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INTRODUCTION   

Single helical gears seem a suitable choice for many complex mechanical systems and are considered as more suited 

for mechanical drives in which each application could require a “unique” design for power and speed. For remote and 

offshore platforms, many researchers believe as they are simple and reliable means of adjustment in the field, though with 

a lower efficiency as compared to double helical gears. However, there is a cost to be paid in gaining a better efficiency, 

affecting operating values. Many studies have been done to understand and resolve the complexity of gear rotor dynamics. 

In the beginning, single tooth and tooth pair models were developed. For instance, the flexibility of the shaft and bearing 

were all neglected. The studies conducted by H. Nevzat and G. Blankenship [1,2] present an elaborative review for such 

models. One category of gear pair research is of primary importance as these non-linear models considers the gear pair 

including shaft and bearing dynamics [3-7]. The shaft flexibilities were presented from corresponding lumped springs to 

finite element interpretations in this study. The dynamic analysis of a linear model for helical geared system was 

investigated [8]. A proposition in [9] illustrates a dynamic model having ten degrees of freedom, which takes into account 

the shaft, bearing latitude, and the dynamic coupling among different kind of motions. A finite element methodology for 

the gearbox coupled with different speed shafts was presented which has the potential to apply to a vast range of both 

helical and spur geared systems.   

The analysis reveals the manufacturing error of spur gear while the dynamic model of gear rotor and the non-linear 

vibrations were focused by using a one degree of freedom system for both perfect and imperfect gears [10]. The 

investigation conducted by W.Kim et.al [11] is about the dynamic impact of spur gear pairs caused by bearing 

deformation. In this study, behavior of damping and stiffness upon the dynamic responses is also analyzed. C. Kang et.al 

[12] investigated the dynamic response of gear rotor system fixed on viscoelastic supports by considering gear 

eccentricity, the finite element formulation with the excitation of transmission error and residual bow effect. Later on, 

study in [13] focused on exploring the mechanism of spur geared system along with spalling response on mesh stiffness 

and non-linear dynamic characteristics to analyze the failure factors of spalling vibration signals. While, a dynamic 

method in [14] considered the non-linear forced oscillations and vibration level of spur gear pair including the stability 

analysis with a third order polynomial function of dynamic transmission error (cubic nonlinearity). A finite element model 

of a spur gear pair with tip relief was developed using ANSYS software. While the most attention in this study was given 

to the impact of tip relief and amplitude fluctuation on vibration behavior of the system [15]. The dynamic analysis of 

gear rotor in [16] presented systems under time-periodic based motions and obtained the lateral and torsional behavior 

under transmission error and mass excitations in unbalanced state.  

The lumped parameter gear model was developed to predict gear pair dynamics with varying time and frequency 

resolution using measured quasi-static transmission error [17]. A 12 DOF dynamic model is established in [18] by 

considering the gyroscopic effects and performed vibration-based tooth crack analysis. The rotor dynamics of double 

helical gear transmission system was taken into account in [19] proposed and shaft was treated as a Timoshenko beam 

finite element. Besides that, effects of mesh stiffness by considering non-linearity of backlash were studied using the 

Lagrange’s equations [20]. Though bearing-rotor coupling dynamics was not focused numerically in [21]. But non-linear 

vibration was studied in a sliding rotor bearing system and the rotor speed up and speed down experiments were performed 

ABSTRACT – Since the non-linear dynamic response under various high-speed conditions can 
directly affect the life of gear transmission systems. In addition, the transmission error and dynamic 
mesh force play a key role in noise and harshness analysis of gear bearing coupled systems. So, 
in this piece of work, a 12 degree of freedom dynamic model is developed to probe the vibration 
response by using finite element method and taking into account the bearing and flexible shafts in 
the first part. Subsequently, some meshing gear characteristics such as dynamic and vibration 
acceleration response under different rotational speeds (1000-9000 rev/minute) were analyzed 
whereas critical speed appeared at 6500 rev/minute. Then, the stability analysis is performed to 
investigate the dynamics behind the critical speed by using MASTA. It was observed that natural 
frequency of 0.45 kHz for a fourth harmonic order is analogous to critical speed which further 
causes sudden elevation in both dynamic mesh force and transmission error.           
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which gives the apprehension of water film whirl and whip in the water lubricated sliding bearing. Later on, vibration 

signal analysis for energy harvester and gearbox diagnosis strategy  were investigated [22,23]. 

Based on the aforementioned study, it is obvious that there is a rare work related to the nonlinear dynamic behavior      

of the single-helical gear set especially under different operating speed conditions. Hence, this study presents the rotor 

dynamics for a single-stage helical gear transmission system by considering bearing and flexible shafts in the model. A 

12 degree of freedom gear mesh model is established and the equations of motion with bearings, shafts and gyroscopic 

effect are obtained. Each element is assembled by finite element method to establish full dynamic model of the coupled 

gear bearing system. Then, the impact of the behavioral response on the gear system under different speeds is studied by 

calculating some of the dynamic response characteristics as well as stability analysis.  

 

FINITE ELEMENT APPROACH FOR SINGLE STAGE HELICAL GEAR REDUCTION 

Figure 1 delineate a single-stage gear transmission system diagram, while the relevant parameters are given in Table 

1 and 2. The proposed system comprises of two shafts, a pair of meshing gears and two pairs of bearings. Input shaft is 

mounted on motor and output shaft is connected with the load. Finite element model is shown in Figure 3, where by 

taking into account the input and output shaft for the reference axis, each shaft is divided into 6 sections. The bearings 

are replaced by massless springs and dampers, whose forces are assumed to be at the bearing mid-point, the four bearings 

acting at four nodes. Since the actual gear is a stepped gear, the middle section of the central section is assumed to be a 

shaft, and the same part as the tooth width is assumed to be rigid rotor acting on the shaft. The meshing effect of meshing 

gear pairs is expressed in terms of stiffness. A total of 12 nodes are needed for modelling. Each node has six degrees of 

freedom, consisting of three translational and three rotational degrees of freedom. So finally, there will be 72 DOF for 

overall system. 
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Figure 1. Single stage structure for gear transmission system 

 
The gear is regarded as concentrated mass and we used lumped mass method to build the dynamic model of the gear 

pairs initially. Then, the stiffness, mass and damping matrix of each dynamic equation are assembled according to the 

finite element method. In this way, we developed the dynamic model of the whole gear transmission system. Generally, 

the number of nodes and units are determined by the actual setup and calculation accuracy requirements of the gear 

transmission structure.  

 
Dynamic Modeling of Gear Mesh Unit 

A 12 degree of freedom gear mesh dynamic model is developed using Lagrange’s approach. Gear and pinion are 

considered as rigid elements with 6 degrees in translational and rotational directions 𝑥𝑖,𝑦𝑖 ,𝑧𝑖,𝜃𝑥𝑖,𝜃𝑦𝑖,𝜃𝑧𝑖 where (𝑖 = 𝑝, 𝑔)  

stands for gear and pinion as shown in Figure2. 𝑂𝑝 and 𝑂𝑔 are gear pair central points in x, y and z directions whereas β, 

α are helix angle and pressure angle respectively. The system's generalized coordinates can be expressed as: 

𝑞 = {𝑥𝑝, 𝑦𝑝, 𝑧𝑝, 𝜃𝑝𝑥 , 𝜃𝑝𝑦, 𝜃𝑝𝑧, 𝑥𝑔, 𝑦𝑔 , 𝑧𝑔, 𝜃𝑔𝑥 , 𝜃𝑔𝑦 , 𝜃𝑔𝑧}
𝑇
 (1) 

In addition, following key assumptions were made in building dynamic model: 

1. Shaft mass and inertia are united at the gears; 

2. Backlash is not considered in this model, thus there is no tooth separation. 

 

Based on Lagrange’s method, the dynamic equations for the gear meshing element model can be written as: 
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Figure 2. 12 DOF dynamic model of a helical gear pair 
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where, 𝑀𝑝 and 𝑀𝑔 presents the mass of gear pairs, 𝐼𝑝 and 𝐼𝑔 their moment of inertia in each direction,𝑟𝑝and 𝑟𝑔 shows their 

base radius. 𝑅𝑝 and 𝑅𝑔 reveals their pitch radius while 𝛿 is for their total deformation in meshing direction. In the above 

Eqs. (1-13), the relative displacement of gear mesh in a direction perpendicular to teeth contact surfaces is defined as: 

𝛿 = {
(−𝑥𝑝 + 𝑥𝑔) 𝑠𝑖𝑛 𝛼 +

(𝑦𝑝 − 𝑦𝑔) 𝑐𝑜𝑠 𝛼 + (−𝑟𝑝𝜃𝑝𝑧 + 𝑟𝑔𝜃𝑝𝑧)
} 𝑐𝑜𝑠 𝛽 + {

(−𝑧𝑝 + 𝑧𝑔) +

(−𝑅𝑝𝜃𝑝𝑦 + 𝑅𝑔𝜃𝑔𝑦)
} 𝑠𝑖𝑛 𝛽  (14) 

 
Shaft Element Analysis   

To study the influence of shaft deformation on transmission dynamics characteristics in transmission dynamics model, 

the shaft is considered as an elastic body. After applying Lagrange’s equations, the equation of motion for the shaft is 

defined below while the mass matrix, gyro matrix, damping matrix and stiffness matrix are based on [19]. 

𝑀𝑒{�̈�𝑒} + {𝛺𝐺𝑒 + 𝐶𝑒}{�̇�𝑒} + 𝐾𝑒{𝑞𝑒} = 0  (15) 

Bearing Element Analysis 

Generally, each shaft is supported by two radial element bearings with varying types and parameters. Furthermore, 

they are modeled in terms of stiffness and the damping matrices. The equation of motion for bearing elements will be:  

𝐶𝑏{�̇�𝑏} + 𝐾𝑏{𝑞𝑏} = 0 (16) 

where,        

𝐾𝑏=

[
 
 
 
 
 
𝑘𝑥𝑥 𝑘𝑥𝑦 𝑘𝑥𝑧 𝑘𝑥𝜃𝑥 𝑘𝑥𝜃𝑦

𝑘𝑦𝑥 𝑘𝑦𝑦 𝑘𝑦𝑧 𝑘𝑦𝜃𝑥 𝑘𝑦𝜃𝑦

𝑘𝑧𝑥 𝑘𝑧𝑦 𝑘𝑧𝑧 𝑘𝑧𝜃𝑥 𝑘𝑧𝜃𝑦

𝑘𝜃𝑥𝑥 𝑘𝜃𝑥𝑦 𝑘𝜃𝑥𝑧 𝑘𝜃𝑥𝜃𝑥 𝑘𝜃𝑥𝜃𝑦

𝑘𝜃𝑦𝑥 𝑘𝜃𝑦𝑦 𝑘𝜃𝑦𝑧 𝑘𝜃𝑦𝜃𝑥 𝑘𝜃𝑦𝜃𝑦]
 
 
 
 
 

 

and, 

𝐶𝑏=

[
 
 
 
 
 
𝐶𝑥𝑥 𝐶𝑥𝑦 𝐶𝑥𝑧 𝐶𝑥𝜃𝑥 𝐶𝑥𝜃𝑦

𝐶𝑦𝑥 𝐶𝑦𝑦 𝐶𝑦𝑧 𝐶𝑦𝜃𝑥 𝐶𝑦𝜃𝑦

𝐶𝑧𝑥 𝐶𝑧𝑦 𝐶𝑧𝑧 𝐶𝑧𝜃𝑥 𝐶𝑧𝜃𝑦

𝐶𝜃𝑥𝑥 𝐶𝜃𝑥𝑦 𝐶𝜃𝑥𝑧 𝐶𝜃𝑥𝜃𝑥 𝐶𝜃𝑥𝜃𝑦

𝐶𝜃𝑦𝑥 𝐶𝜃𝑦𝑦 𝐶𝜃𝑦𝑧 𝐶𝜃𝑦𝜃𝑥 𝐶𝜃𝑦𝜃𝑦]
 
 
 
 
 

 

   

Overall System 

Every subsystem is developed by using the finite element method to get the combined equation of the single stage-

helical gear transmission system. By combining all the previous equations: 

𝑀𝑠{�̈�𝑠} + {𝛺𝐺𝑠 + 𝐶𝑠}{�̇�𝑠} + 𝐾𝑠{𝑞𝑠} = 𝐹𝑠 (17) 

In the formula, 𝑀𝑠, 𝐺𝑠, 𝐶𝑠, 𝐾𝑠, 𝐹𝑠 are systems mass matrix, gyroscopic matrix, damping matrix, stiffness and force matrix 

respectively while 𝑞𝑠 is the node displacement matrix. However, the mass and gyroscopic contributions to the global 

matrices are imagined the same in this section as those of lumped disks at the nodes of the gear pairs in rotor dynamics 

models and thus, are not be emphasized in this piece of work. Figure 3 shows combined finite element model comprised 

of variety of 12 nodes located at different positions of input and output shaft. 
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Figure 3. Finite element model for overall system 
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NUMERICAL ANALYSIS AND DISCUSSION 

Based on the modeling method in previous part, the stiffness, damping and mass matrix of bearing element, gear 

meshing element and shaft element are calculated according to the basic parameters of the gear system shown below.  

 

Table 1. Bearing parameters for stiffness 

Stiffness Barings 𝒌𝒙𝒙 𝒌𝒚𝒚 𝒌𝒛𝒛 𝒌𝜽𝒙𝜽𝒙 𝒌𝜽𝒚𝜽𝒚 

Bearing 1 SFK:16004 2.18 × 1008 2.41 × 1008 2.30 × 1007 1.02 × 1010 1.03 × 1010 

Bearing 2 SFK:16004 2.40 × 1008 2.34 × 1008 4.88 × 1007 1.64 × 1010 1.67 × 1010 

Bearing 3 QJ6204 2.55 × 1008 1.00 × 1009 3.32 × 1007 1.10 × 1006 1.20 × 1006 

Bearing 4 NSK:16004 4.47 × 1008 8.26 × 1008 3.16 × 1007 1.00 × 1006 1.00 × 1006 

 

Table 2. Geometric parameters for gear pair 

Parameter Unit Value 

Number of teeth on pinion - 19 

Number of teeth on gear - 87 

Normal module (mm) 2 

Pressure angle (α) 14.5° 

Helix angle (β) 30° 

Centre distance (mm) 125 

Input torque (N.m) 96 

Output torque (N.m) 438.3 

 
The whole dynamic model of the gear system is established according to the dynamic equation of the system. Finally, 

we used the numerical solution method to solve the dynamic equation. Using the Newmark -beta method, acceleration 

response in Figure 4(a) and 4(b) is calculated for input shaft speed of 3000 rev/min and 9000 rev/min at node 3 where the 

left bearing is located on driving shaft.  

 
(a) 

 
(b) 

Figure 4.  Vibration acceleration for different rotational speeds at node 3: (a) 3000 rev/min and (b) 9000 rev/min 
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Figure 5 shows the peak-peak acceleration response for different speeds at node 1 in x, y and z directions. Higher 

acceleration can be seen for y and z direction for a speed of 6500 rev/min which is critical, while in x-direction, over-all 

acceleration is minimum as compared to y and z direction but still maximum acceleration is obvious for a speed of 6500 

rev/min in x-direction. 

 

Figure 5. Acceleration response map along X, Y and Z-direction at Node 1 for different speeds 

 

To demonstrate the meshing force effects on gear dynamics, mesh force is analyzed for different loads of single stage 

helical gear bearing system. The gear mesh force that varies with time, give rise to the vibrations. In Figure 6, as the input 

shaft rotational speed gets higher, the mesh fluctuation goes higher but the highest fluctuation can be seen at speed = 

6500rev/min.  It is noticeable that for a speed of 7000 rev/min and 8000rev/min, fluctuation level is not that high as 

compared to critical speed of 6500 rev/min. So, it can be deduced that reduction of the vibration of gear system is 

achievable by avoiding the critical speed and reducing the mesh force.  

 

 

Figure 6. Mesh force vs time for different load and rotational speed 

 

Figure 7 explains the relation between driving shaft rotational speed and peak to peak mesh force. It is interesting that 

maximum peak to peak value can be seen for a rotational speed of 6500 rev/min. But generally, it’s obvious that as the 

speed is getting higher, mesh force is going to increase. But after critical speed of 6500 rev/min, peak to peak mesh force 

is not high even for rotational speed of 7000 rev/min and 8000 rev/min. As the rotational speed increases above this level, 

the mesh force decreases in magnitude. The reason for using the higher load is based on the assumption that a higher load 

and speed will result in a higher variation in the transmission error and thus result in more severe vibrations. In contrast, 

here 6500 rev/min can be seen as worst-case critical speed condition for the transmission, with respect to gear noise and 

vibration.  
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Figure 7. Peak to peak mesh force vurses rotational speed 

 

Figure 8(a) depicts the transmission error variations with varying applied speeds. It is noticeable that the transmission 

error variation is inferior for the low speed of 3500 rev/minute and goes higher with the increasing speed. In addition, the 

increase in variation of transmission error is not linear with the variation in speed. A similar trend can be seen for the 

peak to peak mesh force variation for different speeds in Figure 7. Since the mesh force of a given gear pair rely on several 

parameters, particularly the rotational speed of the supported shafts so again the most significant peak for the mesh force 

can be seen for the critical speed of 6500 rev/minute in Figure 6.  

 

 

Figure 8(a). Transmission error vs time for different load and speed 

 

As the speed varies and goes down, transmission error goes in the similar trend. By comparing the transmission error 

in Figure 8(b), it is obvious that transmission error decreases for lower operating speed (3500 rev/minute). Very little 

impact on the transmission error at lower speed ranges can be seen in Figure 8(a) and (b).  

 

 

Figure 8(b). Peak to peak transmission error vs rotational speed 

 

To find the driving force behind critical speed and to check the validity of prescribed model,  MASTA was used to 

analyze the single stage helical gear system with the same parameters as shown in Table 1 and 2. 
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(a) (b) 

Figure 9. (a) MASTA 3-D model and (b) damped natural frequencies 

 

Figure 9(a) and 9(b) shows the three-dimensional model in MASTA and its natural frequencies for first 9 harmonics.  

In addition, the geared system is made from a material with a Young’s modulus of 2.054 x 1011 N/m, Poisson’s ratio of 

0.32 and a density of 7750 kgm-3. Using free boundaries, quadratic tetrahedral cells were meshed. For inertial properties, 

the location, mass, polar, and diametric moment of inertia were specified. Then, bearing properties were ignored for 

simplicity and same gyroscopic terms mentioned earlier were applied. As a result of the stability analysis, the damped 

natural frequency of the geared system was obtained. Each line represents a frequency evolution with respect to increased 

rotational speeds and possible resonant condition is highlighted for a specific vibration mode.  Figure 10 describes 

potential resonant point which occurs for a speed of almost 6500 rev/minute and natural frequency 0.45 kHz where the 

mesh harmonics intersect with natural frequencies. By looking deep into details of the Figure 10, it is obvious that the 

change in dynamic characteristic for 6500 rev/minute and appearance of resonance occur due to gyroscopic effect and 

natural frequencies of the system. This mechanism further leads to dramatic rise in the transmission error as well as 

vibration level of the gear system at critical speed. By comparing Figures 9(b) and 10, it is also apparent that 4th order 

mode is the dangerous vibration mode of the over-all geared system in this study which causes critical speed at 0.45 kHz.  

 

 

 
Figure 10. Comparison of natural frequencies and rotational speeds 

 

CONCLUSIONS 

A full dynamic model of the bearing, shaft element and the gear meshing of the proposed system is established by 

using the finite element method and the lumped parameter. Based on the idea of finite element modeling, the mass matrix, 

stiffness matrix and damping matrix of the equations of the three subsystem models are assembled. Newmark-βeta method 

was used to solve the dynamic equations and some of the influence factors of dynamic response on the system such as 

the critical speed is gained which came out to be 6500 rev/minute. In addition, acceleration response map for different 

speeds is analyzed. Then the stability analysis was performed using MASTA to know the dynamics behind the critical 

speed. By analyzing Campbell diagram, it was concluded that the natural frequency corresponding to 0.45 kHz have a 

huge impact which may even lead to worsen the dynamic response in operating conditions so to avoid the critical speed 

and its consequences, natural frequencies are equally important to be considered regarding vibration reduction for helical 

gear systems. When the input speed goes higher, the dynamic mesh force becomes large, so the amplitude of vibration 
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acceleration follows upward trend obviously. However, there is a turning point due to the critical speed of 6500 rev/min, 

which further leads to rise in both mesh force and transmission error. Therefore, it is inferred that critical speed during 

operating conditions should be avoided which can enhance not only the dynamic mesh force but also can cause severe 

vibrations as a result of transmission error. 
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