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ABSTRACT - On-machine measurement is crucial in industrial production because it allows 
the measurement of the surface properties of products without having to remove them from 
the machine tool; however, measurement results are superimposed with the motion error 
caused by the table traverse. Therefore, eliminating motion errors is this field's main objective. 
This paper discusses measuring a surface profile using an extension of the displacement 
method to eliminate motion errors. The displacement method can separate the surface profile 
and motion error of the stages in measurement results; however, it introduces a specific 
cumulative error. The tolerance of the accumulated error was first investigated by simulating 
a one-axis measurement. The displacement method was extended to a two-axis stage to 
measure the surface profile and correct the stage tilt to each axis. Moreover, carbon steel 
finished using a face mill was measured in the experiments, and a coordinate measuring 
machine was used to compare the results with those of the extended displacement method. 
It was found that the extended displacement method was able to remove the motion error. 
Applying the displacement method resulted in an improvement of approximately 88.9%. Error 
analyses were also formulated and evaluated for sensor drift, reference piece measurement, 
motion error, table rotation, and thermal expansion, and the percentage of these errors in the 
total was clarified. The results showed that the motion error and table rotation for the y-axis of 
the prototype experimental apparatus were larger than the others. These errors are discussed 
to analyze each error and listed in the error budget. The proposed extended displacement 
method can eliminate motion errors despite the simplicity of the measurement principle and 
can be easily integrated into machine tools and other tables. 

 
ARTICLE HISTORY 
Received : 10th Nov. 2023 
Revised : 30th Apr. 2024 
Accepted : 19th Sept. 2024 
Published : 30th Sept. 2024 

 
 
KEYWORDS 
On machine measurement 
Displacement method 
Surface profile 
Motion error 
Error compensation 
Error budget 

1. INTRODUCTION   
On-machine measurement is an essential technique for fabrication as it can measure a workpiece profile without 

having to unclamp the workpiece from the machine tool. However, since machine tools always have motion errors caused 
by the guides and feed mechanisms, in principle, the motion errors of the machine tool are included in the on-machine 
measurement.  Hence, separating these two components in the sensor output remains a central research issue [1, 2]. On-
machine measurements, such as roundness [3, 4] and straightness measurements [5-7], have been historically employed 
to compensate for the motion error of the machine tool. Kono et al. [8] reduced motion errors by modeling ball screw 
drive systems using a Fourier series. The multi-probe method is typically used to separate motion errors from sensor 
outputs. Therefore, the motion error can be removed using the sequential two- and three-point methods [9, 10]. Kiyono 
et al. [11] developed the sequential two-point method for on-machine measurement. Hwang et al. [12] set up two probes 
against one probe and measured the roundness within a standard deviation of 0.05 𝜇𝜇m. Okuyama et al. [13] also considered 
the two-point method with measuring errors. However, multi-probe measurement poses critical practical issues in probe 
size, setting, and motion errors. Another report discussed the Fourier-Eight-Sensor (F8S) method, employing eight 
distance sensors [14]. These sensors were processed using a Fourier series–based algorithm to separate the motion errors 
from straightness profiles. However, the F8S method requires eight sensors. 

The displacement method that Thwaite [15] proposed can eliminate the motion error. In this procedure, reference and 
workpiece profiles are simultaneously measured in the first measurement, followed by a second measurement of the 
moved workpiece profile. This method constitutes an easy-to-use approach and a high-precision measurement technique. 
Thwaite proposed only the principal idea of the displacement method, and Xiaoyong et al. [16, 17] developed the 
displacement method to apply on-machine profile measurement for machine tools. We discuss the improvements of the 
displacement method applicable to built-in machine tools for planar measurement. Generally, the motion error of normal 
machine tools is larger than 10𝜇𝜇m. The displacement method can separate the stage's workpiece profile and motion error. 
By assembling the workpiece into the machine tool, such as a machining center, measuring and machining create a precise 
product profile by removing the machine tool's motion error. The measurement can remove any motion error included in 
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the stage. In this respect, extending the displacement method into the traversing stage allows the motion error to be easily 
separated for accurate measurement. In this study, we conducted simulations and measurements for a built-in machine 
tool. Although linear profile measurements have been fascinating in on-machine measurement, many applications exist 
for measuring planar profiles. However, no progress has been made in removing the motion errors in planar profiles. This 
study extended the displacement method to planar measurement by considering the cumulative error and applying the 
simultaneous measurement method to reference pieces and the workpiece profile. 

This paper discusses the principle of the displacement method, its extension to planar measurement, and the method 
of correcting the rotation error due to the table posture. Moreover, the measurement experiments of planar profiles were 
conducted to demonstrate motion error reduction using the proposed method. Finally, the errors were analyzed, and the 
error budget of the proposed method was discussed. 

1.1 Related Work 

When a product removed from a machine tool for profile measurement needs to be machined again, the product must 
be re-installed in the machine tool, which introduces mounting errors. On-machine measurement avoids such 
reinstallation errors. Therefore, on-machine measurement has been investigated for various machine tools [18-20]. Gao 
developed an on-machine measurement system using an atomic force microscope on a diamond-turning machine [18]. 
However, AFM is used in the on-machine measurement system, which provides high measurement accuracy but is 
unsuitable for manufacturing factories. Rhaman [19] developed an on-machine profile measurement system for an ELID 
grinding machine. Due to the inherently fine rotational accuracy, the measuring system specialized in grinding and 
removing motion errors is not considered. Kim [20] proposed fabricating free-form surfaces frequently required for 
constructing optical imaging systems. The system has a novel long-stroke fast tool servo on the z-axis of a diamond-
turning machine. They used an on-machine measurement device to measure the optical parameters of the machined 
surface while compensating for the residual errors commonly produced in the diamond-turning process. The rotational 
accuracy of turning is high, and their measuring system is structurally accurate, so removing motion errors is not 
considered. 

The products applied to the on-machine measurement are diverse and include lens molds and flexible beams. Zhu [21] 
discussed the contact and non-contact methods of on-machine measurement of aspheric lens molds. The Fringe Reflection 
(FR) method is introduced as a non-contact on-machine measurement method for aspherical lens molds. Whereas the 
leading and trailing edges represent the twisted and bent information of the blade [22], Bo [23] developed an on-machine 
profile measurement system consisting of a laser displacement sensor and a stylus on flexible beams to evaluate a micro-
cutting-edge profile. The stylus installed on the flexible beams was in contact with the tool face, and the laser displacement 
sensor measured the displacement of the flexible beams. Meanwhile, many measurement principles have been developed. 
Pfeifer [24] proposed ultrasonic on-machine measurement based on the well-known ultrasonic time-of-flight (TOF) 
method in impulse/echo technique. Their method enables the evaluation of the inner topography of hollow work pieces 
directly on the machine. Wang [25] developed on-machine measurements of both surface shape and roughness, and their 
system was based on interferometry. The system enables real-time measurement and on-machine surface characterization 
of optical elements over various spatial frequencies and aperture sizes. Ding et al. [26] investigated the characteristics of 
the dependence of laser displacement transducers on the shape of the measurement object since the inclination of the 
measurement object affects the reflection. In addition, a novel measuring system has been proposed for the straightness 
error measurement of the axes of the machine tool. Borisov [27] proposed a wire mounting system with a taut wire 
mounted on two vertical stands along the measured axis. The optical sensors captured the lateral displacements of the 
head at every point of the axis traveling along the wire. 

On-machine measurements have also been applied to measure the accuracy of the machine. Fan [28] proposed a six-
degree-of-freedom measurement system to measure the accuracy of a linear stage. Their system can measure a moving 
stage's XYZ, roll, pitch, and yaw by detecting three parallel laser sources placed on a reference table via half mirrors. Fan 
[29] also developed an optical laser measurement system to measure the straightness of CMMs. Although the simple 
principle can separate positioning, yaw, and pitch errors, the measurement range of straightness errors is minimal because 
of the Doppler effect using a laser beam. However, in the case of tables with large strokes, such as machine tools, errors, 
such as fluctuations in the atmosphere, can quickly take over. Huan [30] proposed a toolpath compensation model based 
on an on-machine measurement for a 5-axis machine tool. The compensation parameter was calculated using the deviation 
between the nominal toolpath's measured surface and the cutter envelope surface. The machining accuracy was improved 
by practicing an impeller blade machining experiment. The touch trigger probe was set up on the spindle of the 5-axis 
machine tool, and the turbine blade was measured. As the measuring head is mounted on the spindle of the machine tool, 
the motion errors of the machine tool are superimposed. Jiang [31] identified 11 location errors in a five-axis machine 
tool's linear and rotary axes with a tilting head. They used a five-axis machine tool to machine a cubic workpiece and a 
laser displacement sensor to execute an on-machine measurement. The three scanning procedures were performed 
successively, and the measuring efficiency and accuracy of the location errors were improved. They perform error analysis 
with on-machine measurement using high-precision machine tools, but the motion error of the machine tool itself remains 
unremoved. The importance of on-machine measurements is also reaffirmed in recent studies [33-35]. Breitzke et al. [33] 
proposed three-dimensional artifacts to precisely measure equipment errors; raw data was collected using a 3D touch-
trigger probe and used to identify geometric errors in MTs with three linear axes. Breitzke [34] used an ultra-precise 5-
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axis lathe and milling machine to repeatedly clamp the machined workpiece and measure the workpiece using on-machine 
measurement methods. Random simulation calculations predict the theoretical error range in the repetitive positioning 
process. Ye et al. [35] investigate the uncertainty of on-machine surface metrology based on the chromatic confocal 
scanning principle. They integrate the on-machine chromatic confocal sensor into the μEDM machine tool, and they find 
that vibrations transmitted from neighboring machine tools enhance the driving vibrations and cause an overestimation 
of roughness in static noise tests. They clarified that the uncertainty due to noise is 18 nm, and the corrected flatness 
deviation is 50 nm. These methods are carried out with machine tools' rigidity, motion accuracy, and measuring 
instruments taken to the limit. However, unexpected measurement errors can easily be introduced and used on a 
manufacturing site, and the motion errors on the machine side can easily change. Our proposed method differs from these 
methods as it removes the motion errors superimposed during on-machine measurements. 

2. METHODS AND MATERIALS 

2.1  Displacement Method 

In the displacement method, the specimen traversed a small distance in the second scanning measurement after 
completing the first scanning measurement for the profile acquisition. The motion error of the table can be removed by 
lapping both the first and second scanning results. Figure 1 shows a measurement model of this study. Sensor 1 measures 
the workpiece profile on the translation table, and Sensor 2 measures a profile of the reference piece that is built into the 
translation table. Moreover, the reference piece can be mechanically displaced. Let 𝑤𝑤(𝑥𝑥) be the profile of the workpiece, 
𝑟𝑟(𝑥𝑥) be the profile of the reference piece, and 𝑚𝑚(𝑥𝑥) be the motion error of the translation table. Additionally, let the sensor 
output by a 𝑆𝑆𝑁𝑁𝑛𝑛(𝑥𝑥), where 𝑁𝑁 is the sensor number, and subscription n is the nth time measurement. Namely, sensors No. 
1 and 2 output becomes 𝑆𝑆1(𝑥𝑥) and 𝑆𝑆2(𝑥𝑥), respectively, and the first scanning outputs and the second scanning outputs 
displacing the reference piece are represented by 𝑆𝑆11(𝑥𝑥) and 𝑆𝑆12(𝑥𝑥). Similarly, the outputs of sensor No. 2 are 𝑆𝑆21 (𝑥𝑥) 
and 𝑆𝑆22 (𝑥𝑥). Considering sensor outputs of the first scanning, 𝑆𝑆11 (𝑥𝑥) and 𝑆𝑆21 (𝑥𝑥) are given by the following relations: 

𝑆𝑆11(𝑥𝑥) = 𝑤𝑤(𝑥𝑥) + 𝑚𝑚(𝑥𝑥)  (1) 
  

𝑆𝑆21(𝑥𝑥) = 𝑟𝑟(𝑥𝑥) + 𝑚𝑚(𝑥𝑥)  (2) 

The output from the sensor for measuring the reference piece after the reference piece is traversed -𝑑𝑑 in the 𝑥𝑥-direction 
becomes: 

𝑆𝑆22(𝑥𝑥) = 𝑟𝑟(𝑥𝑥 + 𝑑𝑑) + 𝑚𝑚(𝑥𝑥) (3) 

The difference between Eq. (3) and Eq. (2) gives:  

𝑆𝑆22(𝑥𝑥) − 𝑆𝑆21(𝑥𝑥) = 𝑟𝑟(𝑥𝑥 + 𝑑𝑑) − 𝑟𝑟(𝑥𝑥) (4) 

If 𝑑𝑑 is equal to the measurement interval, Equation 4 becomes a first-order difference equation as follows:  

𝑆𝑆22(𝑥𝑥1) − 𝑆𝑆21(𝑥𝑥1) = 𝑟𝑟(𝑥𝑥1 + 𝑑𝑑) − 𝑟𝑟(𝑥𝑥1) , (5) 
  

𝑆𝑆22(𝑥𝑥2) − 𝑆𝑆21(𝑥𝑥2) = 𝑟𝑟(𝑥𝑥2 + 𝑑𝑑) − 𝑟𝑟(𝑥𝑥2) , (6) 
  

𝑆𝑆22(𝑥𝑥𝑘𝑘−1) − 𝑆𝑆21(𝑥𝑥𝑘𝑘−1) = 𝑟𝑟(𝑥𝑥𝑘𝑘−1 + 𝑑𝑑) − 𝑟𝑟(𝑥𝑥𝑘𝑘−1)  (7) 

 

 

Figure 1.  Geometric model of the proposed method 
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where,  
𝑥𝑥𝑘𝑘 = 𝑥𝑥𝑘𝑘−1 + 𝑑𝑑 (8) 

Therefore, the summation of Eq. (5) to Eq. (7), 𝑟𝑟(𝑥𝑥𝑘𝑘 ), yields 

𝑟𝑟(𝑥𝑥𝑘𝑘) = �{𝑆𝑆22(𝑥𝑥𝑖𝑖) − 𝑆𝑆21(𝑥𝑥𝑖𝑖)} + 𝑟𝑟(𝑥𝑥1)
𝑘𝑘−1

𝑖𝑖=1

 (9) 

Giving a point on 𝑟𝑟(𝑥𝑥1) as an initial value yields 𝑟𝑟(𝑥𝑥). We obtain the motion error of the machine tool 𝑚𝑚(𝑥𝑥) from Eq. 
(2) after 𝑟𝑟(𝑥𝑥) is obtained. Finally, substituting 𝑚𝑚(𝑥𝑥) into Eq. (1) yields 𝑤𝑤(𝑥𝑥). As described above, by applying the 
displacement method to the measurement of the reference piece, 𝑟𝑟(𝑥𝑥) and 𝑚𝑚(𝑥𝑥) are calculated sequentially, and the profile 
of the workpiece 𝑤𝑤(𝑥𝑥) is obtained using Eq. (1). 

2.2  Measurement of the Surface Profile 

Applying the displacement method for an axis measurement is related to measuring the surface profile. This study 
extends the displacement method to two axes for surface profile measurement. Figure 2 shows the measurement model 
of the surface profile. Sensors No. 0, No. 1, and No. 2 are fixed to the base, and sensors No. 3 and No. 4 and the 𝑦𝑦-axis 
translation table are set on the 𝑥𝑥-axis translation table. Hence, sensors No. 3 and No. 4 and the 𝑦𝑦-axis translation table 
travel with the 𝑥𝑥-axis translation table. Moreover, a workpiece is set on the top of the 𝑦𝑦-axis translation table. Whereas 
sensors No. 1 and No. 2 measure the reference piece set on the 𝑥𝑥-axis translation table, sensors No. 3 and No. 4 measure 
the reference piece set on the 𝑦𝑦-axis translation table. Further, sensor No. 0 measures the workpiece profile.  

 

Figure 2.  Measuring model for 2D surface profile 

Figure 3 is the geometric model of Figure 2. 𝑤𝑤(𝑥𝑥, 𝑦𝑦) is the surface profile of the workpiece, and 𝑟𝑟1𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑟𝑟2𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 
𝑟𝑟3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑟𝑟4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) are the reference piece profiles, respectively. Moreover, sensors No. 0 to 4 outputs are 𝑆𝑆𝑆𝑆(𝑥𝑥, 𝑦𝑦)(𝑆𝑆 
= 0, 1, ..., 4). Considering motion errors, 𝑚𝑚1𝑥𝑥 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) are the motion errors of the 𝑥𝑥-axis component included 
in each sensor No. 1 and 2 output, respectively. Further, 𝑚𝑚3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) are for the 𝑦𝑦-axis included in sensors 
No. 3 and 4 outputs. Similarly, profiles of reference pieces are 𝑟𝑟1𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑟𝑟2𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑟𝑟3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑟𝑟4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) included in 
each output of sensor No. 1, No. 2, No. 3, and No. 4, respectively. First, when the reference piece is measured without 
moving from one point to another, the outputs of sensors No. 0–4 are: 

In addition, because the 𝑦𝑦-axis translation table is on the 𝑥𝑥-axis translation table, 𝑚𝑚𝑤𝑤 (𝑥𝑥, 𝑦𝑦) yields: 

𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) (15) 
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𝑆𝑆01(𝑥𝑥, 𝑦𝑦) = 𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦) (10) 
  

𝑆𝑆11(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟1𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚1𝑤𝑤(𝑥𝑥, 𝑦𝑦) (11) 
  

𝑆𝑆21(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟2𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) (12) 
  

𝑆𝑆31(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟3𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚3𝑤𝑤(𝑥𝑥, 𝑦𝑦) (13) 
  

𝑆𝑆41(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟4𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚4𝑤𝑤(𝑥𝑥, 𝑦𝑦) (14) 
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Figure 3.  Geometric model of 2D profile measurement 

where, 𝑚𝑚𝑤𝑤𝑥𝑥 is the motion error in the 𝑥𝑥-axis translation table, and 𝑚𝑚𝑤𝑤𝑦𝑦 is the motion error in the 𝑦𝑦-axis translation table. 
Next, the reference piece is traversed by a distance 𝑑𝑑 in the 𝑥𝑥-axis and 𝑦𝑦-axis directions, the outputs of sensors No. 1 to 
4 are: 

𝑆𝑆12(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟1𝑤𝑤(𝑥𝑥 + 𝑑𝑑, 𝑦𝑦) + 𝑚𝑚1𝑤𝑤(𝑥𝑥, 𝑦𝑦) (16) 
  

𝑆𝑆22(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟2𝑤𝑤(𝑥𝑥 + 𝑑𝑑, 𝑦𝑦) + 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) (17) 
  

𝑆𝑆32(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟3𝑤𝑤(𝑥𝑥, 𝑦𝑦 + 𝑑𝑑) + 𝑚𝑚3𝑤𝑤(𝑥𝑥, 𝑦𝑦) (18) 
  

𝑆𝑆42(𝑥𝑥, 𝑦𝑦) = 𝑟𝑟4𝑤𝑤(𝑥𝑥, 𝑦𝑦 + 𝑑𝑑) + 𝑚𝑚4𝑤𝑤(𝑥𝑥, 𝑦𝑦) (19) 

By setting 𝑑𝑑 equal to the measurement interval, the first-order difference equation is obtained using each sensor outputs 
𝑆𝑆𝑆𝑆2 (𝑥𝑥, 𝑦𝑦) and 𝑆𝑆𝑆𝑆1 (𝑥𝑥, 𝑦𝑦) (𝑆𝑆 = 1, 2, 3, 4), and 𝑟𝑟1𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑟𝑟2𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑟𝑟3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑟𝑟4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) are obtained. Thus, the motion 
errors 𝑚𝑚1𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦), 𝑚𝑚3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) are calculated. If the table is traversing without rotation, the 
motion error of each axis is: 

𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚1𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) (20) 
  

𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚3𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚4𝑤𝑤(𝑥𝑥, 𝑦𝑦) (21) 

However, the translation table is traversing with rotation motion; rotation around the 𝑥𝑥-axis (roll), 𝑦𝑦-axis (pitch), and 
𝑧𝑧-axis (yaw) will affect the sensor outputs. Nevertheless, the proposed model cannot measure the rotation around the 
𝑧𝑧−axis. From this point onwards, a method for removing the effects of rotation around the 𝑥𝑥-axis (roll) and the 𝑦𝑦-axis 
(pitch) from the sensor outputs is discussed. 

Figure 4 shows the model of the table rotation effect when measured in the 𝑥𝑥-axis direction. Sensor No. 0 measures 
the surface of the workpiece, and sensors No.1 and 2, which measure the reference piece, are installed along the 𝑦𝑦-axis 
direction. If the motion error caused by the rotation around the 𝑥𝑥-axis is zero, the outputs from sensors No. 1 and 2 will 
be equal. However, the outputs from sensors No. 1 and 2 are different because of the influence of the motion error 
components caused by the rotation around the 𝑥𝑥-axis, and the output is enlarged or reduced according to the distance 
between sensors No. 1 and No. 2. Therefore, the outputs of sensors No. 1 and 2 obtained during measurement in the 𝑥𝑥-
axis direction include the motion error caused by rotation around the 𝑥𝑥-axis. 
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(a) (b) 

Figure 4.  (a) Effect of roll around the x-axis; viewpoint from the x-axis plus to the minus direction in Figure 3 and (b) 
Effect of pitch around the y-axis; viewpoint from the y-axis plus to the minus direction in Figure 3 

Here, the distance between sensors No. 1 and 2 is 𝑙𝑙𝑥𝑥𝑥𝑥, and the distance between sensors No. 2 and 0 is 𝑙𝑙𝑥𝑥𝑤𝑤. Let 𝑚𝑚1𝑥𝑥 (𝑥𝑥, 
𝑦𝑦) be the motion error component at the location of sensor No. 1 and let 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) be the motion error component at the 
location of sensor No. 2. 𝑚𝑚𝑤𝑤𝑥𝑥, 𝑚𝑚1𝑥𝑥 (𝑥𝑥, 𝑦𝑦), and 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) are treated similarly when the motion error just below sensor 
No. 0 is 𝑚𝑚𝑤𝑤𝑥𝑥 (𝑥𝑥, 𝑦𝑦). Let Δ𝑚𝑚𝑥𝑥 be the difference between 𝑚𝑚1𝑥𝑥 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) as: 

∆𝑚𝑚𝑤𝑤 = 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) −𝑚𝑚1𝑤𝑤(𝑥𝑥, 𝑦𝑦) (22) 

𝑚𝑚𝑤𝑤𝑥𝑥 is obtained as: 

𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) −𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) (23) 

where, 𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤(𝑥𝑥, 𝑦𝑦) is expressed as an error due to the table rotation on the 𝑥𝑥-axis, 

𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) =
∆𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦)

𝑙𝑙𝑤𝑤𝑥𝑥
𝑙𝑙𝑤𝑤𝑤𝑤  (24) 

Similarly, consider the rotation around the 𝑦𝑦-axis, where a similar problem is faced. The output of sensor No. 0 is 
enlarged or reduced due to the distance between sensors 3 and 4. Further, sensors No. 3 and 4 outputs include the motion 
error caused by rotation around the 𝑦𝑦-axis during measurement. For rotation around the 𝑦𝑦-axis, the following equations 
are obtained. 

𝑚𝑚𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚4𝑤𝑤(𝑥𝑥, 𝑦𝑦) −𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) (25) 
  

𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) =
∆𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦)

𝑙𝑙𝑤𝑤𝑥𝑥
𝑙𝑙𝑤𝑤𝑤𝑤 (26) 

where Δ𝑚𝑚𝑦𝑦 (𝑥𝑥, 𝑦𝑦) is the difference between 𝑚𝑚3𝑦𝑦 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦), and 𝑙𝑙𝑦𝑦𝑥𝑥 is the distance between sensor No. 3 and 
4, and 𝑙𝑙𝑦𝑦𝑤𝑤 is the distance between sensor No. 3 and 0. Further, 𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤 (𝑥𝑥, 𝑦𝑦) is expressed as an error due to the table rotation 
on the 𝑦𝑦-axis. Hence, 𝑚𝑚𝑤𝑤 (𝑥𝑥, 𝑦𝑦) yields: 

𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦) = 𝑚𝑚2𝑤𝑤(𝑥𝑥, 𝑦𝑦) + 𝑚𝑚4𝑤𝑤(𝑥𝑥, 𝑦𝑦) −𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) −𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤(𝑥𝑥, 𝑦𝑦) (27) 

Finally, by applying Eq. (27) into Eq. (10), the workpiece 𝑤𝑤(𝑥𝑥, 𝑦𝑦) profile is obtained. 

2.3  Experiments Study 

2.3.1   Simulation of straight profile measurement 

This section discusses applying the displacement method to the proposed method for the straight profile measurement 
simulation with the error. In the actual measurement, the measurement errors are included in Eq. (2) and Eq. (3). By 
conducting simulations under completely ideal conditions only with noise on the sensor, it is possible to know the range 
of sensor noise that enables profile measurement using the proposed method. In the principle of the Displacement method, 
𝑑𝑑 should be the same as the measurement interval, which results in a single difference equation. If a positioning error 
occurs in d, Eq. (8) becomes 𝑥𝑥𝑘𝑘 ≠ 𝑥𝑥𝑘𝑘−1 + 𝑑𝑑 and therefore 𝑟𝑟(𝑥𝑥𝑘𝑘−1 + 𝑑𝑑) − 𝑟𝑟(𝑥𝑥𝑘𝑘) ≠ 0 in the difference equation and an 
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error occurs. Furthermore, sensor noise occurs as an error for each measurement. These errors occur for each measurement 
and are denoted as 𝛿𝛿(𝑥𝑥𝑘𝑘), Eq. (9) can be rewritten as: 

𝑟𝑟(𝑥𝑥𝑘𝑘) = −�{𝑆𝑆22(𝑥𝑥𝑖𝑖) − 𝑆𝑆21(𝑥𝑥𝑖𝑖)} + 𝑟𝑟(𝑥𝑥1) + �𝛿𝛿(𝑥𝑥𝑘𝑘)
𝑘𝑘

𝑖𝑖=1

𝑘𝑘−1

𝑖𝑖=1

 . (28) 

The accumulated error shown in the third term of Eq. (28) is simulated to determine the effect of measuring the workpiece 
profile. Figure 5 shows the shape of the inputs. 𝑤𝑤(𝑥𝑥), the profile of the workpiece is a square wave of 500 𝜇𝜇m in height, 
and 𝑚𝑚(𝑥𝑥), the motion error of the table, is a sinusoidal wave with an amplitude of 20𝜇𝜇m. 𝑟𝑟(𝑥𝑥), the profile of the reference 
piece, is a linear shape. Moreover, variations as noise added in the simulation are normally distributed with a standard 
deviation of 2 𝜇𝜇m, and the measurement length is 120 mm. Figure 6 shows the shape of 𝑟𝑟(𝑥𝑥) derived from Eq. (28). The 
solid line indicates the shape of the reference profile 𝑟𝑟(𝑥𝑥), and the dashed line 𝑟𝑟𝑐𝑐 (𝑥𝑥) indicates the calculation result of the 
reference profile 𝑟𝑟(𝑥𝑥). Moreover, the error is expressed as the difference between 𝑟𝑟(𝑥𝑥) and 𝑟𝑟𝑐𝑐 (𝑥𝑥). The shape of the 
reference profile is reconstructed. In this case, the maximum error was observed to be approximately  
4 𝜇𝜇m. This error is different for each measurement, so the mean and standard deviation were examined at each position 
for 1000 repetitions. Figure 7 displays the simulation result of a reference profile calculation and the standard deviation 
of each position. The dashed line indicates the shape of the input reference profile 𝑟𝑟(𝑥𝑥), and the solid line indicates the 
mean of the calculation results for each position. 

 
Figure 5.  Input signals 

 

 
Figure 6. Simulation result of a reference profile measurement 
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Figure 7. Simulation result of a reference profile measurement and standard deviation calculation 

 

 
Figure 8. Simulation result of a motion error calculation 

 

 
Figure 9. Simulation result of a workpiece profile measurement 

The standard deviation is represented by the error bars at each position. The accumulated error affected by the standard 
deviation increases along the 𝑥𝑥-axis. Mean values for each position are approximately equal to the input, and it is possible 
to reduce the effect of random error by averaging.  The calculation results of the motion error and workpiece profile are 
shown in Figure 8 and Figure 9, respectively. Error bars represent the standard deviation for each position. The error of 
the reference piece profile calculation is affected by the standard deviation of the measuring point. Due to accumulation 
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error, longer measurement lengths lead to larger standard deviations. The actual measurement results have the potential 
to occur within the range of these error bars. Therefore, high-accuracy profile measurement is possible with a short 
measuring length. To confirm the relationship between the error and the measurement length, a simulation was performed 
by varying the error of the standard deviations.  

 
Figure 10. Simulation result of the standard deviation of a reference profile measurement 

Figure 10 shows the result of these simulations. The horizontal axis represents the measured position, and the vertical 
axis represents the standard deviation of 𝑤𝑤(𝑥𝑥) at the measurement position. Moreover, the standard deviation 𝜎𝜎 of the 
error for 𝛿𝛿(𝑥𝑥) is 0.1 to 6 𝜇𝜇m in the simulation. When the measurement error of the reference piece profile is less than a 
few micrometers (𝜇𝜇m), the standard deviation, 𝜎𝜎 of the measurement error of the reference piece requires less than 
approximately 1.0 𝜇𝜇m at a measurement length of 120 mm. In the case where the measurement length is 60 mm, the error 
contained in the reference profile 𝑟𝑟(𝑥𝑥) becomes approximately less than 5 𝜇𝜇m at each measuring position, and the profile 
of the reference piece can be measured within an error of 1 𝜇𝜇m. If d is reduced, the measurement interval must also be 
reduced. If d is made infinitely small, the measurement becomes continuous, and a derivative replaces the difference in 
Eq. (1). However, the sensor's noise must be as low as possible due to the signal-to-noise ratio. Otherwise, the derivative 
value will be substantial due to noise. This error is contained within 𝛿𝛿(𝑥𝑥𝑘𝑘) in Eq. (28), but if the signal-to-noise ratio is 
poor, the error term will be large even if the positioning error in d is small. Therefore, noise reduction methods such as 
averaging during measurement are required. 

2.3.2   Experimental setup 

The prototype experimental apparatus is shown in Figure 11. A table used in a machine tool is used in the experiments. 
An overview of the prototype measurement system is shown in Figure 11(a). The dimensions of the table of the 
experimental apparatus were approximately 380 mm × 380 mm × 200 mm, and the traverse range was 120 mm × 120 
mm. Moreover, the main components were made of aluminium alloy, and dimensions A to E are shown in Figure 11(b). 
Reference pieces were built in the table side. In addition, a precision manual linear stage was set between the table and 
reference piece, and each reference piece was traversed by a micrometre. The respective build-up situations are illustrated 
in Figure 11(c). The reference piece (X) is set beside the translation table (X), and sensor 1 and sensor 2 are set up on the 
base plate to measure the reference piece (X). The reference piece (Y) is also set beside the translation table (Y), and 
sensor 3 and sensor 4 setup on the translation table (Y) are measured by the reference piece (Y). The translation table (Y) 
on the translation table (X) traverses along the y-axis, and the x-axis and y-axis are orthogonal. Jigs for the sensor No. 1 
and No. 2 were made of aluminium alloy (JIS A5052), and each height was 65 mm. Further, Jigs for sensors No. 3 and 
No. 4 were made of aluminium alloy (JIS A5052), and each height was 70 mm. The dimensions of 𝑙𝑙𝑥𝑥𝑥𝑥 and 𝑙𝑙𝑥𝑥𝑤𝑤 in Eq. (24) 
were 30 mm and 165 mm, respectively. Moreover, the dimensions of 𝑙𝑙𝑦𝑦𝑥𝑥 and 𝑙𝑙𝑦𝑦𝑤𝑤 in Eq. (26) were also 30 mm and 165 
mm, respectively. A column for sensor No. 0 was made of carbon steel, and the height was 360 mm. The dimensions of 
the workpiece were 230 mm × 230 mm (t=10 mm), and the dimensions of each reference piece were 380 mm × 60 mm 
(t =10 mm). Stepper motors (SSA-PE-56D3H, Shinano Kenshi) controlled by Linux CNC drove the table, and the profile 
of the reference pieces was measured using an eddy current displacement sensor (ML-06, Applied Electronics Corp.). A 
contact-type displacement sensor (80SB, Tokyo Seimitsu) measured the workpiece profile.  

The material of the workpiece and reference pieces were made of carbon steel (JIS S50C). In addition, the workpiece 
was finished by milling, and the reference pieces were finished by grinding after milling. These were on the base plate 
(JIS S50C, t = 15 mm). Eddy-current type sensors are used as displacement sensors to measure reference pieces.  The 
eddy-current sensor averages around the sensor head, so the sensor output is obtained as an average value over a diameter. 
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The diameter of the eddy-current type sensor's heads is 10 mm. Thus, the traverse distance of the reference piece should 
be 5 mm, which is half of the sensor head. The distance d travelled by the reference piece is set to be the same as the 
sampling interval. The measurement conditions were as follows: measurement range is 120 mm × 120 mm, sampling 
interval is 5 mm, traverse distance of the reference piece is 5 mm. 

 

 

(a) 
 

 
(b) (c) 

Figure 11. Experimental setup: (a) Overview of the prototype measurement system, (b) Sensors for measuring reference 
pieces, and (c) Illustration of the setup 

 
 

  
(a) (b) 

Figure 12. Difference between the proposed method and CMM measurement result: (a) Profile of raw data and CMM 
measurement results, and (b) Heat map of the difference between the sensor output and CMM results. 

2.3.3 Surface profile measurement 

In this study, a coordinate measuring machine (CMM) (Crysta-Apex C7106, Mitutoyo) was used to assess the results 
of the surface profile measurements. Figure 12 shows the results of the surface profile measurements that use a prototype 
experimental apparatus and CMM for measurement. The result of using the prototype experimental apparatus is raw 
information. Figure 13 shows the result obtained by removing the motion error using the proposed method and CMM 
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measurement result. Figures 13(a) and (b) show the surface profile and the difference from CMM by heat map, 
respectively. The motion error of the traversed table is shown in Figure 12. In particular, the difference from the CMM is 
larger at positions 𝑥𝑥 = 120 mm and 𝑦𝑦 = 120 mm. The sensor output is −75.8 𝜇𝜇m, the CMM measurement result is 6.5 𝜇𝜇m, 
and the difference is approximately 82.3𝜇𝜇m at this position. Comparing the results of the proposed method illustrated in 
Figure 13, the overall shape of the profile with the motion error removed is closer to that of the CMM results. The 
difference is 9.2 𝜇𝜇m at the position of 𝑥𝑥=120 mm, 𝑦𝑦=120 mm, and an improvement of 73.1 𝜇𝜇m. Let an error be the 
difference with a CMM measurement result; the sum of squares of the errors is 8130 𝜇𝜇m2 for Figure 12 and 6925 𝜇𝜇m2 in 
Figure 13, which shows a reduction in error after removing the motion error. 

 

  
(a) (b) 

Figure 13. Difference of proposed method and CMM measurement result: (a) Surface profile of the proposed method 
and CMM measurement result, and (b) Heat map of the difference between the proposed method and the CMM 

measurement result 

 

 
Figure 14.  Drift of eddy current type sensor while measuring for 10 min 

3.  RESULTS AND DISCUSSION 

3.1 Sensor Drift 

This study performs noise rejection with N = 100, as the sensor error is generally 1/√𝑁𝑁 after N measurements. 
Figure 14 shows the drift of the eddy current type displacement sensor for 10 min. The sensor output range was −0.3 to 
0.2 𝜇𝜇m, and the mean was -0.35𝜇𝜇m. In addition, the standard deviation was approximately 0.11 𝜇𝜇m. Based on the 
simulation results of Figure 10 and the standard deviation of the eddy current type displacement sensor, the profile of the 
reference piece can be measured with less than 1𝜇𝜇m standard deviation when the measurement range is 120 mm. 
Therefore, the motion error represented by 𝑚𝑚𝑤𝑤 (𝑥𝑥, 𝑦𝑦) in Eq. (10) includes less than 1.0 𝜇𝜇m standard deviation at this 
measurement length in the reference piece measurement component from Eq. (11) to Eq. (14).  Figure 15 shows the drift 
of the contact-type displacement sensor. The sensor output range is −0.5 to 1.5 𝜇𝜇m, and the standard deviation is 0.27 𝜇𝜇m. 
The shape of the workpiece profile represented by 𝑤𝑤(𝑥𝑥, 𝑦𝑦) in Eq. (10) after the motion error 𝑚𝑚𝑤𝑤(𝑥𝑥, 𝑦𝑦) was obtained, and 
even if the error contained in the reference piece measurement was added, the workpiece profile was still measured to be 
less than 1.5 𝜇𝜇m with the standard deviation 0.27 𝜇𝜇m at 120 mm measurement length. The results of five measurements 
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of sensor drift showed that the standard deviation of each sensor output was 𝜎𝜎𝑥𝑥𝑤𝑤=0.16 𝜇𝜇m for the eddy current type sensor 
and 𝜎𝜎𝑥𝑥𝑐𝑐 = 0.29 𝜇𝜇m in contact type sensor.  

 
Figure 15.  Drift of contact type sensor while measuring for 10 min 

3.2 Errors in the Reference Piece Measurement 

Figures 16 and 17 show the results of reference piece measurements, respectively. Figure 16 illustrates the 
measurement results of the reference piece on the 𝑥𝑥-axis, and Figure 17 illustrates the measurement results on the 𝑦𝑦-axis. 
Each figure contains the results of the sensor output (raw data), CMM measurement, and the standard deviation of the 
measurement result by applying the displacement method. Figure 16 shows that the displacement method is closer to the 
CMM measurement than the sensor output. The difference between the sensor output and the CMM measurement is 1.35 
𝜇𝜇m on average, and the difference in maximum is 5.73 𝜇𝜇m at 𝑥𝑥 = 85 mm. The difference between the displacement method 
and the CMM measurement is 1.1 𝜇𝜇m with a maximum of 3.01 𝜇𝜇m. The standard deviation of the measurement is large 
at 𝑥𝑥=120 mm, but the maximum standard deviation is approximately 1𝜇𝜇m. These results indicate that the displacement 
method removes the motion error on the 𝑥𝑥−axis.  

 
Figure 16. Profile of reference piece set up in 𝑥𝑥−axis 

From Figure 17, the displacement method is closer to the measurement of the CMM than the sensor output. The 
difference between the sensor output and CMM is 3.54 𝜇𝜇m on average and 9.50 𝜇𝜇m in maximum, respectively, and the 
difference between the displacement method and CMM is 2.16 𝜇𝜇m on average and 7.71 𝜇𝜇m in maximum. These results 
indicate that the displacement method can remove motion errors on the 𝑦𝑦-axis as well. The standard deviation of the 
measurement is larger than that of the 𝑥𝑥−axis, but the maximum of the standard deviation is less than 4 𝜇𝜇m. For the 
reference piece measurements, the profile of the 𝑥𝑥-axis reference had a mean, standard deviation of 𝜎𝜎𝑟𝑟𝑥𝑥=0.28 𝜇𝜇m. While 
the profile of the 𝑦𝑦-axis reference had a mean, standard deviation of 𝜎𝜎𝑟𝑟𝑦𝑦=2.82 𝜇𝜇m. 

-1

-0.5

 0

 0.5

 1

 1.5

 0  100  200  300  400  500  600
Time   s

Se
ns

or
 o

ut
pu

t
µm

z  
   

 m

St
an

da
rd

 D
ev

ia
tio

n 
   

  m

x   mm

-15

-10

-5

 0

 5

 10

 15

 20

 25

 0  20  40  60  80  100
 0

 2

 4

 6

 8

 10

Displacement method
CMM

Sensor output



Y. Haramiishi et al. │ Journal of Mechanical Engineering and Sciences │ Volume 18, Issue 3 (2024) 
 

journal.ump.edu.my/jmes  10214 

 
Figure 17.  Profile of reference piece set up in 𝑦𝑦-axis 

3.3 Motion Error in Each Axis 

This section considers the error components in Eq. (27) and Figure 13. Each term in Eq. (27) is the motion error and 
the effect of table rotation, and we discuss the motion error. 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) and 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) are observed by the displacement 
method using the outputs of sensors No. 2 and No. 4. Figure 18 shows the motion error 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦) in the 𝑥𝑥-axis direction, 
and Figure 19 shows the motion error 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) in the 𝑦𝑦-axis direction. Figure 18(a) shows that the motion error increases 
in the negative direction as the table travels in the 𝑥𝑥-axis. By comparing Figure 18 with Figure 12, the sinking of the table 
in the 𝑥𝑥−direction, which is not observed in the CMM, is calculated as the motion error 𝑚𝑚2𝑥𝑥 (𝑥𝑥, 𝑦𝑦). Hence, the motion 
error component in the 𝑥𝑥-axis is appropriately calculated. 

  
(a) (b) 

Figure 18. Motion error about 𝑥𝑥-axis direction: (a) Profile of motion error in the x-axis direction and (b) Heat map of 
motion error in the x-axis direction 

Similarly, 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) increases in the negative direction as the table travels along the 𝑦𝑦-axis direction in Figure 19. 
Moreover, 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) is maximal at 𝑦𝑦=120 mm, which indicates that the table sinks along the 𝑦𝑦-axis direction. By 
comparing Figure 19 with Figure 12, the motion error component in the 𝑦𝑦-axis is appropriately calculated as 𝑚𝑚4𝑦𝑦 (𝑥𝑥, 𝑦𝑦) 
in Figure 19 because the 𝑧𝑧−axis of the sensor output in Figure 12 also increases in the negative direction in the 𝑦𝑦-axis 
direction. In 𝑁𝑁 times experiments, the standard deviation 𝜎𝜎(𝑥𝑥, 𝑦𝑦) can be calculated for each position (𝑥𝑥, 𝑦𝑦). Let the mean 
of the standard deviation be: 

��𝜎𝜎(𝑥𝑥, 𝑦𝑦)/𝑋𝑋𝑋𝑋
𝑤𝑤𝑤𝑤

 , (29) 
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where, 𝑋𝑋 is the number of measurement positions in the 𝑥𝑥-axis direction, and 𝑋𝑋 is the number of measurement positions 
in the 𝑦𝑦-axis direction. For the calculation of table motion error, the mean of standard deviation was 𝜎𝜎𝑚𝑚2𝑥𝑥=0.99 𝜇𝜇m in the 
𝑥𝑥-axis direction and 𝜎𝜎𝑚𝑚4𝑦𝑦=2.81 𝜇𝜇m in the 𝑦𝑦-axis direction. 

  
(a) (b) 

Figure 19. Motion error about 𝑦𝑦-axis direction: (a) Profile of motion error in the y-axis direction and (b) Heat map of 
motion error in the y-axis direction 

3.4 Errors Due to the Table Rotation 

This section discusses the effect of the errors due to the table rotation. Figure 20 shows the error due to the table 
rotation in the 𝑥𝑥-axis direction described as 𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤 (𝑥𝑥, 𝑦𝑦) in Eq. (24), and Figure 21 shows the error due to the table rotation 
in the 𝑦𝑦-axis direction described as 𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤(𝑥𝑥, 𝑦𝑦) in Eq. (26). Both Figures 21(a) show the profiles and (b) show the heat 
maps. As the table travels, sensors on each of the 𝑥𝑥 and 𝑦𝑦 axes measure the inclination. The motion error just below the 
sensor for profile measurement was calculated by Eq. (24) and Eq. (26). Figure 20 shows that the error increases along 
the 𝑦𝑦-axis direction. This shows that the two sensors (No. 1, No. 2) on the 𝑥𝑥-axis measure the rotation motion about the 
𝑥𝑥-axis. The maximum error in this case is about 5𝜇𝜇m. Similarly, in Figure 21, the error increases along the 𝑥𝑥-axis direction, 
and sensors No. 3 and No. 4 measure the error due to table rotation about the 𝑦𝑦-axis. Here, the error calculated by Eq. 
(27) is approximately -9 𝜇𝜇m at maximum.  

  
(a) (b) 

Figure 20. Effect of table rotation about 𝑥𝑥-axis direction: (a) Profile of the table rotation effect in the x-axis direction 
and (b) Heat map of the profile 
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(a) (b) 

Figure 21.  Effect of table rotation about 𝑦𝑦-axis direction: (a) Profile of the table rotation effect in the y-axis direction 
and (b) Heat map of the profile 

Figure 22 shows the measurement results without considering the effect of these table rotations, and the difference 
with the CMM measurement is shown in the heat map. Comparing Figure 22 with Figure 13(b), the error due to table 
rotation is reduced, especially around 𝑦𝑦=70 mm. For the error due to the table rotation, the mean of the standard deviation 
was 𝜎𝜎𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤=1.72 𝜇𝜇m and 𝜎𝜎𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤=7.43 𝜇𝜇m, respectively. 

 
Figure 22.  The case of the table position without considering the effect of these table rotations 

3.5  Thermal Expansion 

The temperature of the measurement environment should not change. A constant-temperature room is highly reliable 
against temperature changes. This study completed the measurement in a simple airconditioned environment as quickly 
as possible. In this section, the effect of heat on the measurements is discussed. Thermal effects are very complex and 
need to be considered for many components [32]. The structure of the prototype experimental apparatus, including the 
machine structure, lead screws, sensor mounting jigs, bearings, etc., is complex, and it is difficult to study the effects of 
temperature changes on all of them. Although simulations such as FEM would normally be effective because the parts 
are fixed with bolts and bearings for guides are built-in, this study was carried out by a simple model assuming that all 
components are equally affected by temperature changes. Hence, the reference piece, the workpiece, the column, and the 
components of the translation table are discussed in the following:  

The temperature change causes thermal expansion, and the deformation of the material is: 

𝛿𝛿𝑇𝑇 = 𝛼𝛼𝑙𝑙∆𝑇𝑇 (30) 

where, 𝛼𝛼 is the coefficient of thermal expansion of the material, 𝑙𝑙 is the dimension of a part, and Δ𝑇𝑇 is the temperature 
change. The items in Table 1 are examined for thermal expansion. IT8 was applied to the length of the components of the 
experimental apparatus. Whereas the column is for the positioning of sensor No. 0, and the tolerance is set to ±1. Further, 
the coefficient of thermal expansion was determined from the catalogue. First, the temperature changes in the 
experimental environment are described. As the measurements were carried out in a simple air-conditioned environment, 
a temperature change of 3-4 0C was observed in the experiments.  
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If the uncertainty of the 4 0C temperature deviation is uniformly distributed, the standard deviation of temperature 
change becomes: 

𝜎𝜎𝑡𝑡 =
2
√3  

= 1.15℃  

In the following, the thermal expansion with temperature change 𝜎𝜎𝑡𝑡 is considered. A reference piece for the 𝑥𝑥-axis is 
attached to component B. In addition, the measurement jig, components A and B are on the base plate in Figure 11(b). 
The model for the difference between the reference piece for the 𝑥𝑥-axis and the sensors No. 1 and No. 2 is: 

𝛿𝛿𝑇𝑇𝑤𝑤 = �𝛼𝛼𝐴𝐴𝐴𝐴 ∙ 𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤 − 𝛼𝛼𝑆𝑆𝑡𝑡 ∙ 𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤�∆𝑇𝑇 ≜ 𝛽𝛽𝑤𝑤∆𝑇𝑇 , (31) 
  

𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤 = 𝑙𝑙𝐴𝐴 + 𝑙𝑙𝐵𝐵 − ℎ𝑗𝑗𝑖𝑖𝑗𝑗𝑤𝑤 , (32) 

where 𝛼𝛼𝐴𝐴𝑙𝑙 and 𝛼𝛼𝑆𝑆𝑡𝑡 are the coefficient of thermal expansion of the aluminum alloy and carbon steel (JIS S50C), respectively.  

Moreover, 𝑙𝑙𝐴𝐴 is the thickness of component A, 𝑙𝑙𝐵𝐵 is the thickness of component B, ℎ𝑆𝑆𝑗𝑗𝑗𝑗𝑥𝑥 is the height of the jig for 
sensor No. 1 (No. 2) and 𝑙𝑙 𝑟𝑟𝑤𝑤𝑟𝑟 𝑥𝑥 is the thickness of the reference piece. Further, 𝑙𝑙𝑑𝑑𝑑𝑑𝑥𝑥 becomes the difference between the 
reference piece and the top of the jig.  

Table 1.  Items to be considered for thermal expansion 

Components Dimensions (mm) 𝛼𝛼  (𝜇𝜇m/m/℃) 
Workpiece   
 (JIS S50C) 10 ± 0.022 11.7 ± 1.0 
Translation table   
A (Aluminium alloy) 20 ± 0.033 23.6 ± 1.0 
B (Aluminium alloy) 52 ± 0.046  
C (Aluminium alloy) 30 ± 0.039  
D (Aluminium alloy) 52 ± 0.046  
E (Aluminium alloy) 30 ± 0.039  
Jig for sensor   
x-axis (JIS A5052) 65 ± 0.046 23.6 ± 1.0 
y-axis (JIS A5052) 70 ± 0.046  
Reference piece   
(JIS S50C) 10 ± 0.022 11.7 ± 1.0 
Base plate   
(JIS S50C) 15 ± 0.027 11.7 ± 1.0 
Column   
H (Carbon steel) 360 ± 1 11.7 ± 1.0 

Here, the difference between the reference piece for the 𝑥𝑥-axis and the sensor is obtained, 

𝑙𝑙𝑑𝑑𝑗𝑗𝑤𝑤 = 20 + 50 − 65 = 7 mm 

, and combined tolerance is, 

𝜎𝜎𝐴𝐴𝑑𝑑𝑑𝑑𝑤𝑤 = �0.0332 + 0.0462 + 0.0462−�0.074 mm. 

Parts A and B are produced by machining, and jigs are produced by electrical discharge machining, so we thought the 
products' dimensions would follow a normal distribution. Considering Gauss’s error propagation law, variances are 
obtained as: 

𝜎𝜎𝑡𝑡𝑤𝑤2 = �
𝜕𝜕(𝛿𝛿𝑇𝑇𝑤𝑤)
𝜕𝜕𝛽𝛽𝑤𝑤

�
2

𝜎𝜎𝛽𝛽𝑤𝑤2 + �
𝜕𝜕(𝛿𝛿𝑇𝑇𝑤𝑤)
𝜕𝜕∆𝑇𝑇

�
2

𝜎𝜎𝑡𝑡2 = (∆𝑇𝑇)2𝜎𝜎𝛽𝛽𝑤𝑤2 + (𝛽𝛽𝑤𝑤)2𝜎𝜎𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤
2  (33) 

where, 𝜎𝜎𝛽𝛽𝑤𝑤2  is a variance of 𝛽𝛽𝑥𝑥. Similarly, consider Gauss’s error propagation law to 𝛽𝛽𝑥𝑥, 

𝜎𝜎𝛽𝛽𝑤𝑤2 = 𝛼𝛼𝐴𝐴𝐴𝐴2 𝜎𝜎𝐴𝐴𝑑𝑑𝑑𝑑𝑤𝑤2 + 𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤2 𝜎𝜎𝛼𝛼𝐴𝐴𝐴𝐴2 + 𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤2 𝜎𝜎𝛼𝛼𝑠𝑠𝑡𝑡
2 + 𝛼𝛼𝑆𝑆𝑡𝑡2 𝜎𝜎𝐴𝐴𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤2  (34) 

Here, the uncertainty of the distribution about the coefficient of thermal expansion is a uniform distribution, 𝜎𝜎𝛼𝛼𝐴𝐴𝐴𝐴  and 
𝜎𝜎𝛼𝛼𝑆𝑆𝑡𝑡 become (1 × 10−6)/√3. Hence, each term is obtained as follows: 

𝛼𝛼𝐴𝐴𝐴𝐴2 𝜎𝜎𝐴𝐴𝑑𝑑𝑤𝑤2    = (23.6 × 10−6)2(0.0739 × 10−3)2 = 3.04167 … × 10−18 m2  
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𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤2 𝜎𝜎𝛼𝛼𝐴𝐴𝐴𝐴2  = (7 × 10−3)2�10−6/√3�
2

= 16.3333 × 10−18 m2  
  

𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤2 𝜎𝜎𝛼𝛼𝑠𝑠𝑡𝑡
2  = (10 × 10−3)2�10−6/√3�

2
= 33.3333 × 10−18 m2  

  
𝑙𝑙𝑆𝑆𝑡𝑡2 𝜎𝜎𝐴𝐴𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤2  = (11.7 × 10−6)2 × (0.022 × 10−3)2 = 0.06625 × 10−18 m2  

From the above results,  
𝛽𝛽𝛽𝛽𝑤𝑤2 = 52.7745 … × 10−18 mm2 

whereas, 
𝛽𝛽𝑤𝑤  =  𝛼𝛼𝐴𝐴𝐴𝐴𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤  −  𝛼𝛼𝑆𝑆𝑡𝑡𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟𝑤𝑤  =  2323.24 × 10−9 m   

Substituting Δ𝑇𝑇 = 4◦C into Eq. (33), 𝜎𝜎𝑡𝑡𝑥𝑥 is obtained as 0.06 𝜇𝜇m.  

Similarly, considering error due to thermal expansion for 𝑦𝑦-axis reference piece measurement. The jig of sensors for 
measuring the 𝑦𝑦-axis reference piece is set on the 𝑥𝑥-axis translation table (component C), and the 𝑦𝑦-axis translation table 
is also on the 𝑥𝑥-axis translation table. Defining the difference between the reference piece and the top of a jig for sensor 
No. 3 (No. 4) as 𝑙𝑙𝑑𝑑𝑑𝑑𝑦𝑦, 

𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤  =  𝑙𝑙𝐶𝐶  +  𝑙𝑙𝐷𝐷  −  ℎ𝑗𝑗𝑖𝑖𝑗𝑗𝑤𝑤    

where, 𝑙𝑙𝐶𝐶, 𝑙𝑙𝐷𝐷, and ℎ𝑆𝑆𝑗𝑗𝑗𝑗𝑦𝑦 are the thickness of components C, D and the height of the jig for sensor No. 3 (No. 4), respectively. 
Since 𝑙𝑙𝑑𝑑𝑑𝑑𝑦𝑦 is affected by temperature, the effect of the thermal expansion for the gap of the 𝑦𝑦-axis measurement is: 

𝛿𝛿𝑇𝑇𝑤𝑤 = �𝛼𝛼𝐴𝐴𝐴𝐴𝑙𝑙𝑑𝑑𝑑𝑑𝑤𝑤 − 𝛼𝛼𝑆𝑆𝑡𝑡𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟 𝑤𝑤�∆𝑇𝑇 ≡ 𝛽𝛽𝑤𝑤∆𝑇𝑇 (35) 

Considering Gauss’s error propagation law, variances are obtained as: 

𝜎𝜎𝑡𝑡𝑤𝑤2 = (∆𝑇𝑇)2𝜎𝜎𝛽𝛽𝑤𝑤2 + (𝛽𝛽𝑤𝑤)2𝜎𝜎𝑟𝑟𝑤𝑤𝑟𝑟 𝑤𝑤
2  (36) 

where 𝜎𝜎𝛽𝛽𝑤𝑤2   is a variance of 𝛽𝛽𝑦𝑦. Similarly, consider Gauss’s error propagation law to 𝛽𝛽𝑦𝑦, 

𝜎𝜎𝛽𝛽𝑤𝑤2 = 𝛼𝛼𝐴𝐴𝐴𝐴2 𝜎𝜎𝐴𝐴𝑑𝑑𝑑𝑑𝑤𝑤2 + 𝑙𝑙𝐴𝐴𝑑𝑑𝑑𝑑𝑤𝑤2 𝜎𝜎𝛼𝛼𝐴𝐴𝐴𝐴2 + 𝑙𝑙𝑟𝑟𝑤𝑤𝑟𝑟 𝑤𝑤
2 𝜎𝜎𝛼𝛼𝑠𝑠𝑡𝑡

2 + 𝛼𝛼𝑆𝑆𝑡𝑡2 𝜎𝜎𝐴𝐴𝑟𝑟𝑤𝑤𝑟𝑟 𝑤𝑤
2  (37) 

A similar calculation as for the 𝑥𝑥-axis yields 𝜎𝜎𝑡𝑡𝑦𝑦 = 0.20 𝜇𝜇m. However,  

𝑙𝑙𝑑𝑑𝑗𝑗𝑤𝑤 = 30 × 52 − 70 = 12 mm  

and the combined tolerance,  

𝜎𝜎𝐴𝐴𝑑𝑑𝑗𝑗𝑤𝑤 = �0.0462 + 0.0462 + 0.0392 = 0.076 mm  

is used.  

Finally, the effect on sensors for workpiece measurement is discussed. The height from the base plate to the top of the 
translation table becomes a summation of the thickness of the parts from A to E so that the height becomes 184 mm (ℎ𝑡𝑡𝑡𝑡). 
Nevertheless, the base plate and the workpiece are carbon steel, while components A to E are aluminum alloy. A base 
plate and the workpiece are made of carbon steel (JIS S50C), and each thickness is 15 mm (𝑙𝑙𝑡𝑡𝑏𝑏) and 10 mm (𝑙𝑙𝑤𝑤𝑏𝑏), 
respectively. Moreover, the column is also made of carbon steel, and its height is 360 mm (ℎ𝑐𝑐𝑐𝑐𝑙𝑙). Considering the 
temperature changes affected the difference between the height from the base plate to the workpiece and the height of the 
column, the model of thermal expansion is 

𝛿𝛿𝑇𝑇𝑡𝑡  = 𝛿𝛿𝑏𝑏𝑏𝑏  +  𝛿𝛿𝑡𝑡𝑏𝑏  +  𝛿𝛿𝑤𝑤𝑏𝑏  −  𝛿𝛿𝑐𝑐𝑐𝑐𝐴𝐴  =  �𝛼𝛼𝑆𝑆𝑡𝑡𝑙𝑙𝑏𝑏𝑏𝑏  +  𝛼𝛼𝐴𝐴𝐴𝐴ℎ𝑡𝑡𝑏𝑏  +  𝛼𝛼𝑆𝑆𝑡𝑡𝑙𝑙𝑤𝑤𝑏𝑏  −  𝛼𝛼𝑆𝑆𝑡𝑡ℎ𝑐𝑐𝑐𝑐𝐴𝐴�𝛥𝛥𝑇𝑇 ≡  𝛽𝛽𝑡𝑡𝑡𝑡𝛥𝛥𝑇𝑇 (38) 

where, 𝛿𝛿𝑡𝑡𝑏𝑏, 𝛿𝛿𝑡𝑡𝑡𝑡, 𝛿𝛿𝑤𝑤𝑏𝑏, and 𝛿𝛿𝑐𝑐𝑐𝑐𝑙𝑙 are the thermal expansions of 𝑙𝑙𝑡𝑡𝑏𝑏, ℎ𝑡𝑡𝑡𝑡, 𝑙𝑙𝑤𝑤𝑏𝑏 and ℎ𝑐𝑐𝑐𝑐𝑙𝑙, respectively. Considering Gauss’s error 
propagation law, variances are obtained as: 

𝜎𝜎𝑡𝑡𝑡𝑡2 = (∆𝑇𝑇)2 2𝜎𝜎𝛽𝛽𝑡𝑡𝑡𝑡2 + 𝛽𝛽𝑡𝑡𝑡𝑡2 𝜎𝜎𝑡𝑡2 (39) 
where,  

𝜎𝜎𝛽𝛽𝑡𝑡𝑡𝑡2 = �𝑙𝑙𝑏𝑏𝑏𝑏2 + ℎ𝑡𝑡𝑏𝑏2 + 𝑙𝑙𝑤𝑤𝑏𝑏2 �𝜎𝜎𝛼𝛼𝑥𝑥𝑡𝑡2 + �𝜎𝜎𝐴𝐴𝑏𝑏𝑏𝑏2 + 𝜎𝜎𝐴𝐴𝑤𝑤𝑏𝑏2 + 𝜎𝜎ℎ𝑐𝑐𝑐𝑐𝐴𝐴2 �𝛼𝛼𝑆𝑆𝑡𝑡2 + ℎ𝑡𝑡𝑏𝑏2 𝜎𝜎𝛼𝛼𝐴𝐴𝐴𝐴2 + 𝛼𝛼𝐴𝐴𝐴𝐴2 𝜎𝜎𝑡𝑡ℎ𝑏𝑏2  . (40) 

Thus, we obtained uncertainty of thermal expansion for measurement of the workpiece profile as 𝜎𝜎𝑡𝑡𝑡𝑡 = 1.06 𝜇𝜇m. 

3.6 Consideration of Errors 

In the previous section, the errors involved in the proposed method were discussed. In order to obtain the motion error, 
the reference pieces are measured. Moreover, the measurement error of the reference piece is included in the motion error, 
so the motion error and the table rotation are the major error sources. The difference between the CMM measurement 
result and sensor output is 82.3 𝜇𝜇m, and the improvement is 73.1 𝜇𝜇m at 𝑥𝑥=120mm, 𝑦𝑦=120mm. Hence, the motion error 
accounts for 89% of the errors at 𝑥𝑥=120 mm 𝑦𝑦=120 mm. The standard deviation of the eddy current type sensor was 𝜎𝜎𝑥𝑥𝑤𝑤 
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= 0.16𝜇𝜇m in the results of five measurements of the sensor drift. If 𝛿𝛿(𝑥𝑥) in Equation 28 is considered to appear equally 
positive and negative, ∑ 𝛿𝛿(𝑥𝑥) will be a small value. In comparison, the standard deviation of the reference piece is 0.7 𝜇𝜇m 
at 𝑥𝑥 (or 𝑦𝑦) = 120 mm from Figure 10. Hence, the sensor drift for a motion error of 82.3 𝜇𝜇m is considered small. However, 
owing to the characteristics of the displacement method, if the drift is significant, the cumulative error of the reference 
piece measurement is large, and consequently, the estimation error of the motion error becomes large. 

The rest of the errors are due to table rotation. The difference between the proposed method (without considering table 
rotation) and the proposed method (with considering table rotation) is 4.6 𝜇𝜇m, and the difference between the sensor 
output and the CMM measurement result is 82.3 𝜇𝜇m. Hence, the error accounted for 5.6%. Nevertheless, increasing the 
number of sensors can also detect the yaw component; thus, a more accurate correction is possible. The correction was 
too large in the proposed method at 𝑥𝑥=120 mm and 𝑦𝑦=120 mm. To improve the accuracy of the correction, it is necessary 
to increase the accuracy of the motion error estimation. For this purpose, improved methods of reducing the accumulated 
errors are required. Finally, the uncertainty of the proposed method is discussed. The estimated errors are summarized in 
Table 2. The dimensions column of Table 1 shows the tolerances for each dimension. The results are as described if the 
dimensional uncertainties are within this tolerance. IT8 is applied for this tolerance, but IT7 and IT6 would be applied for 
even more accurate parts. In this case, the variation of the measurement influenced by temperature is smaller, but if the 
tolerance is larger than IT8, the influence is more significant, and therefore, the uncertainty increases. 

Table 2. Estimated errors of the proposed method 

Errors 𝜇𝜇m Errors 𝜇𝜇m 
Sensor drift  Errors due to the table rotation  
Eddy current type (𝜎𝜎𝑥𝑥𝑤𝑤) 0.16 x-axis (𝜎𝜎𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤) 1.72 
Contact type (𝜎𝜎𝑥𝑥𝑐𝑐) 0.29 y-axis (𝜎𝜎𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤) 7.43 
Reference piece measurement  Errors due to the thermal expansion  
x-axis (𝜎𝜎𝑥𝑥𝑐𝑐) 0.28  x-axis (𝜎𝜎𝑡𝑡𝑤𝑤) 0.06 
y-axis (𝜎𝜎𝑥𝑥𝑐𝑐) 2.82 y-axis (𝜎𝜎𝑡𝑡𝑤𝑤) 0.20 
  translation table (𝜎𝜎𝑡𝑡𝑡𝑡) 1.06 
Motion error    
x-axis (𝜎𝜎𝑚𝑚2𝑤𝑤) 0.99   
y-axis (𝜎𝜎𝑚𝑚4𝑤𝑤) 2.81   

Considering thermal expansion, Eq. (10) substituting Eq. (27) can be rewritten as follows: 

𝑤𝑤 = 𝑚𝑚2𝑤𝑤  +  𝑚𝑚4𝑤𝑤  −  𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤  −  𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤  −  𝑆𝑆0 +  𝜃𝜃𝑡𝑡𝑡𝑡   (41) 

where, (𝑥𝑥, 𝑦𝑦) is omitted, and 𝜃𝜃𝑡𝑡𝑡𝑡 is the thermal expansion terms. 

Let the variance of 𝑤𝑤, 𝑚𝑚2𝑥𝑥, 𝑚𝑚4𝑦𝑦, and 𝜃𝜃𝑡𝑡𝑡𝑡 be 𝜎𝜎𝑤𝑤, 𝜎𝜎𝑚𝑚2𝑥𝑥, 𝜎𝜎𝑚𝑚4𝑦𝑦, 𝜎𝜎𝑡𝑡𝑡𝑡. Further, sensor No. 0 is a contact-type displacement 
sensor, so that let the variance of 𝑆𝑆0 be 𝜎𝜎𝑥𝑥𝑐𝑐. Moreover, considering Gauss’s error propagation law, the variance of 𝑤𝑤 
becomes: 

𝜎𝜎𝑤𝑤
2 = 𝜎𝜎𝑚𝑚2𝑥𝑥

2 + 𝜎𝜎𝑚𝑚4𝑦𝑦
2 + 𝜎𝜎𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤

2 + 𝜎𝜎𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤
2 + 𝜎𝜎𝑥𝑥𝑐𝑐

2 + 𝜎𝜎𝑡𝑡𝑡𝑡
2 =  68.2472μm2 

Therefore, 𝜎𝜎𝑤𝑤 becomes 8.26 𝜇𝜇m. Other items will also be considered. 

𝑚𝑚2𝑤𝑤  =  −𝑆𝑆2 −  𝑟𝑟2𝑤𝑤  +  𝜃𝜃𝑡𝑡𝑤𝑤 (42) 
  

𝑚𝑚4𝑤𝑤 =  −𝑆𝑆4 −  𝑟𝑟4𝑤𝑤  +  𝜃𝜃𝑡𝑡𝑤𝑤 (43) 
  

𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤 =
𝑙𝑙𝑤𝑤𝑤𝑤
𝑙𝑙𝑤𝑤𝑥𝑥

(𝑆𝑆1 − 𝑆𝑆2 + 𝑟𝑟1𝑤𝑤 − 𝑟𝑟2𝑤𝑤) (44) 
  

𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤 =
𝑙𝑙𝑤𝑤𝑤𝑤
𝑙𝑙𝑤𝑤𝑥𝑥

�𝑆𝑆3 − 𝑆𝑆4 + 𝑟𝑟3𝑤𝑤 − 𝑟𝑟4𝑤𝑤�  (45) 

where, 𝜃𝜃𝑡𝑡𝑥𝑥 and 𝜃𝜃𝑡𝑡𝑦𝑦 are the thermal expansion terms. 

Similarly, the sensor No. 1 to No. 4 are the eddy current type displacement sensor, so let the variance of 𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3, 
𝑆𝑆4 be 𝜎𝜎𝑥𝑥𝑤𝑤, let the variance of 𝜃𝜃𝑡𝑡𝑥𝑥 and 𝜃𝜃𝑡𝑡𝑦𝑦 be 𝜎𝜎𝑡𝑡𝑥𝑥 and 𝜎𝜎𝑡𝑡𝑥𝑥. Further, assuming the variances of 𝑟𝑟1𝑥𝑥 and 𝑟𝑟2𝑥𝑥 are approximately 
equal, the variances of 𝑟𝑟3𝑦𝑦 and 𝑟𝑟4𝑦𝑦 are also approximately equal. Let these variances be 𝜎𝜎𝑟𝑟𝑥𝑥, and 𝜎𝜎𝑟𝑟𝑦𝑦, Eq. (42) to Eq. (45) 
become: 

𝜎𝜎𝑚𝑚2𝑥𝑥
2 = 𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 + 𝜎𝜎𝑡𝑡𝑤𝑤2  ,  

  
𝜎𝜎𝑚𝑚4𝑦𝑦
2 = 𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 + 𝜎𝜎𝑡𝑡𝑤𝑤2  ,  
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𝜎𝜎𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤2 =
𝑙𝑙𝑤𝑤𝑤𝑤
𝑙𝑙𝑤𝑤𝑥𝑥

(𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 ) ,  
  

𝜎𝜎𝑚𝑚𝑤𝑤𝑤𝑤𝑤𝑤2 = 𝐴𝐴𝑦𝑦𝑦𝑦
𝐴𝐴𝑦𝑦𝑠𝑠

�𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑥𝑥𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 + 𝜎𝜎𝑟𝑟𝑤𝑤2 � . (46) 

Hence, 𝜎𝜎𝑚𝑚2𝑥𝑥 = 0.57 𝜇𝜇m, 𝜎𝜎𝑚𝑚4𝑦𝑦 = 3.00 𝜇𝜇m, 𝜎𝜎𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤 = 1.07 𝜇𝜇m and 𝜎𝜎𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤 = 9.37 𝜇𝜇m are obtained. For 𝜎𝜎𝑚𝑚2𝑥𝑥 and 𝜎𝜎𝑚𝑚𝑤𝑤𝑥𝑥𝑤𝑤, the 
calculated values are smaller than the measured values. Further, for 𝜎𝜎𝑚𝑚4𝑦𝑦 and 𝜎𝜎𝑚𝑚𝑤𝑤𝑦𝑦𝑤𝑤, the calculated values are larger than 
the measured values. All of them are related to the y-axis reference piece, and other error factors are considered to be 
included in the y-axis measurement. Measurement of the y-axis reference piece contains errors that cannot be modeled. 
The experimental apparatus is made of an aluminum alloy, and changing this material changes the thermal expansion. If 
the material has a smaller thermal expansion, the final uncertainty is smaller, according to Eqs. (30) and (38). In addition, 
as the error analysis revealed that the errors due to the motion of the y-axis and the table rotation are large, the overall 
measurement accuracy can be increased by increasing the component accuracy for the y-axis of the prototype device. 

The remaining errors are errors due to positioning accuracy and sensor mounting errors. The positioning error of the 
translation table depends on the rotational and positioning accuracy of the drive motor due to the machining error of the 
ball screw. These errors need to be measured separately, which is currently difficult because measuring them in a constant-
temperature room is desirable. The deflection of the ball screw is assumed to be so small that it can be ignored in table 
design. Regarding sensor mounting errors, eddy-current type, and contact type sensors were used in this study, and Abbe's 
principle is satisfied concerning mounting. In addition, as calibration is carried out before measuring, the installation error 
was assumed to be negligibly small concerning the installation error. The limitation of the proposed method is when the 
cumulative error exceeds the permissible value at the desired measurement distance. Therefore, the longer the 
measurement distance, the greater the uncertainty. A possible solution is to split long measurement distances and 
subsequently combine the split regions, but the boundary conditions and optimization of the combination require further 
research. 

4. CONCLUSIONS 
 The displacement method is simple to remove motion errors during on-machine measurements. This study discusses 

the theory for extending the displacement method to two axes. The extended displacement method measures the reference 
pieces and the sample simultaneously. The motion error is then detected by measuring the reference piece, and an accurate 
profile can be measured by subtracting the motion error from the target sample's profile. However, although the 
displacement method can remove motion errors using a simple principle, it introduces a cumulative error. Therefore, a 
simulation was conducted to determine how much this cumulative error affects the measurement of the reference piece. 
Simulations show the limits of the cumulative error. Simulations also show that the cumulative error increases with 
increasing measurement distance. The results showed that when the sample size is 120 mm, the reference piece can be 
measured with a cumulative error of less than 7 µm when the measurement error is 1 µm. Conversely, if the cumulative 
error is to be kept to around 1 µm, the measurement error of the reference strip should be around 0.1 µm. When the 
measurement interval d is reduced, the cumulative error is expected to be even larger because the number of measurement 
points increases. In this case, the proposed method should be applied by dividing the distance that has to be measured, 
and a mosaic process is required to join the divided measurement results together, which is a future task. 

The position of the stage was modeled and introduced into the theory to reduce tilting errors. Profile measurement 
experiments were carried out to confirm the problems with improving on-machine measurement in which the motion 
error of the table traverse is included in the surface profile measurement of the workpiece. Applying the displacement 
method resulted in an improvement of approximately 88.9%. The error budget was also discussed. The sensor drift was 
less than the accumulated error of the simulation. The analyzed errors were sensor drift, reference piece measurement 
errors, motion errors in each axis, and table rotation and thermal expansion errors. From the error budget, it was found 
that the y-axis of the prototype moving table was less accurate than the x-axis. Sensor noise always occurs in reference 
piece measurements. Future work includes the introduction of machine learning, such as Bayesian linear regression, to 
model and predict the reference piece to further improve the accuracy, and the system should be more robust. 
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