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ABSTRACT - The electric double layer phenomenon exists on the solid interface under the 
water-liquid condition. The water molecules are ionized and adhered in the interface forming 
the sturn layer is a diffused layer in which molecules can move with the movement of bulk of 
molecules. Because of these two characteristics, the boundary layer of water molecules is 
called the electric double layer. The aim of present study is to explore the impact of two fraction 
surfaces of electric double layer (EDL) on a thin water lubricating film on an 
elastohydrodynamic lubrication (EHL) line contact problem with a sinusoidal surface 
roughness. The governing modified Reynolds and film thickness equations are based on 
mathematical model of electro-viscosity of asymmetrical electrical double layer is analyzed 
numerically. The viscosity-pressure relation of water and theoretical evaluation pertaining to 
the effect of electric double layer on film-thickness and pressure distribution of EHL with water 
film of line contact problem is discussed in detail. The effect of zeta potential on film thickness 
and pressure is determined using Newton’s-GMRES method with Daubechies D6 wavelet as 
a pre-conditioner. The results predict that, EDL has less impact on pressure distribution and 
significant impact on film thickness.  The obtained results are compared with results of Dowson 
and Higginson which are comparable. 
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1.0 INTRODUCTION 

  The interface between solid and liquid there exist a phenomenon known as electric double layer (EDL) and effective 

range of this phenomenon is about 12nm. It is a surface phenomenon, and their impact is more pronounced when 

dimension of channel is of the same order of EDL thickness. The existence of EDL in micro-channel is to be retard liquid 

flow, resulting in to streaming potential [1]. In a thin lubricating film, the rheological properties of lubricant in micro-

channel affected by EDL and  properties of lubricant are quite different from that of thick lubrication was discussed 

through experiments [2, 5]. Luo et al. [6] thoroughly analyzed the difference between EHL and thin film lubrication 

(TFL), further measured the fluid film thickness with different operating conditions for various lubricants and results 

were compared with the experimental findings. The new technique is to measure the film thickness in nano scale was 

introduced by Wen and Luo [7] and discussed the characteristics of TFL. Prieve and Bike [8, 9] analyzed the presence of 

electro-kinetic contributions in hydrodynamic force acting on two-dimensional sliding bodies. Also, extended this work 

to three-dimensional flows for bodies demeaning the thin double layer in which sliding and squeezing motions are 

considered. 

Zhang and Umehara [10] introduced the hydrodynamic lubrication theory by considering ceramics materials. By using  

Zhang and Umehara's modified Reynolds equation, Wong et al. [11] numerically discussed the effect of EDL on 

hydrodynamic lubrication as well as EHL problems. Bai et al. [12-14]  proposed a detailed mathematical model to 

examine the electro-viscous effect due to EDL and conducted several experiments to understand EDL effects on thin film 

lubrication. There are two types of EDL structures viz., symmetrical and asymmetrical. In the past few decades many 

researchers have studied the impact of EDL on lubricant properties which are usually considered for the structures of two 

EDL and are symmetrical [15]. In fact, there are many tribopairs composed of different materials that have different 

electrical properties, it gives rise to EDL structures which are largely asymmetrical. Zuo et al. [16, 17]  presented the 

asymmetrical EDL effects on thin film of thermal EHL point contact problem and noticed that, the apparent viscosity 

mainly depends on sum of two zeta potentials. The EDL leads to be remarkable increase in apparent viscosity of lubricant 

when lubricating film is very thin and pressure is minimal. The effect of electric double layer in the film thickness and 

pressure distribution of EHL line contact problem lubricated with water film was analyzed by Chen et al. [18]. Clermont 

et al. [19] numerically discussed the effect of temperature on EDL and concluded that, temperature step provokes the 

chemical reaction activity and  charge redistribution in the liquid volume. 

Lubrecht et al. [20] presented the multilevel multi-integration technique to solve elastic deflection integral in the film 

thickness equation. The EHL elliptical contact problem lubricated with grease was analyzed by Yang and Qiang [21]. 

Venner [22] introduced multi-grid technique to solve EHL problems, which is one of the most widely used efficient 
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numerical technique. The multilevel solver is extended to EHL elliptical/point contact problems, predict central film 

thickness and derived the empirical formula. The effect of variations such as load, speed and reduced radii of curvature 

of surface was discussed in detail by Nijenbanning et al. [23]. Lu et al. [24] analyzed the solution of EHL line contact 

problem by implementing a higher order discontinuous Galerkin method. The EHL solutions based on new numerical 

and experimental methods which are more efficient for in-depth study of thermal EHL problems. Starved EHL and 

roughness with Newtonian and non-Newtonian lubricants with soft, hard bearing components was discussed by Morales 

–Espejel [25]. Chen and Ford [26, 28] were first to explore the use of wavelet pre-conditioner for the solution of large 

system of equations, and checked the efficiency of pre-conditioner by implementing it to EHL line contact problem. Awati 

et al. [29] discussed the solution of EHL point contact problem with bio-based oil as lubricant and noticed that, the 

minimum film thickness decreases with increase in load; at the same time central film thickness increases with increase 

in load at constant speed. 

Awati and Naik [30] used multigrid method to determine the solution of EHL line contact problem lubricated with 

grease witnessed that, the decrease in minimum film thickness and pressure spike as the rheological index decreases. 

Also, the solution of thermal EHL line contact problem were analyzed by Awati et al. [31] and predict that, the reduction 

in minimum film thickness for high speed. In another problem, Chen et al. [32] analyzed point contact EHL on the surface 

of particle reinforced composite by considering  Ree-Erying EHL model. Xiao and Shi [33] numerically investigated the 

stiffness and damping of transient non-Newtonian thermal EHL point contact for crowned herringbone gears. Zhao and 

Wong [34] discussed thermal EHL analysis of slip/ no-slip contact at high slide-to-roll ratio and concluded that, the 

combined mechanism of boundary slip and thermal effects on film formation was revealed numerically. Awati and Kumar 

[35] discussed the piezo-viscous EHL line contact problem by using Newton-GMRES method with Daubechies D6 

wavelet as preconditioner. 

 

2.0 KRYLOV SUBSPACE METHODS  

Krylov subspace methods (KSM) are generally used to solve sparse linear system of equations. 
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Our aim is to determine the accurate solution of Eq. (1) with less number of iterations by constructing stable basis for 

KSM involving the extension of stable bases with suitable/appropriate orthogonalization. Let us consider 0x
as an initial 

approximation to the solution of Eq. (1) and is obtained by,  
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The Krylov subspace is generated by the vectors 
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..........1 2 1K K K Kmm   −  are the nested spaces and for each step dimension of the spaces is increased by 

one. In this process dimension cannot cross the value of m, but it will be smaller than the value of m. 0( , )K A rm  is 

invariant under A  if  m n  .  

 

0 1 0( , ) ( , )m mK A r AK A r−=
 

 

Let kx
 be the approximate solution of Eq. (1) of the form 

0k kx x z= +
 (4) 

where, 0x
 is initial approximation and kz

is element of Krylov subspace 0( , )mK A r
. In order to choose this kz

, we make 

use of the Arnoldi’s orthogonalization process. i.e. the first k orthogonal vectors jv
 are used such that 
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 is upper kk   Hessenberg matrix and the entries will be scalars generated by Arnoldi method 
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where, nmk   

 

The generated k orthogonal vectors jv  satisfy, 
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The relation between vectors jv  and Hessenberg matrix ( 1)( )k k kH +   is given by, 

 

AV V Hk k k=
  (8)

 
 

Now by using Least square technique, we get,  

 

min [ ] min0 0b A x z r Az
z K z Km m

− + = −
   (9)

 

 

by substituting z V yk= , the minimized norm becomes, 

 

( ) 1J y v AV yk= −
 (10)

 
 

where, 0r = . Substituting Eq. (8) in Eq. (10), we get,  

 

( ) [ ]11J y V e H yk k= −+  (11)
 

 

where 1e  is the first column of the ( 1) ( 1)k k+  +  identity matrix, we also know that 1Vk+ is 2l -orthonormal and satisfy 

the condition, 

( ) 1J y e H yk= −
 (12)

 
 

Eq. (12) represents the projection of large system of equations which is much smaller than Eq. (1).  It has unique 

solution since A  is non-singular matrix. Eq. (12) is solved for y , by using QR factorization of Hk and Givens rotations. 

Finally, the approximate solution is 0x x V yk k k= + . 

These methods are applicable when the coefficient matrix A has special properties like symmetry, positive 

definiteness. The conjugate gradient method (CGM) is applied when A is symmetric matrix and positive definite, the 

Minimal residual scheme (MINRES) is used when A is an indefinite and symmetric matrix and Generalized minimal 

residual method (GMRES) is applicable when A is non-symmetric matrix. These methods require more CPU time and 

needs a large number of iterations in order to get a desirable accuracy of the solutions. The drawback of these methods 

includes stagnation of iteration, break down etc., the convergence of these methods depends on spectral properties of A 

(Eigen value distribution). 

The above procedure employed for the solution of system of algebraic equations by using  KSM [36]. The numerical 

implementation of GMRES have advantages viz consistency, robustness, proximity property [37] and these properties 

makes the method becomes reliable. The convergence behaviour of GMRES is studied with the help of field of values, 

pseudo spectra and convex hull of a matrix [38]. The super linear convergence occurs when A is diagonalizable. For more 

details about the convergence of GMRES method is found in [39]. GMRES with Householder Gram-Schmidt 

Orthogonalization and its stability is analyzed in [40]. 

The main focus of the present study to analyze the The Newton-GMRES method with pre-conditioner technique is 

employed to analyze the impact of electric double layer on EHL line contact problem. The Pre-conditioning technique is 
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used to obtain the solution much faster than the usual Newton-GMRES method and it reduce the large condition number 

of Jacobian matrixes to unity. In the present study, we use Daubechies D6 wavelet as pre-conditioner to determine the 

solution of EDL and surface roughness on EHL line contact by using Newton-GMRES method. It is illustrated that water 

can be used as lubricant in machine elements for it is abundantly available in nature, which is environmentally friendly 

fluid, high thermal conductivity, non-toxicity, cleanliness. Surface roughness are less in ceramic material as compared to 

other materials. Thus, water as lubricant it cannot be used in steel and iron surface material, but it can be used in the 

ceramic surface materials. 

 

3.0 GOVERNING EQUATIONS 

The mathematical model of EHL line contact problem consist of two rotating balls and cylindrical rollers, in between 

lubricant flow under an applied load is depicted in the Figure 1. The lubricant flow is described by Reynolds equation 

and deformation of contacting surfaces (outer ring and cylindrical roller) of roller element bearing is explained by film 

thickness equation under an applied load.  

 

 

Figure 1. Geometrical interpretation of EHL line contact of roller element bearing 

 

The modified Reynolds equation for electric double layer in line contact EHL problem [10] is given by 

 

3 ( )
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where,  is the density of lubricant, u is the fixed velocity, a  is the apparent viscosity, h  is the film thickness, p is the 

pressure of lubricant film and x  represents the axis along sliding velocity. The non-dimensional modified Reynolds 

equation is given by 
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where, 𝜀 =
�̄�𝐻3

𝜂𝑎𝜆
,     𝜆 =

576𝑅4𝑈

𝑏4 ,    𝑏 = (
8𝑊𝑅

𝜋𝐿𝐸′
)   and  𝐿 = 1(𝑚𝑒𝑡𝑒𝑟). 

 

The modified Reynolds equation which combines with EDL effect is accorded in the viscosity expression. The 

asymmetrical EDL's apparent viscosity expression is given by Zuo et al. [16]. 

( )
22 23 cosh 11 2

.
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h h
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 
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   
(15)

 

 

where,   is the absolute dielectric constant of the fluid,  is the lubricant viscosity,  is the Debye reciprocal length 

parameter,    and    1 2   respectively denotes zeta potentials of EDL of lower and upper surfaces,   is the bulk electrical 

conductivity. The dimensionless apparent viscosity of asymmetrical EDL is given by, 
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The Eq. (16) represents the dimensionless asymmetrical EDL’s apparent viscosity expression, it shows that the EDL 

exists. The apparent viscosity is directly proportional to square of the sum of two zeta potentials and inversely proportional 

to the 4th root of film thickness. Therefore, the influence of EDL is significant in very thin film lubrication, but rapidly 

diminishes when the film thickness increases. The fluid film shape for asymmetrical EDL's line contact EHL problem 

along with sinusoidal surface roughness becomes, 

 ( ) ( ) ( )
2 2 2

ln
0 2

x
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h x h p s x s ds
R E

x
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where,
2

sin
XiA
l

 
 =  

 
.  R denotes the radius of curvature of line contact. The dimensionless parameters used in the 

present problem are, 
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The non-dimensionless fluid film thickness [41] is given by, 

 

 ( ) ( )
2 2 2

ln0 2

out
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X
X

H H P S X S dS
E X

= + − − +
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where, S is an integration variable,    and   X Xoutin  are the inlet and outlet coordinates along the direction of x-axis, 

  is the sinusoidal surface roughness and 0H  be the central film thickness. 

 

Pressure-viscosity equation: For a high contact pressure the viscosity of lubricant increases in EHL line contact problem. 

In the present analysis, we use Roelands pressure-viscosity equation [42], given by, 

( ) ( )
0.68

9exp ln 9.67 1 5.1 10 10 0 p  
   −= + +  −  

    
 (20)

 

The dimensionless form of Roelands pressure-viscosity relation becomes, 

 

( ) ( )0

0.68
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where 0  is atmospheric viscosity of lubricant and ph
 is maximum hertzian pressure. 

 

Density-pressure relation: The lubricant density-pressure relationship for oil and water [43] is given as, 

 

90.6 10
1 .0 91 1.7 10

p

p
 

− 
 = +

− +  
            (22)

 

where, 0  is the atmospheric density of lubricant. The non-dimensional form of Eq. (22) becomes, 
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Load balance equation: The load balance equation for EHL line contact problem becomes, 
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The dimensionless form of Eq. (24) is given by, 

2
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The relevant inlet and outlet boundary conditions for the proposed problem becomes, 

0    at         and        at   .
dP

P X X P X Xoutin
dX

= = = =
 

(26)
 

 

4.0 METHOD OF SOLUTION 

4.1 Discretization of Governing Equations 

To analyze the impact of electric double layer on EHL line contact problem, the governing equations viz Reynolds, 

film thickness and load balance are discretized by using second order finite difference approximations  in the 

computational domain 4,      1.4X Xoutin = − = , and the domain is divided into 512 grid points and critical point cX  is 

to be determined during the calculation process. The modified Reynolds equation and boundary conditions are discretized 

as, 
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The film thickness equation is discretized as, 
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The load balance equation is discretized as, 
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5.0 SOLUTION PROCEDURE 

The discretization of Reynolds and film thickness equations results into a non-linear system of algebraic equations 

and these equations are numerically solved by using Newton’s GMRES method along with Daubechies D6 wavelet as a 

preconditioner. The Newton’s method involved Jacobian matrix which comprises a system of linear equations and these 

equations are solved by GMRES method. In case condition number of Jacobian matrix is large the convergence of iterative 

method is very slow. To accelerate the convergence of iterative method, we use Daubechies D6 wavelet as a pre-

conditioner which reduces the condition number of Jacobian matrix to unity. Also, the number of non-zero entries are 

accumulated around the principle diagonal entries, so the solution is obtained much faster than the usual GMRES method. 

The main advantage of GMRES method is that, it always converges to the required accuracy of the solution which 

provides the robustness and dependability. The convergence criterion of GMRES method for a linear system of equations 

Ax b=  is given by 
2 2

Ax b Gtol b− 
 
 [44].  

The study of Ford et al. [45] is evident that, the Newton-GMRES method with preconditioning technique works very 

well for the system of dense, non-symmetric linear algebraic equations arising from isothermal EHL line contact problem. 

The authors demonstrated the method by using Discrete Wavelet transform with permutations (DWTPer) preconditioner, 

compared the results with other preconditioning technique and discussed the convergence of the method. Also, Ford and 

Chen [46] analyzed the solution of thermal EHL line contact problem with Daubechies D4 and Haar wavelet as a 

preconditioner. This will enhance the convergence rate of Newton-GMRES method. The procedure for the 

implementation of Newton-GMRES method and preconditioner is explained in detail[45]. Authors like Bujurke et al. [47] 

and Awati et al. [35] implemented the method for various EHL problems and the results agree with earlier findings.The 

obtained pressure values are used to calculate film thickness profiles; simultaneously with multi-level multi-integration 

(MLMI) method is used to obtain the solution of deformation integral. The load balance equation is verified and 0h   is 

corrected and again film thickness values are used to obtain new pressure values. This process is repeated until the required 

accuracy of the pressure is obtained. 

 

6.0 RESULTS AND DISCUSSION 

In this work, the problem of EHL line contact with effect of electric double layer (EDL) on film thickness and pressure 

profiles with sinusoidal roughness is numerically analyzed. The operating parameters are taken from Chen et al. [18] in 

the present analysis. Further, the friction pairs which are composed of steel (Fe) and sapphire (Al2O3) having elastic 

modulii are 206 and 380 GPa respectively. To make the simplification, we use same Poisson’s ratios for both the materials 

i.e., 0.3. Moreover sliding velocity is taken as 1m/s, 2m/s with maximum hertizian pressure

0.5    and  0.3p GPa p GPah h= = , with 512 grid points and load 051.8224 10W −=  , the absolute value of sum of two 

zeta potentials are taken as mVmVmV 300   ,150   ,0 throughout the analysis. The numerical investigation of governing 

problem is analyzed by using Newton-GMRES method with Daubechies D6 wavelet as pre-conditioner. The main aim 

of this method is to reduce the condition number of Jacobian matrixes which converges much faster otherwise 

convergence is very slow. 

Figure 2, depicts the pressure distribution of EHL line contact problem with absolute value for sum of two zeta 

potentials mVmVmV 300,150,0 . In particular 01 2 + = the EDL effect of EHL line contact problem reduces to a 

normal isothermal EHL line contact problem, whereas 150 , 300 ,1 2 1 2mV mV   + = + =  shows the effect of EDL on 

EHL line contact problem with constant load 051.8224 10W −=   and speed 131.7301 10U −=  .  It is noticed that, there 

is no change in pressure profiles it means that, the effect of EDL on pressure is minimal. The results agree with the earlier 

findings of  Wong et al. [11], Zuo et al. [16] and Chen et al. [18].  

Figure 3, illustrates the film thickness profiles of EHL line contact problem for constant load and speed viz.
051.8224 10W −=  13 1.7301 10U −=   with varying absolute value of sum of two zeta potentials. It is observed that, the 

film thickness increases with increase in the absolute value of sum of two zeta potentials i.e.

mVmVmV 300 ,150 ,0
21
=+ and larger value of sum of two zeta potentials leads to thicker fluid film thickness. This 

shows the effect of EDL on film thickness is more pronounced as compare to pressure profiles. The earlier findings [11, 

16, 18] also illustrates the same behaviour. 
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Figure 2. Pressure profiles of EDL with varying zeta potentials 0mV, 150mV,300mV at constant load 

-05
101.8224=W  and speed 

-13
101.7301=U   

 

 
Figure 3. Film thickness profiles of EDL with varying zeta potentials 0mV, 150mV, 300mV at constant load 

W=1.8224×10−05 and speed U=1.7301×10−13 

 

Further, consider the sinusoidal surface roughness on film thickness equation, pressure and film thickness profiles are 

illustrated in Figure 4, and Figure 5, for a constant load
1305

107301.1  speed  and  108224.1
−−

== UW   with varying 

sum of two zeta potentials. It depicts that, after certain amplitude value it rupture the fluid film, the range of amplitude is 

0.05m to 0.115m for domain having 512 grid points. The nature of pressure and film thickness profiles are same as that 

of [31].  

 
Figure 4. Pressure profiles with roughness by varying zeta potentials 0mV, 150mV, 300mV at constant load 

W=1.8224×10−05 and speed U=1.7301×10−13  
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Figure 5. Film thickness profiles with roughness by varying zeta potentials 0mV, 150mV, 300mV at constant load  

W=1.8224×10−05 and speed U=1.7301×10−13 

 

For a constant speed 131.7031 10   U −=  , and   300
1 2

mV + = with varying load 05 051.3522 10   to  3 10W − −=    

was depicted in Figure 6, and Figure 7. In Figure 6, pressure profiles are same for all loads, whereas film thickness profiles 

in Figure 7, decreases as load increases.  

 
Figure 6. Pressure profiles with load varying from W=1.3522× 10−05− 3× 10−05 at a constant speed U=1.7301×10−13 

and zeta potential 300mV 

 

 

Figure 7. Film thickness profiles with load varying from W    =   1.3522 × 10−05− 3 × 10−05 at a constant speed 

U=1.7301×10−13 and zeta potentia l300mV 
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The maximum hertizian pressure is  0.3GPa, Figure 8 and Figure 9 demonstrates the pressure and film thickness 

profiles for a constant load 056.5605 10  W −=  and speed 13 3.4061 10U −=  with varying sum of two zeta potentials 

from mV300    to0 . It predicts that, the EDL effect on pressure profiles is minimum and effect of EDL on film thickness 

was noticeable as compare to pressure distributions, also minimum film thickness values are greater than that of minimum 

film thickness for 05 131.8224 10 ,    1.7031 10W U− −=  =  . 

 
Figure 8. Pressure distribution with maximum pressure 0.3GPa at a constant load and speed W= 6.5605 ×10−05,  

U=3.4061× 10−13 with varying zeta potentials 0mV, 150mV, 300mV 

 

 
Figure 9. Film thickness distribution with maximum pressure 0.3GPa at a constant load and speed  

W= 6.5605 ×10−05, U=3.4061× 10−13 with varying zeta potentials 0mV, 150mV, 300mV 

 

Figure 10, and Figure 11, illustrates, the pressure and film thickness profiles for constant load 051.8224 10W −= 

and   300mV 1 2 + = with varying speed 13 121.7031 10    to   1 10U − −=   . It shows that, pressure profiles are 

indistinguishable, and film thickness profiles increases with increase in speed. Figures 6 to 11, shows the same 

characteristics as predicted in Dowson and Higginson [43] for various values of  load, speed and material properties. The 

effect of EDL is more pronounced in the case of film thickness profiles, these  are visualised and compared with earlier 

findings of  Wong et al. [11], Zuo et al. [16], Chen et al. [18].  
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× 

 

Figure 10. Pressure profiles with speed varying 13 121.7301 10   1 10U to− − =  at constant load =1.8224×10−05 and 

zeta potential 300mV 

 

 

Figure 11. Film thickness distribution with speed varying 13 121.7301 10    1 10U to− − =  at constant load 

W=1.8224×10−05 and zeta potential 300mV 

 

Table 1 shows the comparison of minimum and central film thickness values for 

05 131.8224 10 ,   1.7031 10   and   01 2W U mV − −=  =  + = with the Dowson and Higginson [48] empirical values. 

By considering water as lubricant a very thin film of size less than 100nm is noticed and it is known as thin film 

lubrication. The film thickness values are too small as compared to Dowson and Higginson [48]  and these values are 

valid for Newtonian fluid. 

 

Table 1. The minimum and Central film thickness values are compared with Dowson and Higginson [48]  

empherical values 

LoadW Speed U 
Central film 

thickness 

Minimum film 

thickness 

Hmin 

Dowson 

Hcen 

Dowson 

1.8224E-05 1.7031E-13 2.1069E-08 2.1208E-08 1.2551E-06 1.3325E-05 

3E-05 1.7031E-13 4.4843E-08 4.377E-08 1.1763E-06 1.2735E-06 

1.8224E-05 3.4061E-13 4.8403E-08 4.766E-08 2.0389E-06 2.2060E-06 

1.8224E-05 6.8122E-13 1.1541E-07 1.13E-07 3.3121E-06 3.6520E-06 

 

7.0 CONCLUSION 

The governing equations are used to discuss the impact of electric double layer on EHL line contact problem lubricated 

with water. The following conclusions are drawn from the above study. 

1) Water is used as lubricant in machine elements for its abundant availability in nature, environmentally friendly 

fluid, high thermal conductivity, non-toxicity and cleanliness. 

2) The effect of absolute value of sum of two zeta potentials on pressure distribution is minimal. 
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3) The film thickness increases with the increase in absolute value of sum of two zeta potentials. 

4) The film thickness for GPa3.0  with speed 
13

104061.3
−

=U is thicker than that of GPa5.0 with speed
13

107301.1
−

=U . 

Pressure and film thickness profiles exhibit the typical EHL profiles under sinusoidal roughness and it rupture the film 

thickness after certain amplitude i.e., 0.115m. 
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