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ABSTRACT - Paths of vehicles under restricted conditions are of technological interest in Qg;ﬁ:g HIS:TOl;;(m Apr. 2024
navigation engineering. One such restriction may be to fix one of the velocity components Revised  : 13" Aug. 2024
during motion. For objects moving in a two-dimensional vertical space, the differential Accepted 19t Sept. 2024
equations determining the paths of the objects for which one of the velocity components Published : 30" Sept. 2024
remains constant are derived. First, the no thrust force case is investigated. The two paths in

which the velocity components remain constant are determined by finding exact solutions of KEYWORDS

the associated differential equations. While the constant x-component case produces the well- Dynamics of motion

known parabolic solution, the constant y-component case reveals a new solution called the Thrust forces

2/3 rule. Then, the differential equations for an object moving with constant x and y velocity Path equation

components are derived separately for the constant-magnitude thrust force case. Since the Ordinary differential equations
equations inherit high nonlinearities, exact analytical solutions cannot be obtained for the Perturbation iteration methods
constant-magnitude thrust force case. Instead, approximate solutions obtained by the Numerical solutions

Perturbation Iteration Method are compared with the Runge-Kutta numerical solutions. Within
the range of validity, the approximate solutions can be employed to determine the path instead
of the numerical solutions. The approximate analytical solutions would reduce the
computational cost of integrating the original numerical solutions. The study may find
applications in determining the paths of flying objects such as projectiles, rockets, and aerial
vehicles.

1. INTRODUCTION

Determining the paths of navigating objects under certain assumptions is of technological importance since either the
paths can be employed in designing roads for land vehicles or they can be useful in determining the routes of aerial and
marine vehicles. For paths in a horizontal two-dimensional space, parametric equations called ‘Clothoids’ are frequently
used in designing the curved portions of highways [1-8]. Historical and basic information on Clothoids can be found in
[7]. For control problems of clothoid-based navigation, it has been discussed in [8]. Alternative curves to clothoids were
suggested, such as the quartic parabola, the bloss curve, and cosinusoid and sinusoid curves [9]. Using polynomials of
high degrees, the shapes of railway entries and exits are optimized using control theory [10]. The aim is to smooth the
transition from a straight path to a circular one. The curvature and arc length are linearly related to clothoidal curves.
Since the normal component of acceleration, which leads to side slip and turnover incidents, does not remain constant for
clothoidal curves, paths maintaining constant normal acceleration curves were proposed recently [11,12], which are safer
to track in navigation. Determining path equations in vertical space is another technological task that has been found to
have applications in determining the paths of aerial vehicles and land vehicles. Designing tracks for roller coasters is one
potential area of research. Many methods have been employed for this task, such as the Cubic B-Spline method [13],
Cubic, Akima, and shape-preserving splines [14]. The roller coasters' acceleration, velocity, and displacement data were
given in [15]. It is pointed out that in addition to acceleration, it is important to minimize jerk and snap in designing roller
coaster paths [16]. The reason for using vertical clothoidal loops instead of circular loops was also discussed for roller
coasters [17]. They found that circular loops introduce excess normal forces to the passengers, and a more smooth
transition is possible with clothoid curves. For paths in vertical space, another assumption was to minimize the drag work
for flying objects. Minimizing the drag force is crucial since energy savings are possible for those paths. The assumption
leads to differential equations for which various analytical and numerical results were already presented [18-20].

In this work, assumptions different from those previously mentioned are taken to determine the paths of objects
moving in a 2-D vertical space. The x and y velocity components are fixed separately, and new differential equations
determining the paths are derived for the no net thrust force case and the constant-magnitude thrust force case. The
simplest case is the fixed x-component velocity case with no net thrust force, leading to the well-known parabolic profiles
for projectile motions. For the fixed y-component case, a path that can be described as a ‘2/3 rule’ is found. Depending
on the initial inclination angles, peak points are observed in the paths, which shift to the right as the angle ratios decrease.
In contrast to the exact analytical solutions for the no thrust force case, the equations are more involved and highly
nonlinear for constant-magnitude thrust forces, eliminating the possibility of finding exact analytical solutions. In such
cases, approximate analytical solutions are the next best alternative before attempting to solve the equations numerically.
Approximate analytical solutions of the equations are found using the Perturbation Iteration Method (PIM) [21,22]. The
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method solved Many physical problems with high accuracy [23-26]. Comparisons of the PIM solutions with the adaptive
step size Runge-Kutta solutions are outlined. The conditions for which the approximate analytical solutions can replace
the numerical solutions are discussed in detail. Generally, the agreement between the analytical and numerical solutions
is good for small dimensionless force ratios and initial inclination angles. In contrast, the solutions divert from each other
as the force ratios become larger. The results of this work may found applications in determining the paths of flying
objects such as projectiles, rockets, and aerial vehicles. Variable thrust force cases, such as incorporating drag forces or
other external forces, remain a further area of research. Three-dimensional motions are another potential area of research
for fixed velocity component paths.

2. MATERIALS AND METHODS

This section will derive the path equations for the no net thrust force case and the net thrust force case using dynamical
principles and differential equations.

2.1 No Net Thrust Force Case

Consider an object moving in a vertical two-dimensional space with the assumption of no net thrust force parallel to
the path, as shown in Figure 1.

»* (m)
I 9

X* (m)

Figure 1. The path of a moving object with no net thrust force

The energy conservation requires are given:

1 1
Emvg =§mv12 +mgy* (1)
The path of the object is y* = y*(x*). Decomposing the final velocity into components:
v =vi +v5, )
and bearing in mind that,
vly = y*,le (3)

since velocity is always parallel to the path traced, Solving Eqs.(1) - (3) in terms of the velocity components yields,

_ v —2gy” ., |[v6—2gy” @)
VT i pye T Ty

2.1.1 Constant x-component velocity

The simplest case is to assume that the x-component of velocity remains constant during motion. Assuming v;, =
Vo, decomposing the initial velocity v§ = v§, + v§,, solving for y*, from Eq. (4),

2 *
I A 5)

y:

vox

journal.ump.edu.my/jmes 10182



M. Pakdemirli | Journal of Mechanical Engineering and Sciences | Volume 18, Issue 3 (2024)

Taking y*(0) = 0 for the assumption that the starting point is the origin, the equation can be integrated by the separation
of variables yielding a solution,

* on * g *2
=—Xx - 6
Y v T, ©
If the initial slope of the curve is y*'(0) = a, then,
Uy
— = 7
Vo (7

The initial slope turns out to be the ratios of velocity components. The solution can be cast into a dimensionless form
by dividing the dimensional coordinates (denoted by an asterisk) by a characteristic length

* *

I A ®)
=L Y7L
and substituting into Eq. (6), the following equation is obtained,
voy g 2
=—x———1L
y vOX * ngx 1x (9)
For simplicity, the characteristic length is selected as:
2
%
L, = 20x (10)
g
and employing Eq. (7), the final dimensionless solution is given by:
1
y=ax — Exz (11

2.1.2 Constant y-component velocity

Assuming vy, = v,,, decomposing the initial velocity vE = Vi, + véy, solving for y*', from the second equation of

Eq. (4),
wr Voy

Y= (12)
vgx - Zgy

Integrating the equation and applying the initial condition y*(0) = 0, the dimensional solution turns out to be,

S PO . (13)
y = 29 2 gl/3 VoyX g
Using the dimensionless quantities,
?ﬂ =a , X = f—* , y = i}—* (14)
ox 2 2
and substituting into Eq. (13),
_ véx 1 3 L va 2/3 (15)
YT 2gl, 29 \TY T g
For simplicity, the characteristic length is selected as,
2
%
ylo == (16)
The final dimensionless solution is,
1[1 1\*/3
r=3le(2) | .

which depends on the initial inclination as the sole parameter.

2.2 Net Thrust Force Case

Consider an object moving in a vertical two-dimensional space with a net thrust force parallel to the path, as shown
in Figure 2.
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y*(m)

Tox* (m)

Figure 2. The path of a moving object with thrust force

From the work-energy principle,

N

1 1
Emvé +f Fds = Emvl2 + mgy* (18)
0

where, s is the curvilinear coordinate along the path. Since the thrust force is constant, it can be taken out of the integral.

Using the basic calculus for the length of functions, the integral can be expressed as, fos Fds = f;c *,/1 + y*2dx”.
Decomposing the final velocity into components, the following equation is obtained:

vi =vi, +vi, (19)
and bearing in mind that,

Uiy = y*’le (20)

since velocity is always parallel to the path traced. Solving Eqs. (18) - (20) in terms of the velocity components yields,

v§+%fgc Ji+y*Zdx* —2gy* , v§+%f;{ 1+y*2dx*—2gy* Q1)
Vix = 1+y*/2 ’ vly =Yy 1+y*/2

2.2.1 Constant x-component velocity

Assume that the x velocity component remains constant during the motion, namely v, = v,,. From the first relation
in Eq. (21),

V31 +y") +2gy" = v3 + 2 [¥ [T+ y "2 dx’ (22)

which is an integro-differential equation. Differentiating the equation once to get rid of the integral, the following equation
is obtained:

- x! F #12 _
vy 'y + gy ——J1+y2 =0 (23)
Using similar dimensionless quantities as in Section 2.1,
N A A
x=F,y=¥1,=2 24)

The differential equation modelling the motion is:

yy'+y —ef14+y?%2=0 (25)
where the dimensionless parameter is the ratio of the thrust force to the weight and is given by:
_F 26
e=rm 26)
The conditions are:
y(0) =0, y'(0)=a 27
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The exact analytical solution of the problem does not exist. The perturbation iteration method seeks An approximate
analytical solution [21,22]. For the nonlinear equation, define

FO/y"e)=yy"+y' —ey1+y? =0 (28)
A perturbation iteration approximation of a single correction term in the perturbed series is:
Yn+1 = Yn + €EWIn, n=012.. (29)

When substituted into Eq. (28) with Taylor expansions of first-order highest derivatives, the following equation is
obtained:

Fps1 Yns15€) = Fle=o + Fyrie=0€dn + Fyrrje=o€Ve)n + Feje=o€ = 0 (30)
yielding finally the equation as:
Ya¥nr1 + L+ Y )dynes = vy + &1+ 2% n=012, .. (31

which is the iterative equation for the perturbation iteration algorithm, PIA(1,1). The perturbation iteration method is a
systematic way of producing infinitely many algorithms called PIA(#n,m) where #n is the number of the correction terms
in the perturbation expansions and m is the number of highest-order derivatives in the Taylor expansions. PIA(1,1) is the
simplest one, having one correction term in the perturbation expansion and first-order derivatives in the Taylor expansion
[21,22]. Assume an initial solution,

Vo = ax (32)
the next iteration which satisfies the conditions becomes,

yi=a(eVi+aZ—a)(e™*—1)+eVl+aZx 33)
The second iteration turns out to be a variable coefficient second-order linear equation for which the analytical solution
is hard to find. Hence, one terminates at the first iteration.
2.2.2 Constant y-component velocity

Assume that the y-component of velocity remains constant during the motion, i.e., vy, = v,,,. From the second relation
in Eq. (21),

*/ 2F * *1 * * */
vy (L+y"®) = W§ + [ 1+ y"2dx" —2gy")y*” (34)
or employing the decomposition v§ = v§, + v§, and rearranging,
2 *
%=v§x+%fg J1+y72dx* —2gy* (35)
The above equation is differentiated to eliminate the integral term. The final dimensional equation is:
11 F %13 2 _ 9 ' 4 —
YU g Y NIy eyt =0 (36)
Using similar dimensionless quantities as in Section 2.2,
=E =L, = (37)
x_Lzay_Lza 2= g

The differential equation determining the dimensionless path curve is:

y' =yt +ey3/14+y2=0 (38)

where the dimensionless parameter is the ratio of the thrust force to the weight and is expressed as:

=
e=-- (39)
Using the same initial conditions,
y(0) =0, y()=a (40)

Since the exact analytical solution is unavailable, an approximate analytical solution is sought using the perturbation
iteration methods [21,22].

For the nonlinear equation

F(iy',y";e)=y" —y* +ey®J1+y2=0 (41)

A perturbation iteration algorithm, PIA(1,1) approximation given in Egs. (29) and (30) yields finally the iteration
equation:
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Ve — 4V Vner = =¥ Byn + &1+ y3%), n =012, .. (42)
Assume the trivial solution as the initial solution,
Yo=0 (43)
The two successive iterations yield,
o =ax (44)
yzza—s 1+a2(e4a3x_1)+3a+£mx (45)

16a3 4

Proceeding further requires solutions of variable coefficient non-homogenous second-order linear equations for which
the analytical solutions do not exist. Hence, one terminates at the second iteration.

3. RESULTS AND DISCUSSION

The numerical results for the path equations are given in this section for both no net thrust force and net thrust force
cases.

3.1 No Net Thrust Force Case

The path equations for constant x-component velocity and constant y-component velocity were derived in Section 2.1
in the absence of thrust force. Considering the case for constant x-component velocity, Eq. (11) is the well-known
parabolic solution in dimensionless form for the projectile motion, maintaining a constant horizontal component of
velocity during motion. In this dimensionless form, the only parameter affecting the paths is the inclination angle (see
Figure 3). As the inclination angles increase, the maximum heights are increased with a higher maximum range of motion.
One can say that the path maintaining a constant y-component velocity, i.e. Eq. (17), obeys a special rule of 2/3. Plots of

—. The
2a?
nature of the curves (decreasing, increasing) differs at both sides of x,,,. The functions are not differentiable at the peak

points since a singularity exists in the first derivative of Eq. (17) at x = x,,,. As the initial inclination angle increases, the
peak points decrease and shift to the left.

Eq. (17) are given in Figure 4. The peak points of the graphs occur at x,,, = # with a maximum value of y,,, =

06 T T T T T T T

0.4

0.2

0 02 04 0.6 0.8 1 12 14 16 1.8 2

Figure 3. Constant x-component velocity paths for no thrust force
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Figure 4. Constant y-component velocity paths for no thrust force

3.2 Net Thrust Force Case

The path equations for constant x-component velocity and constant y-component velocity were derived in Section 2.2
when a net thrust force applies to the mass. Considering the case for constant x-component velocity, the analytical solution
given in Eq. (33) is compared with the numerical solutions (see Figure 5). A Matlab algorithm Ordinary Differential
Equation (ode45) is used for numerical solutions. For an initial inclination of @ = 1, with the possible exception of very
small or large force ratios of €, the analytical solution predicts approximately the constant x-component paths (see Figure
5). The match is excellent for small force ratios when the inclination angle is small (¢ = 0.2), as seen in Figure 6. When
the thrust force to gravity force ratio increases, the solutions start diverging from each other. To ensure close agreement
with negligible errors within the domain of interest, it is advised that both the initial inclination angle and the force ratio
be kept small compared to 1.

4.5 T T T T T

35F £=1 ' -

25F // // 7

161 & =1

Figure 5. Comparison of numerical (solid) and analytical (dashed) constant x-component velocity paths for various
thrust forces (& = 1)
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3.5
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1.5

0.5

Figure 6. Comparison of numerical (solid) and analytical (dashed) constant x-component velocity paths for various
thrust forces (& = 0.2)

Considering the case of constant y-component velocity, the approximate analytical solution in Eq. (45) is compared
with the numerical Runge-Kutta solution of the ode45 subroutine from Matlab. For an initial inclination of @ = 1, the
analytical and numerical results match each other for small force ratios. Referring to Figure 7, as the force ratio increases,
the solutions start diverging from each other. When the inclination angle is smaller (@ = 0.4), as seen in Figure 8, the
match is excellent for small force ratios (¢ = 0.4). When the force ratio increases, the solutions start diverging from each
other. For small inclination angles, the effects of force ratios are less predominant on the path equations. Generally, if the
initial inclination angles and force ratios are not large, the approximate analytical solutions can be replaced with numerical
ones. If these dimensionless parameters are large, resorting to numerical solutions would be better for accuracy.
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Figure 7. Comparison of numerical (solid) and analytical (dashed) constant y-component velocity paths for various
thrust forces (¢ = 1)
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Figure 8. Comparison of numerical (solid) and analytical (dashed) constant y-component velocity paths for various
thrust forces (¢ = 0.4)

4. CONCLUSIONS

The differential equations determining the paths are derived for objects moving in a vertical two-dimensional space,
assuming that one of the velocity components remains constant during the motion. When no net thrust force is parallel to
the motion, the only physical parameter affecting the curves is the initial inclination angle. The differential equations
possess exact analytical solutions in terms of this physical parameter. The constant x-component velocity case leads to
the well-known projectile motion with a parabolic solution. In contrast, for the constant y-component velocity, a so-called
special “2/3” rule is proposed. Peak points are observed in the paths which shift to the right as the initial inclination angles
decrease. When the thrust force is incorporated into the model, the curves' physical parameters are the initial inclination
angle and the dimensionless force ratio. The resulting ordinary differential equations become highly nonlinear without
any exact analytical solutions. For such cases, the perturbation-iteration method is employed to construct the approximate
analytical solutions. The approximate solutions are compared with the numerical simulations. The analytical solutions
can approximate the real solution within the limitations discussed (small inclination angles and force ratios).
Dimensionless quantities are used in the analysis for compactness and simplicity of results. The work may find
applications in determining paths of aerial vehicles such as projectiles, rockets, airplanes, etc. When ascending or
descending, fixing the y-component of velocity may increase travel comfort for passengers of aerial vehicles. The present
study can also be improved by considering three-dimensional motions. Other restrictive velocity/acceleration components
or magnitudes of variable thrust forces for paths can also be investigated.
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NOMENCLATURE

x* dimensional horizantal coordinate (m) a

* dimensional vertical coordinate (m) Ly

dimensionless horizantal coordinate (unitless) Lo

y dimensionless vertical coordinate (unitless) F thrust force (N)
mass (kg) S
gravitational acceleration (m/s?) 3

Vo initial velocity (m/s) In

Vi final velocity (m/s) Yedn

vix  x component of final velocity (m/s) Yn+1

viy  y component of final velocity (m/s)
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