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ABSTRACT - lThe no-slip boundary condition is indeed a fundamental cc_mcept in fluid Q:lﬁ:;g HISTO%h July 2023
dynamics, especially for flows at lower Reynolds numbers (Re) where viscous effects Revised 03 May 2024
dominate. However, inertial effects become more significant at higher Reynolds numbers, and Accepted 10t June 2024
the no-slip condition might not accurately represent the behavior of the fluid near the boundary. Published 28" June 2024
In such cases, partial slip or slip boundary conditions become more relevant as they take into
account the slip between the fluid and the boundary. This study offers the presentation of KEYWORDS
numerical experiments for a 2-dimensional channel flow, through a step Navier-Stokes-w Slip boundary conditions
model at high Reynolds numbers. The slip boundary conditions with friction is used in these ’;ea;tjchme”t lenght

urbulence

numerical tests, namely along the step and on the lower and upper walls. The impact of the

Friction coefficient
Navier-Stokes-w model

friction coefficient on the flow characteristics is illustrated. Especially for large Reynolds
numbers, the effect of the friction coefficient on the flow region is examined. In the numerical
tests, the Crank-Nicolson method is used for time discretization, while the Galerkin finite
element method is applied for space discretization. It can be observed that as the coefficient
of friction decreased, the eddies are further away from the step and moved towards the outer
flow. In addition, the size of the eddies are larger for small coefficients of friction. For
Re = 5000, the reattachment length calculated on a fine mesh at time T = 50 is close to the
step. For Re = 10000, the reattachment lengths determined for different friction coefficients
on both meshes are very similar, with eddies forming just behind the step. Similarly, for Re =
15000 and friction co-efficient, 8 = 0.0001, the reattachment lengths calculated on the fine
mesh are farther from the step. Conversely, for other values of 8, the reattachment lengths
are close to the step. The results are explained according to flow physics.

1. INTRODUCTION

The no-slip boundary condition is a boundary condition (BC) that is widely used for convenient fluid velocities and
stresses. This condition guarantees that the fluid sticks to the boundary of the flow region. The mathematical simplicity
of this condition renders it advantageous compared to partial slip laws. The no-slip BC might not be appropriate for flows
characterized by higher Reynolds numbers. As the Reynolds number increases, stress within the system is greater, leading
to fluid slipping along the boundary beyond a certain value. Slip is a fluid mechanism that reduces stress. In fluid
dynamics, slip refers to a process that minimizes friction or resistance between a fluid and a surface, thereby reducing the
stress experienced by the fluid during motion. Slip occurs when the fluid near the boundary moves more freely relative
to the surface, reducing the shear stress that would otherwise be caused by the fluid sticking to the surface. This results
in lower friction and, consequently, lower stress levels. Therefore, larger Reynolds numbers require a frictional and slip
boundary condition for the boundary flows. A turbulence model should be used for numerical solutions of flows with a
larger Reynolds number. Large eddy simulation (LES) is the most common turbulence modeling. Furthermore, Leray-a,
Navier-Stokes-o (NS-®), and NS-a are the other approaches to turbulence models. While modeling the effects of small
flow structures on large flow structures, LES also seeks to calculate large eddies of turbulent flows accurately. Galdi and
Layton [1] suggest employing frictional slip and no-penetration boundary conditions when dealing with larger eddies.
These boundary conditions are more valuable than no-slip BC for describing natural events. For instance, in a hurricane,
the main eddies do not adhere closely to the boundary. Hence, the no-slip BC is not suitable for such situations. These
eddies slip along the boundary, dissipate energy in the process, and are incapable of penetrating it.

Navier [2] has suggested a partial slip with linear friction boundary condition. When the resistance force on the wall
presses against the fluid, slipping occurs in the opposite direction. Furthermore, there exists a linear resistance against to
slip. In cases where the coefficient of friction depends on the thermodynamic variables (except at low pressures, especially
for the coefficient of friction 8 = oo, the slip boundary condition with linear friction can even account for adhesion [3].
Duhem initially examined the no-slip BC [4,5], later this condition was reviewed by Oseen [6]. In the context of Duhem's
boundary conditions (applied to one side of the channel flow where the fluid moves at a constant velocity), the fluid
adheres to the wall when the coefficient of friction exceeds a predetermined multiple of the wall's velocity, and vice versa.
Noaillon [7] initially proposed a resistance theory incorporating velocity-dependent kinematic viscosity and thermal
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conductivity. For situations with low tangential stresses and elevated pressures, this boundary condition indicates
adherence. Additionally, frictional slip is transformed into boundary conditions applicable to opposing edges. Clopeou et
al. [8] and Coron [9] have investigated the time-dependent NS equations analytically using Navier's slip boundary
conditions. Their studies revealed the existence of smooth solutions of 2D Navier-Stokes equations (NSE) with friction
boundary conditions and the uniqueness of solutions of 2D NSEs with Navier slip boundary conditions, respectively.

The frictional-slip boundary condition is encountered in many natural events. However, despite this fact, there are few
studies on this subject. Therefore, using these boundary conditions in well-defined benchmark problems is essential. In
this study, it is preferred to study the flow passing through a step. This is because the recirculation of a flow is a natural
phenomenon. The applications of such flows can be observed in wind engineering and various fluid devices, including
dams, engine pipes (combustion ducts), turbo machinery and gas turbines [10]. The NS-® model has been studied by Fan
and Zhou [11]. They have shown a unique local solution for the NS-» model. Layton has proven the existence and
regularity of a spherical attractor for this model [12]. Fan et al. have created the global well-posedness of this model by
using specific initial data [13]. Recently, Aggul et al. [14] proposed a method that merges the NS-turbulence model
through partitioning. Also, Bose and Moin [15] have investigated the wall-bounded LES. They used a dynamic slip
boundary condition in the study. Furthermore, Bostrom [16] has improved the boundary conditions for the simulations of
atmospheric boundary layers. Cao [17] also examined the barotropic compressible NSEs with the Navier-type boundary
condition in a two-dimensional bounded domain. llhan and Sahin have presented a study for the Leray-a model. They
used the same boundary conditions and examined the effect of friction coefficient on reattachment lengths in their study
[18]. Recently, Bermudez et al. [19] proposed and analyzed a mixed variational formulation for the NSEs with variable
viscosity that depends nonlinearly on the velocity gradient. Also, Gamar et al. [20] aim to determine how thermal radiation
and slip effects affect the flow of a micropolar nanofluid near a stagnation point over an extending sheet. The recent
studies have focused on the near wall model [21-23]. There is a significant interest in slip boundary condition research
nowadays [24-26].

The aim of this study is to investigate the impact of the friction coefficient on flow characteristics. Slip boundary
condition with friction cause the tangential velocity to not reach zero at the upper and bottom boundaries. As a result, the
reattachment length is determined by the point where the sign of the tangential velocity changes. A 2-dimensional channel
flow through a step is considered. The goal is to determine the reattachment lengths of the recirculation vortices generated
behind the step. This study has been prepared as follows: Section 2 presents the description of NS- «» model with slip and
friction boundary conditions. The discretization and method as well as the test problem are also described in this section.
As a test problem, 2-dimensional channel flows across a step are considered. Section 3 discusses and interprets the
numerical results of this test problem. The findings of the study are concluded in Section 4.

2. MATERIALS AND METHODS
2.1  The NS-w Model with Slip and Friction Boundary Conditions

NS-o model is a turbulence flow model. This model is an advanced version of the Navier-Stokes equations utilized
in computational fluid dynamics. It introduces an additional transport equation for the dissipation rate of turbulent kinetic
energy. It is especially valuable in the simulation of turbulent flows, where precise prediction of turbulence characteristics
is essential. Also, it is extensively applied in industrial fields such as aerodynamics, heat transfer, and environmental
engineering, where turbulence plays a critical role. Let's assume that 2 € R¢ (d = 2 or 3) domain has boundary to 8..
012 boundary consists of three sections: Dirichlet [y;,.;, outflow Iy, and slip-with friction boundary condition T, .
a1 consists of an outward unit normal vector, an orthonormal system of {t,, ,, ... T;_; } tangent vectors and g is the
friction coefficient. NS-o model with the specified boundaries is as follows:

Uy —uX(Vxu)+Vp—vAu=f in [0,T] X 2 @
V-u=0 in [0,T] X £ @)

u(0,.) =u, in 2 3)

u=g on [0,T] X gy 4)

Stu,p)n =0 on [0,T] X Ty (5)
u-n=0on [0,T] X Igyr (6)
Bu-t;+2Re™n-D@W)- t; =0 on [0,T] X Tgpr )
w:[0, T x 2 - R4 (8)

where, u: [0, T] x Q — R% is the velocity, p: [0,T] x 2 - R is the pressure, u, is the initial velocity, T is the final time,
and Re is the Reynolds number. S(u, p) is defined as follows:

S(u; p) = 2Re™'D(w) — pl €)
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In this Eq. (9), I is the unit tensor and D (u) is the velocity deformation tensor,

Vu + (Vu)T
2
where, B friction coefficient is a positive function, and it has been calculated by John et al. [27] and Ilhan and Sahin [18,
28, 29]. B has been taken as a constant in the calculations. 7;, (1 <i < d — 1) tangent vectors are selected such that they
are from orthonormal bases at 2D ({n, t;}). In I, boundary condition,  — 0 limit denotes the free-slip, and g — o

limit indicates the no-slip.

D(u) = (10)

2.2  Space and Time Discretization

In the NS- ® model simulations, the Cranck-Nicolson and Galerkin finite elements method has been used for time and
space discretization, respectively. First of all, the grad-div stabilization term and nonlinear scheme for this model are
given as follows [30]:

1 1 1 1 1 1
E(u”’r1 —ul,vy) — (u:+2 X <V X w:+2) ) vh> + <p:+2,V . vh> +v (Vu:+2,Vvh> =f (t"+7) v, € X, (11)

n+s
(V "Up 2:%) =0, Vg, € Qp (12)

(WnH'Xh) + O‘Z(VW;ZH:VXh) - (U;:H,Xh) =0, Y, €Xp (13)
Thus, the above nonlinear scheme gives the following Newton iteration for each time step:
(un+1k Vh) (pn+1k V vh) + — (Vun+1k Vvh) _ = (un+1 k X (V X Wh n+1,k— 1) vh)

_Z u}rll+1,k 1 X(VxWh+1k) 'Uh)‘l‘ (un+1k 1 X (VXWh+1k 1) vh)

1
= 5 (¥ x (7 x w4, v,) - (u"+1k X (Vxwph), ) -3 Lps s (v x i), v) @)
1 1
= A_t(u’r;' vp) — E(Vuh;vvh) + <f (t 7),vh>. Vo, € Xp
(V-uptt,qn) =0, Vq, € Qy (15)
Wit xm) + O(Z(VW%H; Vxn) — Witt,xn) = 0, VXn € Xy (16)
This way, grad-div stabilization and Newton iteration is obtained as follows:
A . (un+1k vh) (pn+1k V vh) +— (Vun+1k V'Uh) (un+1k X (V X Wh+1k 1) vh)
1
_Z u2+1,k 1X(VXW +1k) vh)+ (un+1k 1X(VXW n+1,k— 1) vh)
1
——(w* x (Vx wpt), vy - (u"”" x (V x wi ), vp)
4 17
—Z(u X (V X wy k) 'Uh) + = (V uﬁ"'l V- Uh)
1 v 1
= o o) =3 (W V) = 5 (7 T w) + (7 (672) ) o € X
(V-up*t,qn) =0, Vg, € Qy (18)
(Wn+1’ Xh) + aZ (VW}?+1I VXh) (un+11 Xh) = 01 VXh € Xh (19)
Here, the function spaces are as follows for d = 2, 3:
P, == {p:Q > RY} (20)
where, p is the polynomial of degree n. Other function spaces are defined as follows,
Xp = {vn € Co(2),v, = 0,0n 0(Q),v, € P, } (21)
Qn={qn € Co(ﬂ)rf qndx =0, q, € P } (22)
N

n+1,k n+1k 1:

In all these simulations, u,, is the unknown velocity, u is the velocity solution in the previous iteration,
¥ is the velocity solution in the previous time step and v, is the test function. The time step has been taken as At =
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0.1; in other words, 1 second corresponds to 10 iterations. The slip boundary condition with friction can be applied to
finite elements code [18, 27-29, 31-33].

2.3 The Numerical Simulations

The forward-backward step problem is of great importance in computational fluid dynamics. There are many test
problems in this field, and the most important test problem is the driven cavity model. The definition domain of the
problem is a square. While the no-slip BC is applied on all boundaries except the upper boundary of the square, the
tangential component of the velocity on the upper wall is taken as constant. Also, the problem is complex since there are
non-physical singularities at the corners of the region. The biggest shortcoming of this problem is that it is not physically
real. The forward-backward step problem presented in this study is also commonly used. This can be observed in Armaly's
studies [33]. Traits such as reattachment length and scaling with Reynolds number simplify this test problem [34].
Gunzburger [35] suggests that flow problems such as flow over a step are better test problems. The reason is that they are
geometrically simple. This study examines a flow over a step problem [18, 27, 28, 31, 33, 36]. This study also investigates
how the reattachment length of the eddy varies with different friction parameters in two-dimensional flows. The domain
is a 40 x 10 channel with a 1 x 1 step extending five units into the channel at the bottom, as shown in
Figure 1. The inflow boundary condition on the left side of the channel is defined as

_ (y(10—y)
u= <T, 0) (23)

The slip and friction boundary condition, defined by Eq. (7), is applied to the upper and bottom boundaries as well as
along the step. The goal of the SWF boundary condition is to obtain phsically the correct flow behaviors using coarse
discretization in space. This helps to create a successful model. The flow leaves the domain with an outflow boundary
condition on the right side of the channel.
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Figure 2. (a) Coarse mesh, level = 3 and (b) fine mesh, level = 4

The aim is to calculate the reattachment lengths of the recirculation vortices formed behind the step. The purpose of
this study is to determine the reattachment lengths of the recirculation vortices generated behind the step. Slip boundary
condition with friction cause the tangential velocity to not vanish at the upper and bottom boundaries. Therefore, the
reattachment lenght is defined as the place where the sign of the divergent velocity changes. All simulations have been
performed using the FreeFEM++ [37] computer program. In the simulations, a« = 1 is taken. Fine and coarse meshes
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have been used for the simulations as shown in Figure 2. The degrees of freedom are 47222 and 19956 for velocity and
pressure in fine mesh, respectively, while 30735 and 12951 in coarse mesh. The problem (1-8) can be shortly shown as
NS-w + SWF.

3. RESULTS AND DISCUSSION

Figure 3 indicates that for Re = 5000 and Re = 10000, respectively, with 8 = 1, two eddies form behind the step,
and the last eddy is close to the step. Figure 4 shows that for Re = 5000 and 8 = 0.001, eddies form behind and in front
of the step, and the eddies behind the step are close to the step. Similarly, Figure 5 shows that for 8 = 0.01 and 10, an
eddy is formed behind the step. This eddy is around the x = 10 point. It is seen from Figure 6 for Re = 10000 and 8 =
0.01 and 1, two eddies are formed behind the step. The first eddy starts around position x = 20, and the second eddy
forms around position x = 7. For Re = 15000 and § = 1 and 10, two eddies are developed, the first being around the
x = 20 position and the second around the x = 8 position (see Figure 7).
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Figure 3. Streamlines over velocity contours on coarse mesh (level = 3), attime T = 50, for =1,
(@) Re = 5000 and (b) Re = 10000
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Figure 4. Streamlines over velcity contours on coarse mesh (level = 3), at time T = 50, for = 0.001, Re = 5000
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Figure 5. Streamlines over velocity contours on coarse mesh (level = 3) attime T = 50 and Re = 5000
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Figure 6. Streamlines over veocity contours on coarse mesh (level = 3), at time T = 50, Re = 10000
(@) p=0.01and (b) =10

It can be seen from Figure 8 that for Re = 5000 and all 8 values, the calculated reattachment length on fine mesh
and at time T = 50 is near to the step. For Re = 10000, the reattachment lengths calculated for distinct friction
coefficients in both meshes are very near to each other, and the eddies form just behind the step (see Figure 9). It can be
induced from Figure 10 that for Re = 15000 and 8 = 0.0001, the calculated reattachment lenghts in the fine mesh are
away from the step. For the other values of S, the reattachment lengths are near to the step. At T = 50 and coarse mesh,
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as the friction coefficient decreases, the reattachment lenghts move away from the step. At T = 50 and fine mesh, the
reattachment lenghts are approximately the same as shown in Figures 8-10. Moreover, it can be seen in Figures 8-10 that
the reattachment lengths computed for all Reynolds numbers and small friction coefficients are larger than those
calculated for significant friction coefficients at time T = 50. So, it can be said that for small friction coefficients, the
position of the reattachment lengths moves towards the outflow, and conversely, for the large friction coefficients,

reattachment lengths occur near the behind of the step.
10

T ——————

8

(b)
Figure 7. Streamlines over velocity contours on coarse mesh (level = 3), attime T = 50, Re = 15000
(@ p=1and(b) =10
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The eddies formed in the simulations obtained using the small Reynolds humber and the large friction coefficient are
smaller. Regarding all Reynolds numbers, the reattachment lengths in simulations using fine mesh are smaller and the
eddies are around point x = 7 (see Figures 8(b), 9(b), and 10(b)). Conversely, simulations using coarse mesh have larger
reattachment lengths as shown in Figures 8(a), 9(a), and 10(a). In other words, the eddies are around the x = 8 point.
Ilhan and Sahin [18] used the logarithmic law to calculate the friction coefficients. They computed the reattachment
lengths for calculated and different friction coefficients. Moreover, simulations of NS-o and Leray-oa models were
performed using the same meshes for different Reynolds numbers. The reattachment lengths obtained with the Leray-o
model are greater than those obtained with the NS-w model; that is, recirculating vortices form away from the step. For
Reynolds numbers of 50 and 100, numerical investigations were conducted on slip with friction boundary conditions for
a steady 2-D flow over a step and under a constant inflow profile [31]. In both simulations, as friction decreased, the
reattachment length of the eddies shifted further downstream. The reattachment points obtained for the friction parameter
B = 10 are similar to those obtained with the no-slip BC. Similar result is also observed in this study. In a similar study
presented for Reynolds number Re = 500 and different beta friction parameters for the NSE, it was observed that as the
friction parameter decreased, the reattachment point continued to move downstream, but without the formation of a new
vortex, across all grids [32]. For g = 1, it is noticeable that the vortex detaches from the lower boundary around x = 20
and then reattaches slightly downstream. Similar results have been obtained in this study as well. Similarities are observed
between the study conducted by Ilhan [29, 38] and this study. In both investigations, it was discovered that with the rise
in friction coefficient across all grids employed in simulations, both the reattachment length and the size of the
recirculating vortex diminish. Additionally, eddies tend to form close to the step at high Reynolds numbers.

4. CONCLUSIONS

In this study, the slip boundary conditions with friction have been applied to the NS-w turbulence model, and the flow
behaviours over a whole step in 2D have been analysed. The main purpose in doing so is to reveal the impact of friction
coefficient on flow behaviour. The results of the numerical simulations were compared for § = 0.0001,0.01, 1, and 10
on the coarse and fine mesh by taking Reynolds numbers Re = 5000, 10000, and 15000. Eddies mainly were formed
behind the step, but in some cases, eddies were also formed in the front of the step. As the coefficient of friction decreased
(i.e., B — 0), the eddies were further away from the step and moved towards the outer flow. In addition, the dimensions
of the eddies are larger for small coefficients of friction. The eddies not only provide transport but also, when the
coefficient of friction changes, the eddies form, penetrating into the flow according to the velocity magnitude varying at
the boundary. This movement is seen in all flows' bottom wall and centre plane. This supports the claim that the study is
compatible with the physics of the flow. In future studies, this problem will be applied to 3D flows.
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NOMENCLATURE
Symbol
u Velocity of fluid
P Pressure of fluid
U Initial velocity
T Final time (second)
Re Reynolds number
S(u,p) Stress tensor
D(u) Velocity deformation tensor
N Domain (unit square)
a0 Boundary of domain (unit)
I Unit tensor

Abbreviations

NSE Navier-Stokes Equations,
SWF Slip with Friction

No-slip BC  No-slip Boundary Condition
NS-o» Navier-Stokes-m

NS- a Navier-Stokes-a

LES Large Eddy Simulation
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Friction coefficient

Tangent vectors

Unit normal vector

Drichlet boundary condition

Outflow boundary condition

Slip-with friction boundary condition
Unknown velocity

Velocity solution in the previous iteration
Velocity solution in the previous time step
Time step (second)
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