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INTRODUCTION   

In all applications of metallic material under cyclic loading that force the material to experience the plastic 

deformations, the use of combined isotropic/kinematic hardening model is obligatory [1, 2]. This is because the 

Bauschinger effect shown in such loading should be taken into account. To model this behavior of materials, 

implementing only the isotropic hardening model is somewhat inaccurate while improving the model by adding the 

kinematic hardening can better the estimations of the materials behavior- in other words, applying nonlinear combined 

hardening models give an exact prediction of the material performance [3]. One popular one of such models is the 

Ramberg-Osgood model which considers this part of materials behavior [4]. This model copes with both elastic and 

plastic areas with the help of stress-strain curves. Ziegler [5] as well as Prager [6] hardening laws are two other suitable 

models in considering the plastic behavior of materials. According to the last introduced model, Armstrong and Frederic 

[7] introduced a nonlinear kinematic-based model. In modelling isotropic kind of hardening, Voce hardening law can 

have good outcomes due to including two different terms- a linear term as well as a nonlinear asymptotic term [8]. 

In the recent studies, effects of the hardening has been investigated through some well-known, practical models such 

as isotropic hardening and Chaboche combined hardening. For instance, Zhuang et al. [9] examined the hardening 

response of Al2024 aluminum alloy specimens when loaded under complex non-proportional conditions. They found out 

that the hardening behavior of the samples obtained by combined hardening model is of higher precision than that acquired 

through isotropic hardening model. Moreover, they proved that employing combined hardening model along with fatigue-

based damage accumulation enhances the predictability of the fracture onset when the materials enduring torsion-tension 

loading. In a similar study, low cycle fatigue behavior of steel samples in addition to the response of low cycle creep-

fatigue were investigated by Zhao et al. [10]. They used isotropic hardening model as well as a modified combined 

kinematic hardening model and a proposed constitutive model for non-linear interaction damage accumulation so as to 

depict the hysteresis loops of stress-strain data up to fracture. This method was used to estimate the failure life with 

respect to changes done in the applied strain amplitudes and duration periods. They introduced their modified model 

appropriately practical in describing the accelerated cyclic softening of the materials and the reduction of their failure 

lives.  

ABSTRACT – This study is to indicate the methodology of investigating the behavior of materials 
in the plastic domain while bearing cyclic loading i.e. low cycle fatigue. Materials under such 
loading, which experience huge amount of plastic deformation, are affected by the hardening or 
softening effects of loading which should be taken into account in all applications and numerical 
simulations as well. This work investigates the methodology of obtaining the nonlinear isotropic 
and kinematic hardening of steel CK45. To find the parameters of the above mentioned combined 
nonlinear isotropic/kinematic hardening one tensile test as well as three strain-controlled low cycle 
fatigue tests are carried out to extract the monotonic stress/strain curve and three diagrams of 
hysteresis curves, respectively. Then, four parameters necessary to simulate the nonlinear 
isotropic/ kinematic behavior of the material are extracted by means of curve fitting technique using 
MATLAB software. Afterwards, the accuracy of the data extracted from the experimental tests 
using the proposed methodology, are verified in a finite element package, ABAQUS, through 
implementing two user defined subroutines UMAT written in FORTRAN. It is indicated that the 
computed constants draw stress-strain curves much closer to experimental responses than 
isotropic hardening model does.  Eventually, the numerical results acquired by simulating the 
behavior of the sample under cyclic loading with importing the constants, calculated via combined 
hardening model, to ABAQUS reflects results highly close to the experimentally obtained response 
of the sample. It means that the procedure used to find the constants is accurate enough and 
consequently the constants computed are able to be used in both ABAQUS and subroutines.       
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In a micro-mechanical investigation carried out by Aghaei and Ziaei-Rad [11] on dual-phase steels, Lemaitre damage 

model in addition to combined isotropic/kinematic hardening were utilized simultaneously in order to simulate the 

behavior of the material numerically. Scanning electron microscopy used to do a plain strain analysis in a chosen 

representative volume element captured from the surface of the specimen. The analyses along with simulations indicate 

that most of damaged regions were located in ferrite/ martensite boundary. It was shown that damage locations are 

especially situated between two martensite islands, really close to each other. These regions can easily be found in main 

shear bands areas. Hence, such bands are the places, in which damage usually initiates and grows.  

Modeling of anisotropic hardening considering Bauschinger effect experienced in sheet metals under cyclic loading 

was surveyed by Yoshida et al. [12]. They proposed a solution, as a constitutive model of plasticity, to represent the 

evolution of anisotropy and the Bauschinger effect in a cyclic loaded sheet metals. As a solution, an anisotropic yield 

function, successively changed with plastic strain augmentations, was defined as an interpolation between two yield 

functions at two discrete levels of plastic strain. They utilized the combined anisotropic-kinematic hardening model of 

large-strain cyclic plasticity with small elastic strain. It was found out that when a polynomial sort of yield function is 

used, the proposed model is simplified to the interpolation of its material parameters. Moreover, experiments gave some 

kinematic hardening parameters independent of anisotropic hardening parameters. Another similar work, by Lee et al. 

[13], employed combined anisotropic and distortion hardening laws to explain directional behavior using Bauschinger 

effect. In the research, directional anisotropic hardening of the material loaded under the non-proportional condition was 

modeled. They previously proposed a new coupled yield function [14, 15] to obtain directional hardening behavior, which 

was improved in this study, to demonstrate the directional hardening and Bauschinger effect as well.  

In this paper, the plastic behavior of steel CK45 is declared with the help of combined hardening model. Chaboche 

nonlinear kinematic hardening model as well as Voce isotropic hardening model were utilized to extract the necessary 

parameters in order to predict the exact behavior of the material under strain-controlled low cyclic fatigue loading. These 

parameters are computed through curve fitting technique utilizing two equations fitted to some data extracted from a 

monotonic stress/strain curve and three stabilized hysteresis loops.  

 

METHODS AND MATERIALS 

Nonlinear Hardening Models 

The model utilized in present study is a combination of isotropic and kinematic hardening models, which was 

introduced by Armstrong and Frederic [7] for the first time and subsequently improved by Chaboche [16, 17]. As 

mentioned previously, the combined model takes both isotropic and kinematic hardening into account, simultaneously. 

Figure 1 indicates the translation and expansion of the yield surface in accordance with plastic strain in more detailed 

form.  

 

  
 

 

(a)  (b)  (c)  
 

Figure 1. Yield surface adaptation in accord with plastic deformation in principal stress space [18]: (a) 

Isotropic hardening, (b) kinematic hardening and (c) combined hardening. 

 
According to this model and considering von Mises yield criterion, the yield surface can be expressed as below: 
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where 𝜎′, 𝛼′ and 𝜎𝑠 are the deviatoric tensor, back stress tensor and current yield stress, respectively. The isotropic part 

of the model can be established by the exponential Voce’s equation as below [8]: 

 

𝜎𝑠 = 𝜎𝑠
0 + 𝐴(1 − 𝑒−𝑏𝜀𝑒𝑞
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) (2) 
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where 𝜎𝑠
0 is the initial yield stress. In addition, the kinematic part can develop gradually through the equation which can 

be written as follow [19]: 

 

𝑑𝛼𝑖𝑗 =
𝐶

𝜎𝑠
(𝜎𝑖𝑗 − 𝑎𝑖𝑗)𝑑𝜀𝑝 − 𝛾𝛼𝑖𝑗𝑑𝜀𝑝 (3) 

 
where 𝛼𝑖𝑗 reflects the back stress and C and γ are two constants related to the kinematic hardening of the material. Hence, 

the unknown material parameters of the study increased to four including A, b, C and γ. The procedure for obtaining or 

calibrating the parameters will be described later on.  

 

Experimental Procedure 

To obtain the monotonic stress-strain curve of steel CK45, one sample was manufactured and tested according to 

ASTM E8/E8M-09 and by using a universal tensile test machine (see Figure 2a). The result of this test was utilized to 

find two parameters of the nonlinear combined hardening model, which relate to its isotropic part. Figure 3 shows the 

monotonic diagram of engineering stress/strain. In addition, all mechanical properties of the material extracted from the 

diagram were gathered in Table 1.  

 
 

 

 

 

 
 

 

 
 

 

(a) 

 

(b) 
 

Figure 2. The specimens used to extract: (a) the monotonic stress-strain curve and (b) the hysteresis loops of the strain-

controlled loading. 

 
Figure 3. Monotonic stress-strain curve of steel CK45 obtained from tensile test. 

 

Table 1. Mechanical properties of steel CK45. 

Parameter Quantity 

Young’s modulus 202 [GPa] 

Yield stress 393 [MPa] 

Ultimate stress 637 [MPa] 

Elongation at failure 27.8% 

 

On the other hand, three samples were machined in order for obtaining stabilized hysteresis cycles under fatigue test. 

Figure 2b shows the dimensions of the above-mentioned samples in detail [20]. For fatigue testing purposes a servo-

hydraulic testing machine, INSTRON 8502, were utilized to test the samples under strain-controlled condition with a 
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strain-ratio of R=-1 and at 0.1 Hz frequency (Figure 4). This figure indicates the apparatus used in this study as well as a 

sample under low cycle fatigue loading while compression and its failure after some cycles.  

 

  
(a) (b) 

 

Figure 4. Low cyclic fatigue test: (a) The fatigue testing machine and (b) one specimen under low cycle fatigue test. 

 

  
(a) 

 

(b) 

 
(c) 

Figure 5. Experimentally acquired hysteresis curves of samples under strain-controlled tension/compression loading, 

enduring a fixed maximum strain of, (a) 3%, (b) 5% and (c) 8%. 

 

After testing the specimens three curves of stabilized hysteresis loops were obtained for the purpose of calibrating 

them in order to extract some worthwhile data vital for plotting the curve, to which Eq. (4) should be fitted. Figures 5a-c 

show the hysteresis curves acquired from strain-controlled low cycle fatigue tests at 3, 5 and 8% strains. It is worth noting 

that the loops of this figure shown in dash line, indicate the failure of the samples under low cycle fatigue loading.  
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RESULTS AND DISCUSSION 

Methodology and Calibration 

To extract the parameters of the Chaboche nonlinear kinematic hardening model, it is needed to calibrate some 

quantities obtained from stabilized hysteresis stress/strain curves, whereas two other parameters related to the Voce 

isotropic hardening law are directly found by fitting a relevant equation to the monotonic stress/strain curve. Parameters 

A and b, related to the isotropic part of combined hardening model, defined by Eq. (2), can be calculated by fitting the 

equation to the data obtained from the  plastic part of the monotonic stress/strain curve (Figure 6(a)). Moreover, 

parameters C and γ should be obtained by fitting Eq. (4) to the curve plotted using three data extracted from three 

stabilized hysteresis loops of material under low cycle fatigue tests [21] (Figure 6(b)). 

 
∆𝜎

2
− 𝑘 =

𝐶

𝛾
tanh⁡(𝛾

∆𝜀𝑝𝑙

2
) (4) 

 
where C and 𝛾 are material constants and k shows the initial yield stress.  

 

 

 

  

 
 Strain   ∆𝜀𝑝𝑙 2⁄  

 (a)   (b) 

Figure 6. Curves fitted to the extracted data in order to obtain the constants of nonlinear combined hardening: (a) A and 

b, (b) C and γ. 

 
To survey the procedure used to extract three points from three stabilized hysteresis loops, it is helpful to focus on the 

schematic indicated in Figure 7, for the sake of simplicity. The following procedure mentioned for this figure was repeated 

for the curves obtained from strain-controlled low cycle fatigue tests of this study, demonstrated in Figure 5. The 

procedure has some steps as follows [22]. 

First of all, by subtracting the amount of⁡𝜎𝑠
0 𝐸⁄  from each datum of each hysteresis curve, a modified curve of 

hysteresis loops can be plotted, similar to that shown in Figure 7. From this figure, half of the elastic domain, k, and stress 

range,⁡∆𝜎, as well as half of the plastic strain range,⁡∆𝜀𝑝𝑙 2⁄ , can be extracted. Then for each hysteresis curve, one pair of 

data, (∆𝜀𝑝𝑙 2⁄ ,⁡∆𝜎 2⁄ − 𝑘), should be calculated and defined as a point of new diagram, for which curve fitting technique 

should be applied. With three computed pairs of data extracted from three modified hysteresis curves, a new diagram of 

∆𝜎 2⁄ − 𝑘 versus ⁡∆𝜀𝑝𝑙 2⁄  can be drawn. Eventually, Eq. (4) should be fitted to the aforementioned three points so as to 

find parameters C and γ.   
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All parameters extracted from the tests were gathered in Table 2, in brief. These practical parameters can be utilized 

to model the material in the numerical simulations carried out in commercial finite element packages. This is because the 

Chaboche nonlinear kinematic hardening not only is one of the most assessed models but also it is almost employed in 

almost all finite element packages to simulate the kinematic hardening phenomenon in the metallic materials.  

  
Table 2. Obtained parameters of the combined hardening model for steel CK45. 

Parameter Definition Quantity 

𝜎𝑠
0 Initial yield stress, Eq. (2) 393 [MPa] 

A Constant, Eq. (2) 32.74 [MPa] 

b Constant, Eq. (2) 249.8 

C Constant, Eq. (3) 15260 [MPa] 

γ Constant, Eq. (3) 50.8 

 
Moreover, in order to be more precise in choosing the material, steel CK45, the percentage of the elements composing 

the material used in manufacturing the samples were extracted through the quantometry test beforehand. Table 3 shows 

the weight percentage of each element in the material.  

 

 
Table 3. Chemical composition of CK45 steel (%). 

Elements 

C Si Mn P S Ni Cr Mo Cu N 

0.451 0.215 0.55 0.017 0.024 0.11 0.05 0.011 0.10 - 

 

Numerical Simulation 

Verification of the method used in this study as well as the accuracy of the acquired parameters of the combined 

hardening, has been accomplished through two user defined subroutines UMAT written in FORTRAN which were 

employed into a commercial finite element package ABAQUS. The subroutines of this study were prepared according to 

two models of hardening, isotropic and combined ones, to perform a comparison between the experimental results and 

the outcomes of the implemented method. Figure 8 indicates the results of the subroutines at the same conditions as the 

experimental test under a strain-controlled loading at 8%. The results show a good agreement between the experimental 

results and those from calculated parameters of the combined hardening model, however, simple isotropic hardening 

model underestimated the results.  

 

 

Figure 8. Hysteresis curves of samples under strain-controlled tension/compression loading, enduring a fixed maximum 

strain of 8%. It shows a comparison between data obtained from two different user defined subroutines and finite 

element analysis. 

 
For the guarantee of the exactness of the results obtained in the previous section, a sample identical to that used in 

experiments was simulated in ABAQUS/Explicit, under strain-controlled cyclic loading and by using the obtained 

parameters of the nonlinear combined hardening model in order for a precise material definition. All boundary conditions 
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are the same as experiments, at which one side of the sample is fully fixed inside the fixture while the other side is 

experiencing a strain-controlled, uniaxial, tension-compression loading representing low cycle fatigue test. To simulate 

such kind of loading in ABAQUS, plastic behavior of the material was modeled using the parameters of combined 

hardening related to the cyclic loading. In order to model the loading in such a way that the strain could be constant, the 

amount of applied displacement was updated in the software at the beginning of each step of loading, and subsequently 

the amount of displacement would be increased considering the new length of the sample by which strain-controlled 

loading condition could be guaranteed. In other words, the length of the sample as an output at the end of each step, was 

used to calculate the amount of the applied displacement in the following step considering the constant amount of the 

strain.  For this purpose, two farthest points located in both ends of the gage part of the sample were considered as the 

boarders of the gage, and consequently the distance between them gives the updated length of the gage at the end of each 

step. This method is practical due to the nature of the loading which is of low cyclic fatigue type and to the fact that the 

hysteresis loops of stress/strain data reach stabilization state after a few cycles, especially in high amount of strain applied 

to the samples. Meshing pattern used in the finite element analyses was obtained by trial and error procedure to best 

simulate the behavior of the sample under tension-compression strain-controlled loading. Mesh sensitivity study was done 

and a mesh size of 1 mm was found to be used in parts of high stress concentrations at the end of the gage part. In addition 

a mesh size of 0.5 mm used in the gage part to better capture the cyclic behavior of the material. Meshing pattern used in 

the finite element analyses of the research was shown in Figure 9. The sample utilized some 8-node linear brick, reduced 

integration, and hourglass control elements, demonstrated in ABAQUS documentation by C3D8R. 

Figure 9 demonstrates the sample analyzed numerically, from which the curve denoted by SIMU, shown in the Figure 

8, can be drawn. It shows a stabilized hysteresis curve extracted from the numerical simulation of the sample experiencing 

strain-controlled loading with a magnitude of 8%. Comparison between Figures 5c and 8, reflects a good agreement 

between experimental data and numerical investigations. It is worth noting that, considering the placement of a large 

portion of the sample into the grips of the testing machine (Figure 4) and for the sake of simplicity in the numerical 

investigations, the parts in the two ends of the sample placed in the fixtures were neglected in the finite element simulation 

because these parts are fixed into the fixtures and the displacement was applied only in the immediate cross-sectional 

areas of the sample out of the fixtures, which is the justification for this assumption. Moreover, the stress distribution in 

the sample as well as the quantities of the endured stresses can be observed in Figure 9.  

 

 

 

Figure 9. Numerical simulation of the sample under 8% strain while compression. The middle part of the sample 

including the gage part was shown in the figure. 

 

CONCLUSION 

The study demonstrated the procedure to obtain the parameters involved in the Chaboche nonlinear kinematic 

hardening model and Voce isotropic hardening model, along with all experiments necessary for obtaining them. One 

monotonic stress/strain curve obtained from uniaxial tensile test in addition to three stabilized hysteresis loops extracted 

from three tension-compression strain-controlled low cyclic fatigue tests, were utilized in order to compute the constants 

of the combined hardening model. To check the validity of the procedure used in this research as well as the accuracy of 

the acquired parameters used in the combined hardening model, two user defined subroutines UMAT written in 

FORTRAN were utilized along with a finite element analysis of a sample of the same dimensions as the one used in the 

experiments under loading conditions identical to the experiments. The subroutine of combined hardening reflects a 

stress-strain response really close to experimental data, much better than the subroutine of isotropic hardening does. In 

the finite element analysis the outcomes showed a good agreement between the numerical and experimental works, as a 

justification for the accuracy of the procedure used to calculate the constants of the combined model.  
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