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ABSTRACT - In this paper, the in-plane and out-of-plane free vibrations of the functionally graded
magneto-electro-elastic (FG-MEE) rectangular plate on a pasternak foundation were evaluated
based on exponential shear deformation theory (ESDT) and first order shear deformation theory

(FSDT). The material properties of FG-MEE varied along the thickness according to a power-law
distribution model. It was assumed that the FG-MEE plate is subjected to initial external electrical
and magnetic potentials; mreover, simply-supported boundary conditions were considered for all
the edges of the FG-MEE plate. Firstly, the corresponding partial differential equations (PDEs) were
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derived using Hamilton’s principle, then, the natural frequencies were determined by solving the first-order shear

\ : . . " deformation theory;
obtained equations through Navier's approach according to the assumed boundary conditions. The exponential shear
results revealed that the natural frequencies of the plate decrease/increase with the increase of the deformation theory;
electric/magnetic potentials. Moreover, the results showed a 0.03%, difference between the natural Pasternak foundation

frequencies of the plate with a thickness-to-length ratio of 0.1 based on FSDT and ESDT; when the
aspect ratio was increased to 0.2 and 0.3 this difference rose to 0.2% and 0.5%, respectively.

INTRODUCTION

The exprimental and theorical dynamic responses of elastic bodies and applications under various external conditions
have been investigated by many researchers [1-8] . Furthermore, the vibration analysis of a thin plate, with or without
piezoelectric effects, has been the subject of several investigations. The electrostatic coupling effect of piezoelectric
structures is defined as their ability to transform mechanical strains into electrical signals or vice versa. This effect has
been also examined extensively over the past decades [9-12]. Regarding the substantial application of transverse
vibrations in rectangular plates, several investigations have been devoted to this subject [13]. However, despite the
probability of exciting in-plane vibrations in some structures, only a few studies have been focused on in-plane free
vibrations due to the higher values of in-plane natural frequencies compared to the excitation frequencies.

Bardell et al. [14] studied the free vibrations of isotropic rectangular plates using the Rayleigh-Ritz method for simply-
supported, clamped, and free boundary conditions. Farag and Pan [15] investigated the free and forced in-plane vibrations
of rectangular plates; however, the forced responses were only studied in excitation with in-plane point force using
orthogonal properties of the mode shapes and modal characteristics in different boundary conditions. The closed-form
solutions were addressed for the in-plane vibrations of rectangular plates with simply-supported and clamped boundary
conditions by Gorman [16-18] through superposition methods. In another study by Hosseini Hashemi and Moradi, a
closed-form solution was obtained for the Mindlin plate using the Helmholtz decomposition [19]. Xing and Liu [20]
presented exact solutions for in-plane free vibration of rectangular plates using the direct separation method. In-plane
natural frequencies and mode shapes of composite materials were examined by Dozio and Lorenzo [21] through the use
of the Ritz method.

Recent years have witnessed remarkable developments in the field of intelligent materials, including piezoelectric and
piezomagnetic materials. These materials are capable of converting one form of energy (e.g. magnetic, electrical, and
mechanical) to another; they re also called magneto-electro-elastic (MEE) composites.

Pan and Heyliger [22] investigated the linear vibrations of multilayer MEE rectangular plates under simply-supported
boundary conditions using the theory of thin plates and classical plate theory. They also derived the governing equations,
natural frequencies, and mode shape by propagator matrix method. Buchanan and George [23] examined and compared
the vibrations of the multi-layered and multi-phase MEE plates. They obtained a solution by extracting shape functions
using Galerkin's finite element method and considering the 3-node elements.

In 2010, Liu et al. [24] studied the exact solution for the vibrations of isotropic MEE rectangular thin plates. They
looked for an exact free vibration solution for two-layered material consisting of BaTiO3-CoFe;Qa; besides, the effect of
volume fraction on natural frequencies was addressed. In 2014, free vibrations of MEE plates on elastic foundation were
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investigated by Li and Zhang [25] using first-order shear deformation theory (also known as Mindlin theory). Ke et al.
[26] analyzed the free vibration of MEE nanoplates based on classical and nonlocal theories.

Recently, a new class of advanced materials has been introduced in the field of intelligent structures known as
functionally grade Magneto-electro-elastic (FG-MEE) products. These materials can be exploited in sensors and
actuators. Unlike ordinary multi-layered plates with abrupt material properties variations between the layers, these plates
are benefited from the gradual alteration of material properties across their thickness which can significantly improve
their performance and life.

In 2005, Bhangale and Ganesan [27] investigated the free vibrations of nonhomogeneous FG-MEE cylindrical shells
under simply-supported boundary conditions. The inner and outer surfaces of the shell were made from piezoelectric and
piezomagnetic materials, respectively, and the problem was solved by the use of the finite element method introduced by
Buchanan [28]. Tsai and Wu [29] in 2008 used an approximated method to evaluate the three-dimensional (3-D) free
vibration of FG-MEE shells with simply-supported boundary conditions and solved the derived equations using the state
space method. Wu and Lu [30] analyzed the vibrations of FG-MEE rectangular plates by modified Pagano's method
considering a 3-D plate under simply-supported boundary conditions. The multi-scale method was utilized for solving
the 3-D vibrations of FG-MEE shells under simply-supported boundary conditions and classical shell theory assumptions
by Wu and Tsai[31] . Hosseini et al.[32] evaluated the sensitivity of FG-MEE nanoplates with attached nanoparticles as
a nanosensor considering nonlocal Mindlin plate assumption and using the Navier’s method. Shooshtari and Mantashloo
[33] studied the linear and nonlinear free vibrations of the FG-MEE rectangular plates based on third-order shear
deformation theory. By omitting the rotational and in-plane inertia terms, they obtained the vibrational equations and
solved the equations using Lindstedt- Poincare method.

Exponential shear deformation theory was first proposed by Karama et al. [34] in 2003 during studying a

multilayer beam. Their new multi-layered structure exponential model exactly and automatically satisfied the continuity
condition of displacements and transverse shear stresses at interfaces, as well as the boundary conditions for a laminated
composite with the help of the Heaviside step function. Sayyed and Ghugal [35] examined the buckling and free vibrations
of isotropic thick plates with exponential shear deformation theory. In their research, the exponential functions were
aligned to the applied thickness and the displacements included shear transverse deformation and rotational inertia. The
frequencies obtained by the ESDT theory for all modes of vibration were in excellent agreement with the exact values
and higher-order shear deformation theory of frequencies for the simply supported square plate. Kharde et al. [36]
investigated the isotropic plate vibrations using exponential shear deformation theory. They obtained the differential
equations and boundary conditions using the principle of virtual work and their results were compared with the results of
other shear deformation theories as well as the exact solutions found in other papers. Khorshidi et al. [37, 38] investigated
the free vibration and buckling of rectangular nano-plates based on a nonlocal theory with exponential shear deformation.
Khorshidi et al. [39] investigated the free vibrations of functionally graded composite rectangular nanoplates based on
the nonlocal theory by exponential shear deformation in the thermal environment.
First-order shear deformation theory (FSDT) can be considered as an improvement to the classical plate theory (CPT). It
is based on the hypothesis that the normal to the undeformed mid-plane remains straight but not necessarily normal to the
mid-plane after deformation. This is known as FSDT because the thickness-wise displacement field for the in-plane
displacement is linear or of the first order. In Mindlin’s theory, the transverse shear stress is assumed to be constant
through the thickness of the plate, but this assumption violates the shear stress-free surface conditions on the top and
bottom of the plate. Exponential shear deformation theory (ESDT) is used for free vibration analysis of thick rectangular
plates which includes the effect of transverse shear deformation and rotary inertia. The displacement field of the theory
contains three variables as in the FSDT of the plate.

The FG-MEE materials are a new class of smart materials with coupling electrical, magnetic, and mechanical
properties whose exact behavior has to be properly explored. In fact, to improve our understanding of these materials it
is necessary to analyze them with higher-order theories such as ESDT and examine the validity of more common theories
such as FSDT. To the best of the authors’ knowledge, there is no available literature in the field of in-plane and out-of-
plane vibrations of FG-MEE plates on Pasternak foundation based on the exponential shear deformation theory and first-
order shear deformation theory. Accordingly, in this paper, the equations of plate displacement were written based on the
ESDT and FSDT and the constitutive equations were obtained. Moreover, the electrical and magnetic potential functions
were obtained according to the initial conditions which satisfied the Maxwell equations as well. Finally, Navier’s method
was used to solve the differential equations obtained based on the Hamilton principle.

KINEMATICS OF DIFFERENT THEORIES

A moderately thick FG-MEE rectangular plate with the respective length, width, and thickness of a, b, and h with
simply-supported edges was considered in this research as depicted in Figure 1.
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Figure 1. FG-MEE Rectangular plate rest on Pasternak foundation
According to Figure 2, the considered FG plate is constructed from piezomagnetic (CoFe;04) and piezoelectric

(BaTiO3) materials. It is assumed that the material properties continuously varied across the plate thickness according to
the power-law model as follows [30]:

P@) = (B~ PO +3)" + P ®

where, P represents the properties of the constructed materials, including Young's modulus, density, and electrical and
magnetic coefficients. In this research, P;and P, correspond to the properties of CoFe;O4 and BaTiOs, respectively.

BaTiOs rich — 4 -h/2
Graded region {
CoFe0s rich w2

Figure 2. FG-MEE Rectangular plate

Exponential Shear Deformation Theory

The displacement fields can be expressed according to the exponential shear deformation theory as follows [38]:

ow(x,y,t)
u(x,y,z,t) =ug(x,y,t) — ZT + f(2)6,(x,y,¢t)

d LY, t
v(x,y,z,t) = vo(x,y,t) — z% + f(z)Qy(x, y,t) )

w(x,y,zt) =w(x,y,t)

Z\2
wheref(z) = z (e'z(ﬁ) ).uo, v, and w, are the mid-plane displacements in X, y, and z directions, respectively. 8,.and
6, denote the rotations of the mid-plane along the x and y axes, respectively.
Based on the above relations for displacement, linear strains for a rectangular plate can be expressed as follows [36]:

Ex T Uy = Uox —Z Wyx + f(Z)ex,x

&y = Uy = Voy —ZWyy + f(2)0y,

Yez = Uy + Wy = f(2) 60 3)

Yyz = Vg + Wy = f(z),zey

Yay = Uy + Uy =Ugy + Vo = 2ZWyy + f(2)(Oxy + 0yx)

First-order Shear Deformation Theory

The displacement fields can be expressed according to the first-order shear deformation theory as follows [30]:

ulx,y,z,t) =uy(x,y,t) + z0,(x,y,t) @)
v(x,y,2,t) = vo(x,¥,t) +20,(x,y,t)

where uy, v, and w, are the mid-plane displacements in x, y, and z directions, respectively. 6, and 6,, denote the
rotations of the mid-plane along the x and y axes, respectively.
Based on the above relations for displacement, linear strains for a rectangular plate can be expressed as [30]:
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Ex = Ux = Ugx + Zex,x

& =Vy = Vg, +20,

yxz = u,z + W,x = k(WO,x + Hx) (5)
Yyz = Vz +w, =k(wg, +6,)

Yoy S Uy + Uy =Ugy + Vg +2(0xy +0,,)

CONSTITUTIVE EQUATION
The constitutive equations of FG-MEE are given in the following form [30]:

o=C(2)e—e(z)E —q(2)H
D=e(2)"e+n(2)E+d(2)H (6)
B=q2)Te+d@)E + u(2)H

where, o, €, D, B, E and H are stress vector, strain vector, electrical displacement, magnetic flux vector, electric field,
and magnetic field vectors, respectively. C, n, u, e, q, and d are matrices corresponding to the elastic, dielectric,
magnetic, piezoelectric piezomagnetic, and magneto-electric coefficients, respectively. As mentioned before, these
coefficients are not constant along the thickness of FG-MEE materials and vary as a function of z according to Eq. (1).

The matrix representation of the above-mentioned coefficients can be written as:

[cn(z) c12(z) O 0 0 ]

€12(2) ¢32(2) 0O 0 0 p11(2) O 0
C(z) =10 0 Caa(z) O 0 u(z) = (0 U22(z) O
0 0 0 css(z) 0 0 0 u33(2)
0 0 0 0 Ce6(2)
0 0 e31(2) 0 0 q31(2)
0 0 e32(2) [0 0 Q32(Z)] @
e(z)=1|0 ey (z) 0 q(z) =|0 G24(z) O
[315(2) 0 0 ‘ {Chs(z) 0 0
0 0 0 0 0 0
M1(z) 0 0 di1(z) 0O 0
n(z) =10 N22(2) 0 d(z) =0 d(z) O
0 0 N33(2) 0 0 d33(2)

It should be noted that if the electric and magnetic fields are a negative scalar gradient of electrical and magnetic
potentials, the Maxwell Equations can be written considering quasi-static approximation [30]:

0P(x,y,2,t)

T (8)
0¥(x,y,2z1) )

H}':_T U=xy12)

It is supposed that the MEE plate is subjected to the electrical potential of ¢poand magnetic potential of 1, boundary

conditions in the upper and lower surfaces of the plate along the z direction. These boundary conditions are expressed as
follows:

h h

el he) = oferho)=e
h h

l‘p(x:y,_z;t) = _l,bo 1) lp(x;y,z;t) :7700

Regarding the mentioned electromagnetic boundary conditions, the distributions of electrical and magnetic potentials
can be expressed as a sum of the cosine function and linear variations [30]:

d(x,y,2,t) = —cos (%) d(x,y,t)+ ZZ:)O
Z 271, (10)

Y(x,y,z,t) = —cos (T)l/)(x, y,t) + h
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EQUATION OF MOTION

The governing differential equations of motion for an FG-MEE rectangular plate can be derived using Hamilton’s
principle:
t2
(6T —-6U+38V)=0 (11)
t1
where 8T, §U, and 8V denote the virtual Kinetic energy, the virtual strain energy, and the virtual work done by externally

applied forces, respectively. To obtain the kinetic and potential energies for the studied plate, the following equations can
be used:

1
= Eﬂ] (Ox&x + Oy + TayVay + TyzVyz + TuzVaz)AV

. (12)
= Ef p(2) (W% + v + w?)dS
S
1o (1o 81 + Vo810 + WodSWy)
ST = | |+1 (1988, + 0,810 + 9,56, + 6,60)| dA
+1,(6,60, + 6,66,)
[y 98% asv0+M 980, M 956, 1
* ox Y dy * ox Y oy
5U = f N 05u0 d8v, N 086, 060, A
- xy( Ix ) xy( y dx
+ Wo (13)
+0x 5
h
z (D8Ey + D,8E, + D,SE,
- f f_ Q<+Bx6Hx + B,8H, + B,6H, dzdA
2
6V = quWOdA
q=—kywy + kS(WO,xx + WO,yy) + (NEx + NMx)WO,xx + (NEy + NMy)WO,yy
ESDT
According to Eq. (13), forces and momentums are defined as follows:
N, _% Oy M, _% Oy
w e { }dz | Hd
ny 2 Txy Mxy 2 Txy
Ry _h/z -
R, f(Z) e (o)=Y, a (14)
Ry h/2 ‘L'x y % yz
I —ns2 (f(2)
{11} L’ { } (2)dz {1] - [ Tlzr@tem @
L) 7 \z? Is)  “rz -\ f(2)*

The governing equations of motion for the rectangular plate are expressed as follows:

7209 journal.ump.edu.my/jmes <«



H. R. Talebi Amanieh et al. | Journal of Mechanical Engineering and Sciences | Vol. 14, Issue 3 (2020)

Nyx + Ny = Igil — W, + 156,
Nyy + Ny = Lo — iy, + 136,
Ryx + Ryyy — Qp = Ll — I, + 156,
Ryy + Ryyr — Q) = LV — L, + 56,

My xx + 2Myy 2y + My vy + @ =IoW+ Ly + D)) — LWy + Wyy) + 1 (6r + 6,) (15)
Zk+1 (@D, oD
f ( 4 COS(—) +— D ,Sin(— )) dz=0
e \0X ay
fzkﬂ 0B, nz_ 0B, c nz N nB i nZ dz =0
L. \ox ) T gy CosG) TR BSnG ) Jdz =
By substituting the displacement from Eq. (2) into the strain of Eq. (3) and rewriting Eq. (14), we will have:
sees |€11(2)  €12(2) O Uox = Z Wiy + f(2) 04
f (@) @ 0 |{Vey— 2wy +F(2)0y, dz
0 0 C66(Z) uo,y + Vox — 2z W,xy + f(Z) (gx,y + ey,x)
Zk+1 e31(2) zes1 [0 0 g31(2) 0
_J- e32(2) dz — f 0 0 gs2(2)|y0 dz
0 0 0 0 0 0 -,
R Zk+1 C11(Z) C12(Z) 0 Upx —ZWyyx t f(z)ex,x
Ry = f (@) @ 0 |{Voy— 2wy, +F(2)0y, f(@) dz
RXJ/ 0 0 C66(Z) uo,y + Uo,x -2z W,xy + f(Z) (ex,y + gy,x)
Zk+1 0 e;3:(2) 0 7+ [0 0 g31(2) 0
0 0 el lrea:- [ o 0 an@|jo tre ds
k 0 0 0 —¢. zZ 10 0 0 -,
Qy} fzkﬂ [C44(Z) 0 {f(z) zey}
= ’ z) ,dz
o, L aolie,eS P
“ktirer,(z) 0 { } fzkﬂ G24(z) O {H }
— z) ,dz — z),dz
fzk [0 e,5(2) 1@, 2k 0 415(2) 1@
M, zis1 [€11(Z2)  €12(2) O Ugx = Z Wy + [(2)0xx
M, b= €12(2) ¢32(2) O Voy —2ZWyy + f(2)0,, zdz
Mxy Zk 0 0 666(2) Up,y + Vox — 2z Wy + f(Z) (Hx,y + ey,x) (16)
2 [0 0 e31(2)](0 2 [0 0 q31(2)](0
_f 0 0 e5(2)|)0  (zdz— J 0 0 gs2(2)[}0 (zdz
zZ% o 0 0 —¢ zZ% 10 0 0 =Y,
(uo,x —ZWxx + f(z)ex,x \
Dx 0 0 0 6‘15(2) 0 Vo,y —ZWyy + f(z)ey,y
Dyt =10 0 e(z) 0 01 f(2).26y
D e31(z) es(z) 0 0 0 | f(2).0x |
Up,y + Vox — 2z Wy + f(Z) (gx,y + ey,x)}
n11(z) 0 0 Ey di1(z) 0 0 Hy
+10 M22(z) 0 Ey:+10 dyy(2) 0 H,
0 0 N33(2) E, 0 0 ds3(2) H,
Upx — Z Wxx + f(z)ex,x
By 0 0 0 q15(z) 0] |Voy —2Wyy +f(2)6,,
By =10 0 q24(z) O 0]4f(2).06y
B, q31(2) q32(z) O 0 0] [f(2).6«
Ugy + Voyx —2ZWyy + f(z)(Gx_y + Qy,x)
di1(z) 0 0 Ey ti(z) 0 0 H,
+10 dya(z) O Eyr+ |0 H22(z) O Hy
0 0 ds3(z)] \E, 0 0 133(z)] \H,
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By substitution of Eq. (16) into the equations of motion in Eq. (15), the governing equations can be obtained:

Ap1Uoxx — BiiWixx + S110xxx + A12V0yx — B1aWyyx + 5120y yx + E110 5 + F11

+A66(u0,yy + 170,xy) - ZBGGW,xyy + 566(9x,yy + gy,xy) = [Oil - Ilw,x + 139x

. 17-1)

AlZuO,xy - BlZW,xxy + Slzgx,xy + A22v0,yy - BZZW,yyy + Szzey,yy + E11¢,y + Fllll},y

+A66(u0,yx + 1]O,ch) - ZBGGVV,xxy + 566(9x,yx + gy,xx) = [Oij - Ilw,y + [3 gy

X (17-2)

Slluo,xx - YII"V,xxx + Gllex,xx + SlZUO,yx - levv,yyx + Glzgy,yx + E12¢,x + Flzlp,x

+566(u0,yy + 170,xy) - 2Y66VV,xyy + GGG(Qx,yy + gy,xy)

_Hssex +]2¢,x +]37~p,x = IBﬁ - I4W,x + 159x

(17-3)

Si2Uoxy — YiaWaxy + G120xxy + S22V0yy — YaoWyyy + G226y 5y + E1ny, + Fiot),,

+566(u0,yx + 170,xx) - 2Y66W,xxy + G66(9x,yx + Hy,xx)

_H4_4_8y + L2¢’y + L3lp’y = 131'7. - I4W‘y + 159y

(17-4)

Bi1Uoxxx — D11Waxxxx + Y110xxxx + B12Voyxx — D12Wyyrx + Y120y yux + E22P 1y

+F22 xx + BiaUoxyy = D1aWixyy + Yi20xxyy + B22Voyyy — D2aWyyyy + Ya20y 5y

_4'D66W,xxyy +2 Y66(9x,yyx + Hy,xxy) + E22¢,yy + Fzzlp,yy + 2B66(uo,yyx + vo,xxy) (17-5)
+(Ngy + Npgx) Woex + (NEy + NMy) WoyyX — kywo + kS(WO,xx + wo_yy)

=IgW+ (i, +5) — L(War + V) + LB +6,,,)

]Zex,x + Ql¢,xx + Qzlpxx + Lzey,y + X1¢,yy + lep,yy

E1q(uox +V0y) — Epg(Wax + Wyy) + E12(0xx +6,,) —Pip = P =0

]39x,x + Q2¢,xx + QBlp,xx + L36y,y + X2¢,yy + X31/),yy

Fii(Uox +Voy) — Foo(Wxx + W) + Fi3(0yx + 0,,) — P,p — P3p =0

Where

h/2

Ay1,B11, D11, 511, Y11, G611 = f C11(2)(1, z, z, f(2),zf (2), f2 (2))dz
RS

A1,B12,D13,512, Y12, G12 = f C2(2)(1, z, Zz,f(Z)' zf (2), fz(Z))dZ
W

Az2 B2, D32, 522, Y 22, G2 = f C(2)1,z, z, f(2),zf (2), f2 (2))dz
RS

Age) Besr Der Seer Yo6r Gos = fh/zcae(z)(L Z, Zz,f(Z)' zf (2), fz(Z))dZ

h/2

Ei1, B Epp = J
—h/2
h/2

h/2 951(2) (E) Sin (% Z) (1, f(2),z)dz

es1(2) (%) Sin (% 2) (1 f(2), 2)dz

Fi1,F13,Fy :.[

h/2 _ -
Q, = f n,,(2) -Cos (Zz

h

TR
e ko
[l
o[ moolom )

7211

(17-6)
a7-7)
h/2
Hyy = f Cs(2) fz (Z),Z dz
—h/2
h/2
Hss = f Css(2) fz(z),z dz
—h/2
h/2 T
], = f_h/z eq5(z)Cos (Ez) f(2),dz
h/2 -
J, = f_ h/z q,5(2)Cos (Ez) f(2),dz
h/2 T
L, = j_h/z e,4(z)Cos (Ez) f(z) dz
h/2 T
Ly = j_h/z q,,(z)Cos (Ez) f(z),zdz
h/2 T 2
Q, = f_h/z dq1(2) |Cos (Ez)] dz
h/2 2
X, = f_h/z d,,(2) _Cos (%z)] dz
h/2 r /1T T 2
P, = f_h/z ds3(2) (E) Sin Ez)] dz
h/2 T \q2
X5 = f_h/z K,,(2) | Cos (—z)] dz

journal.ump.edu.my/jmes <«
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p, = f_ };/2 s @ [ () sin (= )| @s

FSDT

According to Eq. (13), forces and momentums are defined as follows:

N, Ox M, Oy
—h -h
Ny b= fh/2/2 {Uy }dZ M, 3 = fh/2/2 {Uy }ZdZ

ny xy xy xy (18)
0 -n/2 g Iy -ns2 (1
{Q"} =k (7 az  qng= f z {p(2) dz
y /2 yz L h/z (52
The governing equations of motion for the rectangular plate are expressed as follows:
Nyx + Nyyy = Loil + 1,6,
Nyy + Nyyr = Lov + 1,0,
My + My, — Qp = Lii + 1,0,
My, + M,y —Qy = 11V + 1,0,
Qx,x + Qy,y + q = IOW (19)
Zk+1 (9D, nz_ 9D, nZ T . mz
f Cos(—) + —Cos(—) + —DZSm(—) dz=0
e ox ay
Zk+1 aB
f (— COS(—) + —chs(—) +— B ,Sin(— )) dz =0
Zk a y
By substituting the displacement from Eq. (4) into the strain of Eq. (5) and rewriting Eq. (19), we have:
N, Zk41 c11(2) c2(2) O Ugx + 20y x
Ny =f €12(2) c32(2) 0O Voy t+ 20y, dz
0 0 Cos(2) Ugy + Vox +2(0xy +6,y)
7241 [0 0 e31(2) 21 [0 0 q31(2)] (0
f 0 0 e3(2) dz — f 0 0 gs(2)]y0 dz
0 0 0 —<l>.z zZ 1o 0 0 -,
{Qy} —k fzkﬂ [C44(Z) 0 {WO,y + ey} dz
Qx 7k 0 cs5(2) ] wg  + 6,
Pktires,(z) 0 E, “kt11q,4(2) O H,
- e ] {2
Zk 0 e;5(2) 2k 0 q15(2)1 (H,y
MX Zkt1 Cll(z) ClZ(Z) 0 uO,x + ng'x
M, &= €12(2) ¢32(2) 0O Voy + Zey.y zdz (20)
M,, Zk 0 0 Co6(2) | \Uoy + Vox +2(0xy +6,,)
7z [0 0 e31(2) 2 [0 0 q31(2)](0
_f 0 0 e3(2) zdz — f 0 0 gs(2)|{0 zdz
Z 10 0 0 0 0 0 -,
(Uox + 20y \
Dy [0 0 0 eis(z) 0] [voy +20y,
Dy =10 0 e2(z) 0 0|4 Woy + 0y
D [e31(2) e3(z) O 0 Of |woyx + 6y
Ugy + Vg + z(Gx_y + Qy‘x)
n11(z) 0 0 Ey di1(z) 0 0 H,
+10 N22(z) 0 Eyr+10 dy(z) 0 H,
0 0 N33(2)| \E. 0 0 ds3(z)| \H,
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B, 0 0 0
By =10 0 q24(2)
B, q31(2) qs2(2) O

dii(z) O 0 Ey
+(0 d(z) 0 E,
0 0 ds;3(z)| \E,

q15(z) 0 | voy + 26y,
0[S wpy + Hy

(Yox + 205 x

—

Wox T 0y

Ugy + Vox + z(Gx,y + Gy,x)
0 0 H,
t22(z) O H,

0 us3(z)| \H,

By substitution of Eq. (20) into the equations of motion in Eq. (19), the governing equations will be obtained as

follows:

AiqUgux + B11Oxxx + A12V0yx + B120y yx + E110x + Fi1 5
+A66(u0,yy + Vo,xy) + Bes (Hx,yy + Hy,xy) = loUoet + 1105t

Alzuo,xy + Blzex,xy + A22v0,yy + BZZGy,yy + A66(u0,yx + vO,xx) + Bﬁﬁ(ex,yx + ey,xx)

+G1¢, + Hihy = lgvoee + 16y 11

Blluo,xx + Dllex,xx + Blzvo,yx + D126y,yx + B66(u0,yy + vo,xy ) + D66 (ex,yy + ey,xy)
—KAss(Wox + 05) + (Eaz + KJ)x + (FooKJ3)Wx = Littgee + 2051

Blzuo,xy + Dlzex,xy + BZZUO,yy + D226y,yy + Béé (uo,yx + vo,xx) + D66 (gx,yx + gy,xx)
_KA44(W0,y + 9y) + (Gzz + KLz)‘Ib,y + (szKL3)¢,y = 11170,tt + Izgy,tt

(21-1)

(21-2)

(21-3)

(21-4)

KA44(WO,yy + Hy,y) + KASS(WO,xx + ex,x) - KL2¢,yy - KL31/),yy
_K]2¢,xx - K]Sw,xx - kaO + kS(WO,xx + WO,yy) + (NEx + NMx)WO,xx (21'5)

+(Ngy + Nyy )Wo yy = IoWo et

]2 (Wo,xx + Hx,x) + Q1¢xx + szl},xx + L2 (WO,yy + ey,y) + Xl ¢,yy + sz,yy
Ejiugy + G11”0,y + Epp0, 5 + GZZQy,y —-Pp-—Py=0

]3 (Wo,xx + Hx,x) + QZ ¢,xx + Q3¢,xx + L3 (WO,yy + Qy,y) + XZ ¢,yy + X3¢,yy
Fiiugx + Hi1Voy + Fop0y 5 + Hpp0,y,, — Pop — P31 = 0

Where

h/2
Ay = f Cyy(2)dz
—h/2

Giy)Gpy = f_ };//22 es,(2) (%) Sin (% 2) (1 2)dz

h/2 ¢
NE =f 2e3,(2) —2dz
—h/2 h

h/2 ¢
N§ = f 2632(2)706{2

~h/2
h/2 T
] =j ei5(z)Cos|(—2z)dz
27 s 15 (h )
h/2 -
L, =f e,4(2)Cos(—z) dz
@0 (52)
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(21-6)

(21-7)

h/2
Ass = f Css(2)dz
—h/2

Hy, Hyy = fh/zz 0, () (g) Sin (%z) (1,2)dz

—h/

h/2 ll}

0

NY = J 2q31(z)7d2
—h/2

h/2 lp()
N;‘," = f 2q32(z)7dz
~h/2

h/2
J; = f q,5(2)Cos (Ez) dz
h/2 h

h/2 -
Lq =f q,,(2)Cos|—z)dz
h/2 24 (h )

journal.ump.edu.my/jmes <«



H. R. Talebi Amanieh et al. | Journal of Mechanical Engineering and Sciences | Vol. 14, Issue 3 (2020)

SOLUTION METHOD

In this section, Navier’s method is utilized to solve the linear and coupled governing equations for FGMEE, which
were obtained in Egs. (17 and 21). The simply-supported boundary conditions for in-plane vibrations of the rectangular
plate are as follows [40]:

up=N, =0 at (y=0,b)

vo=N,=0 at (x=0,a) (22-1)

Besides, simply-supported boundary conditions for out-of-plane vibrations of a rectangular plate are expressed as
follows [41]:
wo=0,=M,=0 at (y=0,b)

wo =6, =M,=0 at (x=0,a) (22-2)

To solve the obtained governing differential equations, the responses satisfying the aforementioned boundary
conditions are considered [32]:

uy(x,y,t) = Upm Cos(ax)Sin(By)ewt

vo(x,y,t) = Voym Sin(ax)Cos(By)e'®t

wo(x,y,t) = W, Sin(ax)Sin(By)et

0,(x,y,t) = X,.m Cos(ax)Sin(By)e't
nz=1mz=1 (23)

0,(x,y,t) = Z Y,m Sin(ax)Cos(By)e'wt
n=1m=1

By, =) D by Sin(ax)Sin(By)e®"
n=1m=1

PEYO =) D Pun Sin(@)Sin(By)e’*

~ it n=1m=1 ~ i
a = 7 B = ?

The natural frequencies of the system can be obtained in an Eigen-value form by substitution of Egs. (23) into Egs.
(17 and 21):

{[K] - [M]w?}[q] = 0 (24)
where M and K are mass and stiffness matrices, respectively, and q denotes the displacement vector defined as follows:

=l vV XY W o yI (25)

RESULTS AND DISCUSSION

In this section, the numerical results are calculated for the in-plane and out-of-plane vibrations of the plate.

In-plane Vibrations

To validate the obtained results for in-plane vibrations, the natural frequencies attained for in-plane vibrations of the
isotropic plate were compared with the results of reference [5] and [15], based on the third-order shear deformation theory
and 3-D elastic theory, respectively. As it is evident, good consistency was achieved confirming the validity of the
obtained results.
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Table 1. Comparison of non-dimensional in-plane natural frequencies x = %\/g for isotropic rectangular plates

Mode sequences

Theory
(0.1) (1,0) (1, 1) (0.2) (1.2) (2.0)
Elasticity [15] 0.833 1.0000 1.301 1.6667 1.9437 2.0000
TSDT [5] 0.833 1.0000 1.301 1.6667 1.9437 2.0000
Present study 0.833 1.0000 1.301 1.6666 1.9436 2.0000

Out-of-plane Vibrations

Table 2 compares our results for the out-of-plane natural frequencies of an isotropic plate with simply-supported
boundary conditions with the results of reference [1] and references [2, 3, 4], based on the 3-D elastic theory and third-
order shear deformation theory, respectively.

Table 2. Comparison of non-dimensional out-of-plane natural frequencies y = w h\/g for SSSS isotropic

rectangular plates

Mode sequences

Theory
(11) (1.2) (1.3) (2.2) (2.3) (3.3)
3-D[1] 0.0932 0.226 0.4171 0.3421 0.5239 0.6889
TSDT [3] 0.0931 0.2222 0.4158 0.3411 0.5221 0.6862
TSDT [4] 0.0930 0.2220 0.4151 0.3406 0.5208 0.6840
TSDT [2] 0.0930 0.2220 0.4151 0.3406 0.5208 0.6840
Present study 0.089%4 0.2139 0.4013 0.3290 0.5043 0.6636

Table 3 also presents a comparison of the out-of-plane natural frequencies of a plate with simply-supported boundary
conditions with a transversely isotropic plate based on shear deformation theory [5].

2
Table 3. Non-dimensional out-of-plane natural frequencies y = % \/gof transversely isotropic plates (SSSS)

Mode sequences

Theory

1.1 (1.2) (2.1) (2.2) (1.3
FSDT [5] 9.6016 23.8923 23.8923 38.0519 47.4202
Presentstudy  9.2311 23.0308 23.0308 36.7747 45.9065

Moreover, to validate the vibration of MEE plates based on FSDT, the out-of-plane non-dimensional natural
2
frequencies, y = % ’Ci obtained in this study were compared with results published by Li and Zhang [41] in Figure 3
11

of their paper. As it is clear, there is a proper agreement between these studies.
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Figure 3. Comparison of normalized frequency h =0.01 @ =0 n=m=1

In-plane and out-of-plane Vibrations
To validate the results of the present work for the MEE plate based on ESDT and FSDT, a comparison was made with

the results reported by Ke et al. [24] for the classical theory of MEE nanoplate. Table 4 provides the result of this
comparison for non-dimensional natural frequencies which suggests a good coincidence.

Table 4. Comparison of non-dimensional nature frequencyy = w a /A'—" MEE plate ¥y = @9 = 0
11

Present study (ESDT) 0.3698 0.89 1.40

a=b=60nm Present study (FSDT) 0.3698 0.8861 1.384
h =4nm

Ke et al [24] 0.3698 0.9247 1.48

This section is dedicated to the numerical examples of out-of-plane vibrations of the FG-MEE rectangular plate. The

bottom and top of the plate were considered to be made of CoFe,O4and BaTiOs, respectively. Properties of FG-MEE
material are listed in Table 5.

Table 5. Properties of Materials [30]

Properties BaTiO3 CoFe204 Properties BaTiO3 CoFe204
€11 = Cy; (Gpa) 166 286 Gs1 = q3; (N/MA) 0 580.3
Cyy 77 173 G2a = s 0 550
Ci3=Cys 78 170.5 a3 0 699.7
Css 162 2695 M=z (107 %sz) 11.2 0.08
Cyy = Css 43 453 N33 12.6 0.093
Ceoso 44.5 56.5 di; = dyy = dsg 0 0
€51 = €5, (C/m?) 4.4 0 Han =z (107° 1/st22) 5 590
€34 = €45 11.6 0 Uss 10 157
ess 18.6 0 p (kg/m®) 5800 5300

First, the effects of different parameters, including electrical and magnetic potentials, as well as the plate length, on
the natural frequencies were investigated. Thickness was considered as a function of length, while the thickness-to-length
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ratio was assumed to be 0.1. Table 6 shows the effect of length variations with positive, zero, and negative electrical
potentials on the natural frequencies in two modes of out-of-plane vibrations and coupled in-plane and out-of-plane
vibrations. As can be seen, the natural frequency decreases by increasing the electrical potential. Also, the effect of plate
length was investigated on the natural frequencies in two modes of out-of-plane vibration and coupled in-plane and out-
of-plane vibrations, based on FSDT theory as plotted in Figure 4. The natural frequencies decrease by the increment of
the rectangular plate length. The maximum effect of electrical potential on natural frequency was observed by 2.5-time
enhancing the length of the initial length.

Table 6. Effect of electrical potential on the natural frequencys =01 p=n=m=1

In-plane and Out-of-plane Out-of-plane
a Theory
p=-1000)  9=0 =100 ¢=-100) g=0 L ;.
FSDT 3637.12 3418.41 3184.71 3672.64 3456.06 3224.97
! ESDT 3638.38 3419.76 3186.16 3673.91 3457.41 3226.43
) FSDT 1764.73 1709.21 1651.81 1782.34 1728.02 1671.21
ESDT 1765.38 1709.88 1652.51 1783.65 1728.71 1671.96
FSDT 1164.28 1139.47 111411 1176.67 1151.98 1126.94
3 ESDT 1164.72 1139.92 1114.57 1177.02 1152.47 1127.39
a0 ] FSDT
— i

=)

w o

af m)

¢ v)

Figure 4. Effect of electrical potential and length on the natural frequencys =01 p=n=m=1

Due to the inherent negative piezoelectric coefficient of MEE materials, application of the negative electrical potential
to the plate can lead to an increase in the natural frequency; whilst, a decrease in the natural frequency is probable upon
applying a positive electrical potential. In other words, by imposing a positive/negative external electric potential on the
FG-MEE plate, compressive/tensile in-plane loads will be generated resulting in a subsequent reduction/enhancement of
the natural frequency.

The effect of length variations with positive, zero, and negative magnetic potentials on the natural frequency is listed
in Table 7 for two modes of out-of-plane vibration and coupled in-plane and out-of-plane vibrations. This table suggests
n increasing trend of frequency by elevating the magnetic potential.
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Table 7. Effect of magnetic potentials on the natural frequencyg =01 p=n=m=1

In-plane and Out-of-plane Out-of-plane

2 T i) w=0 9= 10°0) pe-10()  p=0  $=10°4)

1 FSDT 3106.5 3418.41 3704.15 3147.72 3456.06 3738.87
ESDT 3107.98 3419.76 3705.38 3149.21 3457.41 3740.3

) FSDT 1633.09 1709.21 1782.07 1652.80 1728.02 1800.06
ESDT 1633.8 1709.88 1782.72 1653.45 1728.71 1800.82
FSDT 1105.9 1139.47 1172.08 1118.75 1151.98 1184.17

3 ESDT 1106.36 1139.92 117251 1119.27 1152.47 1184.74

Furthermore, the effect of plate length on the natural frequencies is depicted in Figure 5 for two modes of out-of-plane
vibration and coupled in-plane and out-of-plane vibrations, based on the ESDT theory. The natural frequencies decreased
by incrementing the rectangular plate length. The maximum effect of magnetic potential on natural frequency was
observed by the 1.5-fold increase of the initial length. By reviewing both graphs, an insignificant difference can be
observed between natural frequencies in two modes of coupled in-plane and out-of-plane vibrations and out-of-plane
vibrations, so the in-plane vibrations can be ignored in the analysis.

ESDT

4000 | |[C™in-plane & out-af-plane
[l out-of-plane

3500 -]
3000 - %

2500

w {rad /5)

aflm)

o A)

Figure 5. Effect of electrical potential and length on the natural frequencys =01 p=n=m=1

Therefore, it can be declared that imposing the negative/ positive applied external magnetic potential will generate
tensile/compressive in-plane loads in the FG-MEE plate resulting in the consequent frequency increase/reduction.

Table 8. Effect of electrical potential on the natural frequency

In-plane and Out-of-plane Out-of-plane

h Theory _ , _ L _ , _ ®
p=-10°(V) =0 =10°(V) ¢=-10°(V) ¢=0 — 107(V)
FSDT 3637.12 3418.41 3184.71 3672.64 3456.06 3224.97
0 ESDT 3638.38 3419.76 3186.16 3673.91 3457.41 3226.43
FSDT 6075.28 6012.8 5949.66 8929.87 8973.58 9017.07
02 ESDT 6087.12 6024.79 5961.80 8754.47 8798.99 8843.29
FSDT 7769.14 7737 7704.73 9049.55 9078.32 9107.01
03 ESDT 7809.93 7778.01 7745.95 8825.37 8854.80 8884.13
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In the latter case, the length and width were kept constant while the thickness was increased. Table 8 shows the effect
of thickness variation at negative, zero, and positive electrical potential in two modes of out-of-plane, coupled in-plane

and out-of-plane vibrations. As can be seen, an increase in the electrical potential declined the natural frequencies;

moreover, an increment in the plate thickness enhanced the natural frequencies. Moreover, the effect of thickness
variations at positive, zero, and negative magnetic potential is showed in Table 9 on the natural frequency in both modes
of out-of-plane and coupled in-plane and out-of-plane vibrations. According to this table, an enhancement of the magnetic

potential and plate thickness resulted in an increment of natural frequencies. A comparison between the two theories
suggests an increase in the frequency difference by enlarging the thickness.

Table 9. Effect of magnetic potentials on the natural frequency

In-plane and Out-of-plane Out-of-plane
h Theory . _ . . _ Y
p=-10°4)  Y=0  $=10°) P=-10°4) ¥=0 T ;.
FSDT 3106.5 3418.41 3704.15 3147.72 3456.06 3738.87
0 ESDT 3107.98 3419.76 3705.38 3149.21 3457.41 3740.3
0.2 FSDT 5929.38 6012.8 6095.06 9030.89 8973.58 8915.89
ESDT 5941.58 6024.79 6106.87 8857.37 8798.99 8740.22
FSDT 7694.41 7737 7779.36 9116.14 9078.32 9040.35
03 ESDT 7735.7 7778.01 7820.08 8893.46 8854.80 8815.97

The effect of the power-law index on natural frequencies is illustrated in Figure 6 for zero electrical and magnetic

potentials. As can be seen, by increasing the power index, natural frequencies raised. Moreover, a comparison between
the two theories shows that although the frequency difference increased with the increment of thickness; this difference

declined by the increase of the power index.

9000 ; ; : :
8000 FSDT
h=0.1m
7000 | h=02m| |
h=0.3m
- ———9
L o———"" N
6000 o ESDT
3T ¥ *—h=0.1m
£ 5000 | —© —h=02m]| |
3 h=0.3m
4000 ]
e — ¥
3000a/k— 1
2000 1 1 1 1 1 1 1 1
0 1 2 3 4 5 & 8 9
P

Figure 6. Effect of power index on the natural frequency

In Table 10, the natural frequency of FGMEE plates with different thicknesses is shown for different types of elastic
media, for FSDT and ESDT. Here, three types of the elastic foundation were considered: without elastic medium (k,, =

kg = 0), Winkler medium (k,, # 0, ks = 0), and Pasternak medium (k,, = ks # 0). It can be seen that the natural

frequency of the Pasternak medium was lower than Winkler as the Pasternak medium considers spring and shear constant
as well as a higher structure stiffness. However, an increment of the plate thickness increased the plate stiffness, hence

reducing the effect of the Pasternak medium on the natural frequency.
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Table 10. The natural frequency of FGMEE plates with different types of elastic media

In-plane and Out-of-plane

h Theory Without With With
elastic medium Winkler medium Pasternak medium
FSDT 3418.41 3416.33 3375.02
0 ESDT 3419.76 3417.68 3376.38
FSDT 6012.8 6012.22 6000.79
02 ESDT 6024.79 6024.21 6012.81
FSDT 7737 7736.7 7730.85
03 ESDT 7778.01 7777.71 7771.89
CONCLUSIONS

In this paper, in-plane and out-of-plane free vibrations of the FG-MEE rectangular plate was investigated using FSDT
and ESDT. The variations of electric and magnetic potentials along the thickness of the plate were determined according
to the Maxwell equation and magnetoelectric boundary conditions. The following conclusions can be made from the
obtained numerical results:

1) The natural frequency difference between the coupling mode and out-of-plane vibration mode at a thickness of 0.1m
is about 1.1%. With increasing the thickness to 0.2 this value reached 49.2%.
2) The natural frequency difference between the two theories increased with enhancing the plate thickness. This
difference with the thickness-to-length ratio of 0.1 is 0.03%. When the aspect ratio was set to 0.2 and 0.3 these
differences reached 0.2% and 0.5%, respectively.
3) Inthe FG-MEE plate, an increase in the power index from zero to 0.5 resulted in the highest frequency enhancement
(11.7%). Moreover, with the increasing plate thickness, this value decreased and reached 7.4%.
4)  The natural frequency of vibration increased/decreased with positive/negative electrical potential for the FG-MEE
plate.
5) Natural frequency decreased/increased with positive/negative magnetic potentials in the FG-MEE rectangular plate.
6) Inthe FG-MEE plate, the effect of the Pasternak medium on the reduction of the natural frequency declined from
1.3% to 0.08% when the plate thickness was incremented.
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