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INTRODUCTION 

Fatigue life is an essential dynamic feature of structures. Residual stresses in the crack front have a considerable effect 

on this feature. Fatigue life assessment with the presence of residual stresses remains a challenge for design engineers in 

different materials. Residual stresses can be obtained through manufacturing processes such as forming and welding, 

which, if they were not considered in the design of a structure, may result in failure while working. Compressive residual 

stress normal to crack face can delay crack propagation in both static and fatigue loading, while tensile residual stress 

will accelerate the fatigue crack propagation rate [1]. In this respect, many efforts have been put to measure residual stress 

magnitude and distribution in a structure to be considered in the fatigue design of a structure. Owunna et al. [2]evaluated 

welding residual stresses in TIG welding process from experimental and FEM approach. Metal forming can be defined 

as manufacturing metal parts and objects through solely mechanical deformation [3]. During reshaping the metal, mass 

is unchanged, and any material is not removed nor added to the base metal. Metal forming will result in residual stress 

distribution in the material, whose magnitude and distribution depend on the procedure. Four-point bending is a simple 

and common forming method that will induce both tensile and compressive residual stresses in a specimen. 

For propagation of the crack, sufficient localized shear stress is needed which can be obtained by sufficient crack front 

opening displacement [4]. The presence of residual stresses will affect this procedure by accelerating or delaying the 

crack growth rate. In recent decades, numerous studies investigate the effect of residual stresses on fatigue crack growth 

rate. Farrahi et al. [4] have studied the influence of residual stresses induced by shot pinning and indentation method on 

crack tip closure and propagation behavior. They showed that delaying crack propagation and crack tip closure depend 

on the residual stress field, and compressive residual stresses will decrease the fatigue crack propagation rate. The 

compressive residual stresses can also be induced through cold expansion which has been used by Semari et al. on 

aluminum alloys [5]. They observed that having a higher value in compressive residual stresses, which can be achieved 

by different rates of cold expansion, will result in lower fatigue crack growth rates. Wahab et al. conducted a study on the 

effect of compressive residual stresses induced by an overload on the fatigue crack growth rate of aluminum specimens 

[6]. Their results indicated that overload will lead to a delay in the crack propagation rate. A study on the capability of 

linear-elastic fracture mechanics and superposition principle to determine fatigue crack growth rate was conducted by 

Stuart et al. [7]. They conducted their experimental tests on specimens with residual stresses, which were induced by cold 

expansion. Vempati et al. [8] studied the fatigue life of Ti-6Al-4V cruciform welded joints using XFEM. They 

investigated welded joints with various weld shapes and sizes to estimate the fatigue life of joints. 

In most studies, the plastic zone formation in the crack front zone and also redistribution of residual stresses after 

fatigue cyclic loading and their effect on fatigue crack growth were not appropriately investigated. Considering the point 

that residual stresses are one of the secondary stresses and differ from primary stresses, which are results of external 

loading [9], the effects of each stress were considered in the calculation separately. Noghabi et al. [10] investigated the 

redistribution of residual stresses during fatigue crack growth in aluminum alloy CT specimens. They found that the 

residual stresses are mainly released during the first steps of fatigue loading. The authors also showed that Considering 
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the relaxation of initial residual stresses leads to conservative estimation of the fatigue life in engineering components 

[11]. Neto et al. numerically studied CT specimens submitted to single overloads and a high-strength material showed 

relatively small overload-affected zones. In this study, the comparison of numerical results with and without contact of 

crack flanks showed that crack closure is responsible for the effect of overloads on FCG rate behaviour [12]. 

A lot of industries are interested in methods, which increase the strength of specimens and slow down the fatigue 

crack propagation rate. Many efforts have been put to increase the strength of specimens. Nagaraja et al. [13] studied the 

effect of heat treatment and reinforcements on the tensile characteristics of an aluminium composite. Sharath et al. [14] 

investigated the improvement of wear characterization of an aluminium composite. There are several methods such as 

applying overload (OL) [15], indentation techniques [16], cold expansion process [17], laser shock peening [18], shot 

peening [19], water and oil jet peening [20], spot heating [21], and stop drilling holes [22] to arrest fatigue propagation 

and increase fatigue life of structures. Although many studies have been conducted to analyze the fatigue crack growth 

behaviour in the presence of residual stresses but, redistribution of residual stresses during fatigue crack propagation is 

still not clearly shown for most materials especially titanium alloys which the usage in the industry is rapidly increasing. 

The present research studies the influences of residual stresses field resulting from a 4-point bending method on fatigue 

crack growth behavior. Single Edge Notched bending (SENB) specimens of Ti-6Al-4V were used. The tensile residual 

stress field was located in front of the fatigue crack tip. The incremental hole-drilling approach was utilized to measure 

the residual stresses in accordance with ASTM E837 [23]. Employing the correlation displacement method and 

calculation of J-integral in the front of the crack tip, the values of the crack tip intensity factor were measured separately 

in each step of fatigue crack growth. Finally, the value of crack growth rate (da/dN) was measured by experimental tests, 

which will result in the fatigue crack growth parameter of Ti-6Al-4V. 

Estimation of stress intensity factors using displacement-based approaches needs quarter-point finite elements in the 

first layer of mesh around the fractured head and substantial near-tip mesh enhancement. The displacement-based 

approaches are often less accurate than the J-integral or the stiffness derivative approach, but the accuracy level is enough 

for most applications [24]. The displacement-based approaches were mostly developed in the 1970s and 1980s by 

proposing a variety of special ‘‘quarter-point’’ finite elements [25]. Few new approaches were developed on the 

displacement-based approaches in the intervening years [26]. The displacement correlation method uses the finite element 

results of displacement from the nodes behind the crack tip to compute the stress intensity factor K. The effective K can 

be computed for each fatigue crack length at the corresponding applied loads Pmax and Pmin. The nodes normal to the 

crack face and behind the crack tip should be selected for the calculation of the effective K as a function of the distance 

to the crack tip. The effective stress intensity factor was calculated from the nodal displacements, according to [27]: 

 

𝐾 =
𝐸 𝑢

4(1 − 𝜈2)
√

2𝛱

𝑟
 (1) 

 

where,  E is the Young modulus, ν is the Poisson’s ratio, r is the distance between the crack head to the node, and u is 

the displacement at the node position along with the crack head growth direction. 

Mostly, the effective K for the nodes close to the crack tip shows an unstable behavior due to the pre-existing residual 

plastic strains. Disregarding the results for the first nodes close to the crack tip [27], the effective stress intensity factors 

can be found by extrapolation back to the crack head with a linear fit of the nodes at a higher r/a ratio. 

 

THE MODIFIED J-INTEGRAL 

The J contour integral is a successful method for characterizing the parameter of the fracture for nonlinear materials. 

By equivalenting elastic-plastic deformations as nonlinear elastic, Rice [28] developed fracture mechanics for nonlinear 

applications. Rice developed a path-independent contour integral for crack analysis. the value of this integral, as the J-

integral, is equal to the energy release rate in a nonlinear cracked elastic body. of course, J is a more general form of the 

energy release rate. In the case of a linear elastic material [29], 

 

𝐽 =
𝐾𝐼

2

𝐸′
 (2) 

In order to estimate the quantity of J, assume a random clockwise path (Г) around the head of a crack, as shown in 

Figure 1. The J-integral can be achieved by 

 

𝐽 =  ∫ (𝑊𝛿1𝑖 − 𝜎𝑖𝑗

𝜕𝑢𝑖  

𝜕 𝑥1

)𝑛𝑖𝑑𝑠
Г

 (3) 

 

In which W is the density of strain energy, Ti is the traction vector component, ui is the displacement vector 

component, and ds is the incremental length along the contour Г.   
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Figure 1. Arbitrary contour around the tip of a crack [16] 

 

To estimate J-integral with finite element, it needs to be converted to a numerical integral. A common method for the 

mentioned conversion is Gauss Quadrature. By applying this method to Eq. (3) [30], the following equations are obtained.  

 

𝐽 = ∑ ∑ {[(𝜎𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑖

− 𝑊𝑚𝛿𝑖𝑗)
𝜕𝑞1

𝜕𝑥𝑖

] 𝑑𝑒𝑡 (
𝜕𝑥𝑘

𝜕𝜂𝑘

)}

𝑛𝑔

𝑝=1

𝑛𝑡𝑜𝑡𝑎𝑙

 

𝑤𝑝 (4) 

  

𝐽 = ∑ ∑ {[(𝜎𝑖𝑗

𝜕𝑢𝑖

𝜕𝑥𝑖

− 𝑊𝑚𝛿𝑖𝑗)
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0
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𝜕𝑥𝑘

𝜕𝜂𝑘
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𝑛𝑔

𝑝=1

𝑛𝑡𝑜𝑡𝑎𝑙

 

𝑤𝑝 (5) 

 

where, ntotal is the number of total elements, ng is the number of Gaussian integral nodes in each element, and wp is 
weight functions. 

 

SPECIMEN PREPARATION AND FATIGUE TESTS 

To measure da/dN, Fatigue crack growth tests with constant amplitude were conducted on SENB specimens, 

according to ASTM E647 [31]. Specimens dimensions and boundary conditions are specified in Figure 2. All tests were 

conducted with a hydraulic fatigue testbed with a frequency of 10 Hz in ambient temperature. Specimens with and without 

mechanical residual stresses were tested. Under ASTM E647, to assure that the notch is sharp enough, a pre-crack was 

created with fatigue cyclic loading. 1 mm pre-crack creation required 12000 cycles with R = 0.1. 

After pre-crack formation, a 3-point bending procedure was used until the failure of the sample to determine the 

critical load. The critical load can also be calculated with Eqs. (6) and (7). 

 

𝑃𝑐𝑟  =  1.072 𝜂 𝐵 𝑏 𝜎𝑦         ( Plain stress) (6) 

  

𝑃𝑐𝑟  =  1.455 𝜂 𝐵 𝑏 𝜎𝑦         ( Plain strain) (7) 

 

In Eqs. (6) and (7), B is the sample thickness, b is the specimen width, and 𝜂 is a geometrical constant as follows,  

 

𝜂 = √(
2𝑎

𝑏
)2 +

4𝑎

𝑏
+ 2 − (

2𝑎

𝑏
+ 1) (8) 

 

 

Figure 2. Dimensions and boundary conditions of SENB specimen 
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FINITE ELEMENT ANALYSIS 

SENB specimen was simulated in a finite element commercial software based on Figure 2. Material properties were 

defined as elastic-plastic isotropic hardening behavior based on Ti-6Al-4V mechanical properties, which were measured 

by tensile strength test (Table 1). Due to the symmetrical simulation, only one-quarter of the sample was simulated in 

finite element analysis.  

Table 1. Mechanical properties of Ti-6Al-4V 

Property 
Yield strength 

(MPa) 

Ultimate strength 

(MPa) 

Young’s module 

(GPa) 
Poisson’s ratio 

Value 950 1030 113.8 0.3 

 

In Figure 3, the meshing process is demonstrated. 4-node elements with reduced integral nodes CPE4R were used for 

meshing. As is shown in Figure 3, the elements closer to the crack face are smaller (50 μm) than in other zones. To create 

singularity ability for the elements in the crack front, elements in the mentioned zone were converted to a singular quarter-

point element which is proposed by Abdelaziz et al [32].  

 

 

Figure 3. Meshing procedure with smaller mesh size near the crack front 

 

Mechanical Residual Stresses Induction 

A 4-point bending simulation was designed to induce tensile residual stresses in front of the crack front. The boundary 

conditions that were used for SENB specimen were according to Figure 4. To induce residual stresses, a compressive 6 

KN load (F) was applied to the pins. By applying the load, the zones near the crack front will experience plastic 

deformation. Consequently, after unloading, there will be a plastic residual strain, which will result in residual stresses. 

The residual stress contour is demonstrated in Figure 5 after unloading. 

 

 

 

Figure 4. Dimensions and boundary conditions of 4-point bending Figure 5. Residual stress field after unloading 

 

In Figure10, the magnitude of induced residual stresses versus distance from the crack front is indicated. The 

horizontal axis indicates the distance along the crack growth direction. As is shown, the residual stress field is tensile 

near the crack front zone and turns compressive by moving along the crack growth direction. Crack growth was simulated 

in each step by releasing the crack tip node. One of the most crucial points in node release is time. The time of node 

release can be at minimum load, maximum load, or a little after maximum load [33]. In the case of small enough elements 

near the crack tip, releasing time of nodes will not affect the results [34]. In this study, node release happened at minimum 

load after two cycles of fatigue loading.  

 



A. Zangeneh et al. │ Journal of Mechanical Engineering and Sciences │ Vol. 16, Issue 4 (2022) 

9191   journal.ump.edu.my/jmes ◄ 

J-Integral Calculations 

Concerning relatively large areas of plastic deformation created near the crack tip, elastoplastic fracture mechanics 

can present a better understanding of crack growth behavior, which is illustrated by Eq. (9) [35], 

 

𝛥𝐽 =  𝛥𝐽𝑒𝑙 +   𝛥𝐽𝑝𝑙  =  
𝛥𝐾2

𝐸′
+

𝜂𝐴𝑝𝑙

𝐵𝑏0

 (9) 

 

where, b0 is the primary specimen ligament, B is the specimen width, W is the effective specimen width, Apl is the 

area under load-displacement plot, and η is a dimensionless coefficient. 

In the current simulation, the crack front consisted of 10 nodes (normal to the crack face along with the thickness of 

the specimen). The value of J-integral is calculated for each node separately. This simulation is carried out for the different 

lengths of crack from 1.5 mm to 9 mm with 0.5 mm crack growth in each step. The value of J-integral is demonstrated in 

Figure 6 for 3 mm crack with and without residual stresses.  

 

 
Figure 6. Value of J-integral 

 

Stress Intensity Factor Calculations 

Irwin suggested Eq. (10) to estimate the plastic zone radius around the crack tip. If the plastic zone radius around the 

crack tip is smaller than ry, then the value of the stress intensity factor can be estimated from J-integral [29]. 

 

𝑟𝑦 =
1

2𝛱
(

𝐾𝐼

𝜎𝑦

) (10) 

 

The radius of the plastic zone determined for the longest crack (9 mm) is 1.51 mm, which is 20% lower than ry. 

Consequently, SIFs can be calculated from Eq. (11) [16]. 

 

𝐽 =
𝐾2

𝐸′
    𝑤ℎ𝑒𝑟𝑒  𝐸′ =

𝐸

1 − 𝜈
  𝑓𝑜𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 (11) 

 

The values of SIFs calculated from J-integral are shown in Figure 8 for the 3 mm crack with and without residual 

stresses. SIFs can also be calculated directly by the displacement correlation method, which is demonstrated for the 3 mm 

crack in Figure 7. By using Eq. (1) for each node, the value of SIFs can be calculated. As is shown in Figure 9, SIFs were 

converged into a constant value which is SIF for 3 mm crack. 

 

 
 

Figure 7. Displacement correlation method 

for SIFs calculation 

Figure 8. Values of SIFs calculated from J-integral 
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Figure 9. Values of SIFs calculated from displacement correlation method 

 

EXPERIMENTAL STUDY 

Material and Specimens 

Ti-6Al-4V titanium alloy was used in the experiment. The study was conducted on SENB samples with a thickness 

of 10 mm and 40 mm in width. The mechanical properties of the specimens are presented in Table 1. There were two 

groups of specimens: those with mechanical residual stresses and those without residual stresses. 

 

Residual Stress Measurement 

Measurement of residual stresses was carried out by the incremental hole-drilling approach. Strain gauge rosettes 

manufactured by Tokyo Measuring Instruments Laboratory Co., Ltd., QFRA-1-11 with a rosette diameter of 5.13 mm 

were used. A high-speed air turbine was employed to drill the hole with a diameter of 2 mm. The incremental depth of 

incremental drilling was 0.1 mm. According to ASTM E-837, the measured strains can be converted to residual stresses. 

In this procedure, it is assumed that the magnitude of residual stress is not dependent on the thickness of specimens, which 

will result in only near-surface measurement. The measurement was carried out after the creation of a 1mm fatigue pre-

crack. Based on the results of FEM analysis of the residual stress field, three points with the distance of 9 mm,19 mm, 

and 26 mm from the pre-crack tip were chosen to validate the FEM analysis which is demonstrated in Figure 10.  

 
Figure 10. Residual stress measurement 

 

Fatigue Tests  

Measurement of fatigue crack growth was conducted according to ASTM E-647, which included cyclic loading on 

notched specimens, which are already pre-cracked. The number of cycles was measured in each 0.5 mm increment of 

crack growth. The final growth of the crack was 9 mm. Sinusoidal cyclic loading was applied in the form of 3-point 

bending on SENB specimen with a frequency of 10 Hz. This test was carried out on four specimens, two of them with 

mechanical residual stresses and the other two without residual stresses. The average result of the two specimens' crack 

length versus the number of cycles is plotted in Figure 11. The results presented in Figure 11 are in agreement with Lee 

et al. [36], which observed similar results (Figure 12).  
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Figure 11. Comparison of crack growth length 

 

 
Figure 12. Comparison of fatigue crack growth rate in specimens wirh and without residual stress [36] 

 

DISCUSSIONS 

The magnitude of tensile residual stresses was measured in front of 1 mm pre-crack tip which is close to Ti-6Al-4V 

yield strength. By applying cyclic fatigue loading, the results portend that the residual stresses were released as they 

decreased to 30% of the yield strength after 4 mm crack growth. The residual stress magnitude in the distance of 1 mm 

in front of the crack head for each 0.5 mm crack growth is demonstrated in Figure 13. This result is in good agreement 

with the study conducted by Larue et al. [37] on 2024-T351 aluminum alloy specimens, who concluded that residual 

stresses would have a diminished impact when they are reduced to 25% of the yield strength of the material. Their results 

are shown in Figure 14.  

 

Figure 13. Values of residual stresses in the distance of 1 mm from the crack tip 
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Figure 14. Residual stress results from finite element simulation [37] 

 

Fatigue Crack Growth Rate Measurement 

By using the data in Figure 11, the fatigue crack growth is characterized using ΔK which is shown in Figure 15. The 

results showed that above ΔK = 70 MPa.m^1/2, the fatigue crack propagation rate for the specimen without residual 

stresses and the specimen with tensile residual stresses would be converged. fatigue crack growth rate increase due to the 

existence of tensile residual stresses in front of the crack tip is clearly shown in Figure 15. The results also indicated that 

after 3.5 mm crack growth, the residual stresses are no longer effective in the value of fatigue crack growth rate. The 

value of crack growth rate for a constant ΔK was determined in Table 2. As it is calculated, the difference between crack 

growth rate for samples with and without residual stresses was decreased from 48% to 4.5% which is proof of residual 

stress relaxation after applying cyclic loading. These results are in good agreement with the results obtained in [10]. The 

results obtained from the literature [10] are shown in Figure 16. 

 

Table 2. Fatigue crack growth rate 

ΔK (MPa.m^1/2) 

Crack growth rate da/dN (mm/cycle) 
 

Difference (%) Without residual 

stresses 

With residual 

stresses 

51 2.74003E-05 5.27825E-05 48 

71 8.51999E-05 9.579818E-05 11 

99 2.68091E-04 2.56051E-04 4.5 

 

 

Figure 15. Crack growth rate versus ΔK  
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Figure 16. Fatigue crack growth rate versus ∆K [10] 

 

CONCLUSIONS 

In the present study, the effect of tensile residual stresses on fatigue crack growth in single-edge notched bending 

specimens of Ti-6Al-4V was studied. Mechanical residual stresses were created by applying a 4-point bending process. 

The values of SIFs were calculated using the modified J-integral method both with and without residual stresses, and the 

following conclusions were achieved.  

1. The stress intensity factor calculated using the J-integral and displacement correlation method showed relatively 

good agreement. Hence, due to a more straightforward calculation, the displacement correlation method can be 

used instead of the calculation based on the J-integral. 

2. The radius of the plastic zone increased with each step of fatigue crack growth. Although, it always remained 

lower than ry (1.5 mm). 

3. The residual stress field is redistributed after each step of crack propagation. The tensile residual stress in front 

of the crack tip decreased from near yield strength to approximately 30% of yield strength. 

4. The tensile residual stresses near the yield strength in Ti-6Al-4V increased the fatigue crack propagation rate by 

approximately 50%. 

5. The fatigue crack propagation rate was found to be converged with the rate of the specimen without residual 

stresses after the relaxation of residual stresses. 

6. If the Paris law is used to predict the crack growth rate for a specimen with residual stresses, a conservative 

design will be achieved. 
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