionless wake variable ( 𝑞 ) that is related to the fluctuating lift 

coefficient is considered as the main variable, and can be defined as = 2𝐶𝐿 𝐶𝐿𝑂⁄  . where 

𝐶𝐿 is instantaneous lift coefficient and 𝐶𝐿 is reference lift coefficient of a stationary 

cylinder under vortex shedding. The right hand side forcing term of Equation (6), F, 

models the effect of cylinder motion on the wake dynamics. 

 

Coupling of Wake and Structural Oscillators 

In order to get a more suitable method, the dimensionless time 𝑡 = Ω𝑠𝑇 and space 

coordinate 𝑦 = 𝑌/𝐷 was introduced by Facchinetti et al. [23]. Equation (5) and (6) lead 

to the coupled fluid-structure dynamical system  

 

 𝑦̈ + ( 2𝜉𝛿 +
𝛾

𝜇
 ) 𝑦̇ + 𝛿2𝑦 = 𝑠  ,     𝑞̈ + 𝜀(𝑞2 − 1)𝑞̇ + 𝑞 = 𝑓               (7) 

 

where 𝛿 = Ωs/Ωf is the reduced angular frequency of the structure and also related to 

𝑈𝑟 =  2𝜋𝑈/(Ωs 𝐷) , reduced flow velocity by [23].  

                                                  δ =
Ωs

2πStU

D

   =  
ΩsD

2πStU
  =  

1

StUr
                                        (8) 

and also 𝑠 = 𝑆/(𝐷Ω𝑓
2𝑚), considering the definition of q and S becomes 

 

(9) 
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𝑠 = 𝑀𝑞,      𝑀 =  
𝐶𝐿0

2

8𝜋2𝑆𝑡𝜇
 

 

In the large range of Re, the reference lift coefficient is defined as 𝐶𝐿0 = 0.3 [25] [26]. 

The mass number, M is derived from Equation (9) and becomes 

 

𝑀 =
0.05

𝜇
                                                            (10) 

 

Various researchers have used different coupling models such as displacement 

coupling 𝑓 = 𝐴𝑦, velocity coupling 𝑓 = 𝐴𝑦̇ and acceleration coupling 𝑓 = 𝐴𝑦̈ to define 

this forcing term. This paper focuses on the use of an acceleration coupling that is 𝑓 =
𝐴𝑦̈ because acceleration coupling was successfully analysed to model all features of VIV 

rather than displacement and velocity coupling [23]. Therefore, Equation (7) becomes,  

 

ÿ + (2ξδ +
γ

μ
 )ẏ + δ2y = Mq                                         (11) 

q̈ + ε(q2 − 1)q̇ + q = Aÿ                                             (12) 

 

A and 𝜀 are the parameters  derived from experimental data on the wake dynamics, 

typically A=12 and ε=0.3[23, 25] [27].  Overdots (.) of Eq. (11) are derivatives with 

respect to dimensionless time, t. For the next section, we will investigate wake oscillator 

dynamics Equation (7) by considering a harmonic motion of dimensionless amplitude 𝑦0 

and 𝜔 angular frequency. Specifically 𝑦 = 𝑦0 cos(𝜔𝑡) and the wake oscillator in 

Equation (7) is forced by 𝑓 depends on the coupling model. In case of acceleration 

coupling, it reads,   

  

𝑓 = −𝐴𝜔2𝑦0 cos (𝜔𝑡)                          (13) 

 

Then defining a reduced velocity on the forcing frequency as Facchinetti et al. (2004), it 

reads as 

 

𝑈𝑟 =
2𝜋

𝜔Ω𝑓

𝑈

𝐷
=

1

𝜔𝑆𝑡
                                         (14) 

 

Here now, the acceleration models of coupling in the parameter space (𝑈𝑟 , 𝑦0) have been 

analysed on the response of the wake oscillator. A response is sought in the form of 

 

𝑞 = 𝑞0 cos(𝜔𝑡 +  𝜓)                                              (15) 

   

where 𝑞0 is time independent amplitude and 𝜓 phase that can be substituted into Equation 

(7), whereby the main harmonic contribution of nonlinearities is also considered. 

𝑞0
6 − 8𝑞0

4 + 16 [1 + (
𝜔2−1

𝜀𝜔
)

2

] 𝑞0
2 = 16 (

‖𝑓‖

𝜀𝜔
)

2

                           (16) 

 

In Equation (16), the amplitude of the forcing, namely ‖𝑓‖ and defining a reference lock-

in state by 𝜔 = 1 at 𝑈𝑟 = 1 𝑆𝑡⁄  The vortex lift magnification factor with respect to a 

stationary structure, experiencing vortex shedding. Equation (16) is derived as the unique 

real root of the bi-cubic polynomial of 𝑞0 and get 𝐾 = 𝑞0/2, which reads 
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𝐾 = (
𝑋

36
)

1
3⁄

+ (
4

3𝑋
)

1
3⁄

                              (17) 

 

with   

𝑋 = (9
𝐴

𝜀
𝑦0) + √(9

𝐴

𝜀
𝑦0)

2

− 48                                              (18) 

 

Analytically, the phase of the transfer function of the wake oscillator is derived as for 

amplitude in Equation (16) for the displacement, velocity and acceleration coupling 

models [23]. It reads as 

 

𝜓 = 𝜃,       𝜓 = 𝜃 +
𝜋

2
                                   (19) 

  

with    

tan 𝜃 =
𝜀𝜔

𝜔2−1
(

𝑞0
2

4
− 1)                               (20) 

 

Coupling System 

Here, the coupled fluid structure system will be considered by Equation (7) as substitution 

in order to find a solution in the form that was already described by [23]. It reads  

 

𝑦 = 𝑦0 cos(𝜔𝑡),       𝑞 = 𝑞0 cos(𝜔𝑡 −  𝜑)                                   (21) 

 

Substitution in the structure oscillator Equation (7) will obtain the amplitude and phase 

of the liner transfer function between structure displacement and fluid variable that will 

become 

𝑦0

𝑞0
=

𝑀

√(𝛿2−𝜔2)2+(2𝜉𝛿+
𝛾

𝜇
)

2
𝜔2

 

  ,       tan 𝜑 =
−(2𝜉𝛿+

𝛾

𝜇
)𝜔

𝛿2−𝜔2                         (22)        

 

Substituting with considering only main harmonic contribution of the nonlinearities in the 

wake oscillator, Equation (7) will obtain equations on 𝑞0 and 𝜔 that are amplitude and 

angular frequency, respectively[23]. 

 

 𝑞0 = 2√1 +
𝐴𝑀

𝜀

𝐶

(𝛿2−𝜔2)2
+(2𝜉𝛿+

𝛾

𝜇
)

2
𝜔2

                                  (23) 

 

𝜔6 − [1 + 2𝛿2 − (2𝜉𝛿 + 𝛾 𝜇)⁄ 2
]𝜔4 − [−2𝛿2 + (2𝜉𝛿 + 𝛾 𝜇)⁄ 2 − 𝛿4]𝜔2 − 𝛿4 + 𝐺 = 0  (24) 

 

where the coefficients C and G depend on coupling model for acceleration, and it reads 

 

𝐶 = (2𝜉𝛿 +
𝛾

𝜇
) 𝜔2,    𝐺 = 𝐴𝑀(𝜔2 − 𝛿2)𝜔2             (25) 

 

The angular frequency, 𝜔 appears from Equation (24) that produces one or three 

positive real roots. Based on the solutions, angular frequency using coupling 

Equation (22) and Equation (23) will arise the amplitude 𝑦0 of the structure motions. 
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RESULTS AND DISCUSSION 

 

In Figure 2, with a proposed value by Facchinetti et al. [23] by using least square 

interpolation,  𝐴/𝜀 = 40 , with Van Der Pol parameter, 𝜀 = 0.3 and the coupling of force 

scale, 𝐴 = 12 shows that 𝑦0 > 0.5 higher imposed structure motions. Comparing with 

experimental data from previous literature shows that lift magnification factor, 𝐾 

increases with response amplitude up to certain point, then becomes lessen by  𝑦0 function 

by [26] [23, 28-30]. This happen because of the natural crosswise spacing of the near 

wake vortex street that makes 𝑦0 huge [23, 31]. The response model from Equation (17) 

and Equation (18) is most suitable with experimental data and is used to solve coupled 

wake oscillator model in this paper.  

 

Figure 2. Lift magnification, 𝐾 as a function of the imposed structure motions 

amplitude, 𝑦0 [23]. 

 

The lock-in phenomenon happens when there is vortex shedding that can cause 

large amplitude vibration, also called as vortex capturing. According to Bearman [32], 

the lock-in phenomenon occurs when the forcing frequency begins to unite with the 

shedding frequency. At this situation, the higher amplitude responses are monitored. This 

occurs when vortex shedding frequency turns out to be near to the natural frequency of 

crosswise vibrations of the structure [22]. As shown in Figure 3 and Figure 4, the reduced 

damping, 𝜉 = 0.0031 and scales of the effect of the wake structures, 𝑀 = 0.0002 are 

used to illustrate the case of uniform pivoted cylinder experiencing crosswise VIV in 

uniform flow by Balasubramanian et al.[33].  
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Figure 3. Amplitude of structure oscillator, 𝑦0 using acceleration model as a function of 

reduced velocity, 𝑈𝑟 [23]. 

 

Figure 4. Amplitude of wake oscillator, 𝑞0 using acceleration model as a function of 

reduced velocity, 𝑈𝑟 [23]. 

 

Lock-in condition is to provide the magnification of the structure motions and the 

structure lock-out is at rest at, 𝑦0 ≤ 1, as shown in Figure 3 while, the wake oscillator sets 

itself on the limit cycle of amplitude 𝑞0 = 2 and lift magnification is successful during 

lock-in in Figure 4. This system considers that a decrease in the wake oscillation 

amplitude can increase the structure of oscillation amplitude [23] [34].According to 

Sumer & Fredsoe [35], VIV usually occurs at the reduced velocity of 4 <  𝑈𝑟  < 8 
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corresponding to 𝑆𝑡 = 0.2, a typical response for the VIV phenomenon. Lock-in 

phenomenon is observed in VIV where the shedding process is being greatly affected by 

the motion of the elastic structure. When the frequency of the energy input to the system 

due to fluctuating vortex approaches enough to the natural vibration frequency of the 

structure, synchronisation happens. This synchronisation effect was first reported by 

Bishop & Hassan [30]. In the synchronisation range, the frequency of the vortex shedding 

locks at the structural motion frequency (forcing frequency) and the magnitude of the 

fluid force on the structure abruptly increases. This can lead to structure destruction. 

The results obtained from Figure 5 through solving the present coupling model by using 

MATLAB and by comparing between analytical model by Facchinetti et al. [23] and 

experimental data obtained from Govardhan & Williamson [12]. The results illustrated 

that present the coupled model is quantitatively and qualitatively in agreement with 

previous coupled model with the same maximum peak amplitude response 𝑦0 = 0.22 and 

reduced velocity  slightly different with present model 𝑈𝑟 = 4.82 and previous model 

𝑈𝑟 = 5.64, respectively. However, the range of reduced velocity was still consistent with 

findings of past studies by Sumer & Fredsoe [35], which indicated that lock-in range  

occurred between 4 <  𝑈𝑟  < 8. It can also capture the pattern and behavior of the results. 

However, a comparison with experimental results revealed that the present coupling 

model was only qualitatively in agreement but not quantitatively.  

 

 

Figure 5. Oscillation amplitude response at low mass ratio 𝑚∗ = 0.52 and low reduced 

damping 𝜉 = 0.0052. Experimental data: o o o, [12]. Acceleration Coupled models: —, 

[23]. Acceleration Present coupled models: …. 

 

In Figure 5, there are huge gaps between the present model and modified model 

with the experimental data. This occurred because of the 2-Dimensional (2D) and 3-

Dimensional (3D) aspects involved. The present coupled model in Figure 1(b) does not 

have length to diameter elements as compared to experimental data. Experimental data 



 

Analytical modelling prediction by using wake oscillator model for vortex-induced vibrations 

3125 

has length to diameter elements as shown in Figure 1(a). Present coupled model will be 

modified in order to capture experimental results that involved length to diameter (aspect 

ratio). Therefore, there is a gap between the analytical model and the experimental model. 

This modification will be explained in the next topic and paper related to Vortex-induced 

Motions (VIM) with 3D aspects involved. However, analytical model showed that the 

pattern and behaviour of the experimental model can be captured qualitatively. It is fair 

to indicate that acceleration coupling is able to represent the phenomenon of persistent 

lock-in and is consistent with literature [23]. 

Figure 6. Angular frequency response at low mass ratio 𝑚∗ = 0.52 and low reduced 

damping 𝜉 = 0.0052. Experimental data: o o o, [12]. Acceleration Coupled models: —, 

[23]. Acceleration Present coupled models: …. 

 

In order to be more certain on the development of angular frequency in Figure 6, 

where the result shows that the present coupling and coupled model with experimental 

data are quite consistent with 15% percentage error between present model and 

experimental data at approximately reduced velocity, 𝑈𝑟 = 5. When the frequency of 

vortex shedding is near the natural frequency of the cylinder, large amplitude motions of 

the cylinder may occur. These motions are called VIV and are caused by the interaction 

of the cylinder structure with vortices shed in the cylinder wake. Vortex shedding behind 

an oscillating cylinder is similar to that behind a stationary cylinder, where vortices or 

groups of vortices will shed at or near the Strouhal frequency. Figure 6 shows the 

dimensionless frequency 𝑓∗ = 𝜔 ⁄ 𝛿  is considered as a comparison[23]. 

 

CONCLUSIONS 

 

In this paper, a present coupling model by using the wake oscillator model was solved by 

referring to analytical model from literature. This model was tested with analytical model 

and experimental data from literature. A comparison of analytical and experimental 

results were provided to give more solid proof on the present coupling model. The 

following conclusion can be summarized as follows: 
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a) The present coupling model almost satisfy the modelling features of lock-in 

domain and show significant agreements with both analytical and experimental 

results for the pattern and behaviour results in this paper. 

b) The coupling model is able to provide knowledge to understand the VIV 

phenomenon that is one of major problems faced by industries. 

c) The present coupling model is also able to give potential means for investigations 

lock-in features of VIV and provide a fundamental analysis by using a reduced 

cost but reliable method. 

d) It has shown that wake oscillator model is able to capture 3D phenomenon through 

2D phenomenon and will get the better results with involved parameter of 

immersed length to diameter (aspect ratio). 

For future work, modification of the present model will be developed to extend a 

better result from 2D to 3D aspect. Some future developments in the model of this paper 

are extending its use to a wider range of VIV and is able to significantly capture all aspects 

of VIV and VIM phenomenon study in marine engineering field. 
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NOMENCLATURE 

 

VIV  Vortex-induced Vibration 

VIM  Vortex-induced Motion 

1DOF  One-degree-of-freedom 

2D  Two-Dimensional 

3D  Three-Dimensional 

 

 

 


