
JOURNAL OF MECHANICAL ENGINEERING AND SCIENCES  
ISSN: 2289-4659     e-ISSN: 2231-8380  
VOLUME 20, ISSUE 2, 2026, 11178 - 11193 
DOI: https://doi.org/10.15282/jmes.20.2.2026.4.0872 
 
 
 

*CORRESPONDING AUTHOR | Jianxin Zheng |  zhengjx@hpu.edu.cn 
© 2026 The Author(s). Published by Universiti Malaysia Pahang Al-Sultan Abdullah Press. This is an open access article under the CC BY-NC 4.0 license  11178 

RESEARCH ARTICLE 

Near-Wall double-bubble collapse dynamics and their impact-strengthening role in 

cavitation-assisted ultrasonic surface rolling 
Hongbo Li, Jianxin Zheng*, Xiao Yu, Junhua Li, Yanyan Yan, Shen Niu  

College of Mechanical & Power Engineering, Henan Polytechnic University, Jiaozuo 454003, Henan Province, China 

Phone: +86-391-3987511 

Abstract - Ultrasonic Surface Rolling (USR) is a surface deformation strengthening 

technology. By introducing cavitation effects into USR, the extreme high-pressure shock 

waves generated by the collapse of microscale bubbles can further enhance the surface 

strengthening effect. However, the synergistic mechanism governing near-wall double-bubble 

collapse in cavitation assisted USR remains unclear, limiting further optimization of the 

cavitation strengthening effect. This study investigates the dynamic behavior and synergistic 

mechanism of near-wall spherical double-bubble collapse in cavitation assisted USR through 

a combined numerical and experimental approach. A coupled dynamic model for spherical 

double bubbles and a shock wave pressure propagation model for the rolling region were 

developed and validated against cavitation assisted USR experiments. The results indicate that 

when double-bubble collapses, its synergistic effect increases the peak impact pressure by 

23.6% compared to single-bubble. Analysis of the parameters reveals that the wall impact 

pressure is related to initial bubble radius, ultrasonic amplitude, dimensionless distance, and 

inter-bubble distance. This study has clarified the synergistic mechanism of the near-wall 

double-bubble collapse, providing theoretical support for controllably utilizing the cavitation 

effects in USR. 
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1. Introduction  

High-end equipment imposes stringent performance requirements on parts, making surface strengthening technology 

critical for improving materials' resistance to wear, fatigue, and corrosion. Ultrasonic surface rolling (USR) is a severe 

plastic deformation technique for surfaces. It induces plastic deformation by combining high-frequency vibration impact 

with the static material surface, leading to gradient nanostructures and high compressive residual stress. USR 

demonstrates unique advantages in strengthening critical metal materials, including high-strength aluminium alloys [1], 

titanium alloys [2], magnesium alloys, and similar materials [3]. In USR, the cutting fluid in the rolling zone will induce 

significant cavitation effects under ultrasonic vibration excitation. The collapse of bubbles generates shock waves with 

peak pressures up to gigapascals, thereby inducing severe plastic deformation. If this phenomenon is utilised effectively, 

the material's surface microstructure can be controlled, thereby improving the service performance of parts [4]. Li et al. 

[5] reported that by introducing cavitation effects into USR treatment of 7075 aluminium alloy, finer grain size and higher 

compressive residual stress were formed in the surface layer of the specimen. This phenomenon was beneficial for 

improving material service performance. Chuai et al. [6] investigated the effect of ultrasonic cavitation at different 

frequencies on the surface quality of TC17 titanium alloy. Their results showed that the lower the vibration frequency, 

the greater the cavitation intensity. At 20 kHz, the maximum bubble radius reached up to 8.6 times the initial radius, while 

surface roughness decreased by 42.4% and microhardness increased by 10.8%, respectively. Chen et al. [7] performed 

ultrasonic cavitation treatments with varying exposure time. It was found that the treated surface became 

superhydrophobic and reduced the attachment of corrosion products. As a result, the self-corrosion current density and 

self-corrosion potential decreased by 93.9% and 21.0%, respectively, indicating improved corrosion resistance. Bai et al. 

[8] proposed an inner surface enhancement method based on cavitation utilisation. As a result, the surface hardness of 

stainless steel increased by approximately 12%, while the surface roughness remained largely unchanged. However, these 

works primarily focus on experimental phenomena and lack in-depth theoretical modelling of cavitation dynamics—

especially for multi-bubble systems. 

The study of cavitation effects began with the classical model [9]-[11]. Since cavitation typically occurs as multiple 

bubbles or bubble groups, the cavitation effect often arises from the group dynamics of these bubbles. The collapse of 

bubble groups not only involves the coupling effect between bubbles but also induces a superposition of the local stress 

field, producing more complex dynamic peening in the material. Alsaeed et al. [12] explored the collapse of a light square 

double-bubble, noting that the coupling strength between bubbles increases as the initial bubble distance decreases. 

However, square bubbles are uncommon, and they did not quantitatively analyse the interaction mechanism between 

cavitation bubbles. Zhao et al. [13] explored double-bubble collapse in the free domain. They reported that inter-bubble 

distance and bubble radius were negatively and positively correlated with the collapse-induced jet deflection angle, 

respectively. However, their analysis was limited to free-field conditions and did not consider the presence of a nearby 

wall. Hattori et al. [14] investigated multi-bubble collapse in the ultrasonic field. They found that higher pressure 

amplitudes increased outward mass transfer from the bubble interior. However, their study focused primarily on mass 

transfer rather than collapse-induced pressure. Liu et al. [15] investigated ultrasonically induced bubble clusters, 

demonstrating that an increase in the number of central bubbles and a decrease in their initial radius enhanced overall 
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cluster stability. Although they quantified the effects of interactions and parameters on bubble cluster collapse during 

bubble oscillation, they did not further investigate the collapse-induced pressure field and impact pressure. In ultrasonic 

machining, cavitation is a common phenomenon. However, the synergistic collapse mechanism of a double bubble in 

USR remains unclear, which limits effective regulation of the cavitation enhancement effect and the further development 

of process optimisation. In this study, a dynamic model of a spherical double bubble in the rolling zone is constructed and 

verified for cavitation-assisted USR. This study aims to investigate the influence of various processing parameters on the 

collapse behaviour of double-bubble, determine the intensity of shock waves from double-bubble collapse, and elucidate 

the mechanism of double-bubble collapse. This study lays the foundation for investigating the collapse laws and 

characteristics of bubble groups; meanwhile, it provides a theoretical basis for optimising USR processing parameters 

and regulating the cavitation impact-strengthening effect. 

2. Materials and Methods  

2.1 Principle of Cavitation-Assisted USR  

The cavitation-assisted USR apparatus consists of an ultrasonic generator, transducer, horn, roller and a liquid supply 

system. The working principle of cavitation-assisted USR is shown in Figure 1. The roller advances axially at a feed rate 

of fr, and the workpiece rotates at speed n. The roller applies rolling and high-frequency impact to the workpiece wall by 

synchronising longitudinal ultrasonic vibration with the static load Fs. In cavitation-assisted USR, the cutting fluid is 

supplied to the inner cavity of the horn and the rolling area. Due to ultrasonic waves, cavitation occurs in the cutting fluid 

around the roller [5], which further affects the surface, thereby enhancing the USR strengthening effect. 

 

Figure 1. Schematic diagram of the principle of cavitation-assisted USR 

2.2 Impact Pressure Model For Double-Bubble Collapse in Cavitation-Assisted USR  

2.2.1 Dynamic model of single-bubble collapse  

To investigate the impact of the shock wave from spherical bubble collapse in USR, the following simplifications and 

constraints are given (i) Gravity effect and energy dissipation are neglected. (ii) The bubble retains spherical morphology 

throughout periodic morphological changes, and its centre remains fixed. (iii) The bubble motion is limited to radial 

contraction, without relative motion to the surrounding fluid. 

In USR, the total kinetic energy Ek of the bubble is the sum of the kinetic energy Ek1 due to instantaneous radius 

change and the kinetic energy Ek2 that is induced by the roller movement: 

𝐸𝑘 = 𝐸𝑘1 + 𝐸𝑘2 =
1

2
𝑀𝑅̇2 +

1

2
𝑀𝑣2 (1) 

where M is the resonant mass of bubble, M=4πρR3, and ρ is the surrounding liquid density and R is the bubble radius. Ṙ 

is the bubble wall velocity. The roller velocity v is given by v=2πfAcos(2πft), where f is the ultrasonic vibration frequency, 

A is the vibration amplitude, and t is time. 

When an external force causes the bubble to contract from its initial radius R0 to radius R, the work W can be 

characterized as [16]: 

𝑊 = −∫ 4𝜋𝑃𝑑𝑖𝑅
2𝑑𝑅

𝑅

𝑅0

 (2) 

where Pdi is the pressure difference across bubble wall, which is dependent on the internal pressure Pin and external 

pressure Pex, Pdi=Pex-Pin. 

In USR, when the bubble with radius R is in equilibrium, its internal pressure Pin and external pressure Pex can be 

expressed as [5], [17]: 

𝑃𝑖𝑛 = 𝑃𝑣 + 𝑃𝑔 = 𝑃𝑣 + (𝑃0 + 2𝜎/𝑅0)(𝑅0/𝑅)
3𝑘 (3) 
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𝑃𝑒𝑥 = 𝑃𝑡 + 𝑃0 + 2𝜎/𝑅 + 4𝜇𝑅̇/𝑅 (4) 

where Pv and Pg denote the vapor pressure and the gas pressure within the bubble, respectively. P0 is the hydrostatic 

pressure of the liquid. k is the polytropic index, k = 1.4. 2σ/R is the surface tension term, with σ being the surface tension 

coefficient. 4μṘ/R represents the viscous stress term, with μ being the liquid viscosity coefficient. Pt = -PAf(x)sin2πft 

accounts for the driving acoustic pressure induced by the roller’s motion, where f(x) is the weighted function of acoustic 

pressure on the roller surface [18]. PA signifies the acoustic pressure amplitude given by PA=2πfρcA, where c is the sound 

velocity in the liquid. 

According to energy conservation, the work W from the pressure difference across the bubble equals the kinetic energy 

Ek acquired by the bubble, yielding: 

1

2
𝑀𝑅̇2 +

1

2
𝑀𝑣2 = −∫ 4𝜋𝑃𝑑𝑖𝑅

2𝑑𝑅
𝑅

𝑅0

 (5) 

Substituting Pdi into Eq. (5) and differentiating, the single-bubble dynamic model in USR is obtained as: 

3

2
𝑅̇2 +

3

2
𝑣2 + 𝑅𝑅̈ =

1

𝜌
[𝑃𝑣 + (𝑃0 + 2𝜎/𝑅0)(𝑅0/𝑅)

3𝑘 + 𝑃𝐴𝑓(𝑥)sin2𝜋𝑓𝑡 − 𝑃0 − 2𝜎/𝑅 − 4𝜇𝑅̇/𝑅] (6) 

where 𝑅̈ is the bubble wall acceleration. 

In USR, the workpiece wall can be treated as rigid. When ultrasonic waves reach a rigid wall, they are reflected. 

Therefore, under rigid-wall conditions, the dynamics of a spherical bubble are influenced by both incident and reflected 

waves [19]. Based on the mirror image rule, this boundary reflection effect can be equivalently described by wavefield 

interference from a mirrored bubble. The mirrored cavitation system formed by ultrasonic reflection near the rigid wall 

is illustrated in Figure 2. 

  
(a) Single-bubble (b) Double-bubble 

Figure 2. Mirrored cavitation system near a rigid wall with wave reflection effects 

In the single-bubble mirrored cavitation system shown in Figure 2(a), the actual bubble B1 has radius R1, centred at O1, 

while the mirrored bubble B1
' has radius R1

', centred at O1
'. The distance from the centres of both bubbles to the workpiece 

wall is l. Both bubbles maintain equal radii, i.e., R1 = R1
'= R. 

According to the acoustic reflection law, the acoustic pressure of the incident wave Pi and reflected wave Pr are 

expressed as [20]: 

𝑃𝑖 = 𝑃𝑖𝐴𝑓(𝑥)sin⁡(2𝜋𝑓𝑡 + 𝛽𝑖𝑙) (7) 

𝑃𝑟 = 𝑃𝑟𝐴𝑓(𝑥)sin⁡(2𝜋𝑓𝑡 + 𝛽𝑟𝑙) (8) 

where βi and βr are the wavenumbers of incident and reflected waves respectively, and βi = βr = 2πf/c. PiA and PrA are the 

acoustic pressure amplitudes of the incident wave and reflected wave, respectively. 

In USR, the ultrasonic wave undergoes total reflection at rigid walls. Since the actual bubble is located on the 

micrometre scale from the workpiece surface, the acoustic pressure amplitudes of the incident and reflected waves remain 

nearly identical. Therefore: 
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𝑃𝑖 = 𝑃𝑟 = 𝑃𝑡  (9) 

Considering the influence of mirrored bubble B1
', the external pressure in Eq. (4) needs to be revised to: 

𝑃𝑒𝑥 = 𝑃𝑖 + 𝑃𝑟 + 𝑃0 + 2𝜎/𝑅 + 4𝜇𝑅̇/𝑅 (10) 

Therefore, in near-wall conditions when accounting for reflected wave influence, the dynamic model of a single-

bubble in USR becomes: 

3

2
𝑅̇2 +

3

2
𝑣2 + 𝑅𝑅̈ =

1

𝜌
[𝑃𝑣 + (𝑃0 + 2𝜎/𝑅0)(𝑅0/𝑅)

3𝑘 + 2𝑃𝐴𝑓(𝑥)sin(2𝜋𝑓𝑡 + 𝛽𝑖𝑙) − 𝑃0 − 2𝜎/𝑅 − 4𝜇𝑅̇/𝑅] (11) 

2.2.2 Dynamic model of double-bubble collapse  

Figure 2(b) shows that the actual bubbles B1 and B2 have radii R1 and R2 and centre positions O1 and O2, respectively. And 

their mirrored bubbles B1 and B2 have radii R1, R2 and centre positions O1, O2, respectively. The horizontal inter-

bubble distance is L. Assuming the distance from each bubble’s centre to the workpiece wall is l. The actual and mirrored 

bubbles have equal radii, i.e., R1 = R1
', R2 = R2

'. 

The velocity potential φ at point A located at a distance s from an oscillating bubble's centre is expressed as [21]: 

𝜑 = 𝑅2𝑅̇/𝑠2 (12) 

The pressure Pe radiated into the surrounding liquid by an oscillating bubble is [22]: 

𝜕𝜑

𝜕𝑡
+ 𝜑

𝜕𝜑

𝜕𝑠
=
1

𝜌

𝜕𝑃𝑒
𝜕𝑠

 (13) 

Substituting Eq. (12) into Eq. (13) and integrating over s, we obtain: 

𝑃𝑒 = 𝜌[(2𝑅𝑅̇2 + 𝑅2𝑅̈)/𝑠 − 𝑅4𝑅̇2/2𝑠4] (14) 

Once the bubble’s instantaneous radius reaches its minimum Rmin, collapse occurs. Consequently, the impact pressure Ps 

generated during collapse can be derived from Eq. (14), where Ps = Pe at R = Rmin. 

Bubble B1 experiences not only the pressure Pr from mirrored bubble B1, but also the radiation pressure Pr2 from bubble 

B2 and Pr2 from mirrored bubble B2. Based on Eq. (14), these pressures are formulated as: 

𝑃𝑟2 = 𝜌[(2𝑅2𝑅̇2
2 + 𝑅2

2𝑅̈2)/𝐿 − 𝑅2
4𝑅̇2

2/2𝐿4] (15) 

𝑃𝑟2
′ = 𝜌[(2𝑅2𝑅̇2

2 + 𝑅2
2𝑅̈2)/𝐿

∗ − 𝑅2
4𝑅̇2

2/2𝐿∗4] (16) 

where 𝐿∗ = √𝐿2 + 4𝑙2. 

Therefore, the external pressure Pex1 acting on bubble B1 must be modified to: 

𝑃𝑒𝑥1 = 𝑃𝑖 + 𝑃𝑟 + 𝑃𝑟2 + 𝑃𝑟2
′ + 𝑃0 + 2𝜎/𝑅 + 4𝜇𝑅̇/𝑅 (17) 

This leads to the dynamic model for bubble B1 near the rigid wall in a double-bubble environment in USR: 

3

2
𝑅̇1
2 +

3

2
𝑣2 + 𝑅1𝑅̈1 +

2𝑅2𝑅̇2
2 + 𝑅2

2𝑅̈2

𝐿
−
𝑅2
4𝑅̇2

2

2𝐿4
+
2𝑅2𝑅̇2

2 + 𝑅2
2𝑅̈2

𝐿∗
−
𝑅2
4𝑅̇2

2

2𝐿∗4

=
1

𝜌
[𝑃𝑣 + (𝑃0 +

2𝜎

𝑅10
) (
𝑅10
𝑅1

)
3𝑘

+ 2𝑃𝐴𝑓(𝑥)sin(2𝜋𝑓𝑡 + 𝛽𝑖𝑙) − 𝑃0 −
2𝜎

𝑅1
−
4𝜇𝑅̇1
𝑅1

] 

(18) 

where R10 and R20 are the initial radii of bubbles B1 and B2, respectively. 

The dynamic model for bubble B2 is derived similarly: 

3

2
𝑅̇2
2 +

3

2
𝑣2 + 𝑅2𝑅̈2 +

2𝑅1𝑅̇1
2 + 𝑅1

2𝑅̈1
𝐿

−
𝑅1
4𝑅̇1

2

2𝐿4
+
2𝑅1𝑅̇1

2 + 𝑅1
2𝑅̈1

𝐿∗
−
𝑅1
4𝑅̇1

2

2𝐿∗4

=
1

𝜌
[𝑃𝑣 + (𝑃0 +

2𝜎

𝑅20
) (
𝑅20
𝑅2

)
3𝑘

+ 2𝑃𝐴𝑓(𝑥)sin(2𝜋𝑓𝑡 + 𝛽𝑖𝑙) − 𝑃0 −
2𝜎

𝑅2
−
4𝜇𝑅̇2
𝑅2

] 

(19) 

2.2.3 Pressure model induced by bubble collapse  

The bubbles shrink and collapse rapidly under the action of the flow field pressure. The energy accumulated in the bubbles 

is released instantaneously. This release strongly squeezes the surrounding liquid medium. Thus, a high-speed shock wave 

propagates through the liquid. For a single-bubble environment, when the instantaneous radius attains its minimum (R = 

Rₘᵢₙ), the resulting shock wave pressure Ps is given by: 

𝑃𝑠 = 𝜌[(2𝑅𝑅̇2 + 𝑅2𝑅̈)/𝑠 − 𝑅4𝑅̇2/2𝑠4] (20) 

At this stage, in a single-bubble system, the pressure Pc at point A (located at distances s from the bubble center) comprises 

three components: the driving acoustic pressure Pt, the hydrostatic pressure P0, and the shock wave pressure Ps [5]. Since 
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this study focuses on the impact pressure generated by bubble collapse on the wall, the wall reflection of the shock-wave 

pressure Ps is neglected. So, the pressure Pc can be expressed as: 

𝑃𝑐 = 𝑃𝐴𝑓(𝑥)sin2𝜋𝑓𝑡 + 𝑃0 + 𝜌[𝑅2𝑅̈/𝑠 + 2𝑅̇2(𝑅/𝑠 − 𝑅4/4𝑠4)] (21) 

Similarly, in a double-bubble system, the total pressure Ptotal at point A (with distance s1 and s2 from the centers of bubbles 

B1 and B2 respectively) constitutes the driving acoustic pressure Pt, the hydrostatic pressure P0, the shock wave pressures 

Ps1 and Ps2 from bubbles B1 and B2 collapse: 

𝑃𝑡𝑜𝑡𝑎𝑙 = 𝑃𝐴𝑓(𝑥)sin2𝜋𝑓𝑡 + 𝑃0 + 𝑃𝑠1 + 𝑃𝑠2
= 𝑃𝐴𝑓(𝑥)sin2𝜋𝑓𝑡 + 𝑃0 + 𝜌[𝑅1

2𝑅̈1/𝑠1 + 2𝑅̇1
2(𝑅1/𝑠1 − 𝑅1

4/4𝑠1
4)] + 𝜌[𝑅2

2𝑅̈2/𝑠2 + 2𝑅̇2
2(𝑅2/𝑠2 − 𝑅2

4/4𝑠2
4)]

 (22) 

2.3 Numerical Computation Method and Parameters  

To quantify the shock-wave effects of spherical bubble collapse on the workpiece wall, this work analysed the bubble 

dynamics and pressure models established above. These second-order nonlinear ordinary differential equations cannot be 

solved analytically and therefore require numerical solutions using the fourth-order Runge-Kutta method. The 

computation parameters are listed in Table 1. The dimensionless distance is defined as γ = l/R0, where l is the bubble-

wall distance, and R0 is the initial bubble radius. The initial bubble radius typically ranges from 1 μm to 200 μm [23], 

[24]. The initial bubble radius is selected as 10 μm to 40 μm in this study. In a previous study of single cavitation bubble 

collapse, the amplitude was set to 2-5 μm [25]. However, this amplitude leads to a low probability of double-bubble 

cavitation collapse, making observation difficult. To enhance the intensity of the cavitation effect, an amplitude range of 

3-6 μm is adopted in the present study. When γ >1.5, cavitation bubbles collapse in a spherical form, and the wall surface 

is mainly affected by the bubble shock wave during collapse [26]. Therefore, the value of γ is selected to be in the range 

of 1.5 to 3. The commonly used inter-bubble distance ranges from 3 to 15 times the initial bubble radius [14], [27]. 

Therefore, this study adopts a range of 6 to 12 times the initial bubble radius, i.e., 60–120 μm. 

Table 1. Computation parameters 

Parameters Values 

initial bubble radius R0=R10=R20 / μm 10-40 

ultrasonic amplitude A / μm 3-6 

dimensionless distance γ = γ1 = γ2 1.5-3 

inter-bubble distance L / μm 60-120 

hydrostatic pressure P0 / MPa 0.1013 

ultrasonic vibration frequency f / kHz 24.14 

liquid density ρ / Kg/m3 1000 

viscosity coefficient μ / Kg/(m·s) 0.001 

surface tension coefficient σ / N/m 0.0725 

sound velocity in the liquid c / m/s 1500 

 

 

Figure 3. Ultrasonic cavitation experimental device 

2.4 Experiment  

By performing inverse analysis of the cavitation erosion surface morphology, this study investigated cavitation 

mechanisms and all impact pressures to validate the dynamics model of near-wall bubble collapse in USR. Critically, 

under current experimental conditions, key parameters governing cavitation—including initial bubble radius, 

dimensionless distance, and inter-bubble spacing -cannot be actively controlled or precisely measured. Therefore, the 

cavitation erosion tests specifically examined the effect of ultrasonic amplitude on wall impact pressure. The USR 

cavitation test system, illustrated in Figure 3, operated at a vibration frequency of 24.14 kHz. The schematic diagram of 

the horn used in this study is illustrated in Figure 4. The horn transmits vibrations to the roller, which radiates sound 

pressure into liquid, thereby generating cavitation and forming cavitation pits on the specimen surface. The test specimens 
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were commercial 1060 aluminium alloy. Before cavitation testing, the specimens were polished to obtain smooth, flat, 

defect-free surfaces. The polished and cavitation erosion surfaces were characterised using a VHX-2000 ultra-depth 3D 

microscope. 

 

 Figure 4. Schematic diagram of the horn 

3. Results and Discussion  

3.1 Validation of the Theoretical Model  

This section analyses the validation of the theoretical model by comparing the analytically predicted wall impact pressures 

with values obtained by inverse calculation from experimental cavitation morphologies. The characteristics of cavitation 

erosion pits in single‑bubble and double‑bubble environments are analysed, and the accuracy and applicable limitations 

of the theoretical model are discussed. Figure 5(a) shows the absence of pits or other defects after polishing. Distinct 

erosion pits observed in Figure 5(b) confirm cavitation-induced damage. The shock wave generated by spherical bubble 

collapse produces flatter cavitation pits on the material surface, while the microjet from non-spherical collapse creates 

deeper, needle-like pits [25], [28]-[29]. So, we included only cavitation pits that exhibited typical spherical collapse 

features, ensuring reliable data. 

  
(a) After polishing (b) After cavitation erosion 

Figure 5. Surface morphology of the specimen after polishing and cavitation erosion 

Figure 6 shows the cavitation erosion pits on the surface of the specimen. Most of these pits are circular or nearly 

circular in shape, with smooth and symmetrical cross-sections. They are distributed sparsely without any clustering. This 

is characteristic of single-bubble spherical collapse [30]. If a double-bubble collapses due to the influence of pressure 

fields, asymmetric impacts will occur, resulting in pits that take on elliptical or irregular shapes [31]. To ensure the 

reliability of the results, we only analyse the pits caused by bubbles with clearly defined shapes. In Figure 6, single-bubble 

pits are enclosed by dashed circles, while dash-dotted boundaries identify double-bubble pits. 

The relationship between the wall impact pressure Pwall and the diameter d and depth h of erosion pits generated by 

spherically collapsing bubbles is expressed as [5]: 

𝑃𝑤𝑎𝑙𝑙 = 𝜓𝜎𝑦[
4𝑑ℎ

5𝜀𝑦(𝑑
2 + 4ℎ2)

]𝑛 (23) 

where ψ is the constraint coefficient, taken as 2.87; 𝜎𝑦 denotes the yield stress, set to 20 MPa; 𝜀𝑦 represents the strain at 

yield onset, set to 0.2%, and n is the strain hardening exponent, set to 0.23. 

Based on Eq. (23), the wall impact pressures were inversely calculated from cavitation erosion measurements. Figure 7 

compares inverse-derived and analytically predicted maximum wall-impact pressures at different amplitudes in single-

bubble and double-bubble environments. The legend for Figure 7 is explained as follows: Sin-Exp is the inverse-

calculated pressure in a single-bubble environment, Sin-Ana is the analytically predicted maximum wall pressure in a 

single-bubble environment, Dou-Exp is the inverse-calculated pressure in a double-bubble environment, and Dou-Ana is 

the analytically predicted maximum wall pressure in a double-bubble environment. 

50 μm 50 μm 

5.2 μm 

3.5 μm 

1.7 μm 

0.0 μm 

20.5 μm 

13.7 μm 

6.8 μm 

0.0 μm 



Li et al. │ Journal of Mechanical Engineering and Sciences │ Volume 20, Issue 2 (2026) 

journal.ump.edu.my/jmes  11184 

  

(a) A=3 μm (b) A=4 μm 

  
(c) A=5 μm     (d) A=6 μm 

Figure 6. Morphology of cavitation erosion pits under different amplitudes 

Analytical predictions for pressure beneath bubble B1 (Eqs. 21 and 22) assumed: the initial bubble radius R10=R20=10 

μm, the dimensionless distance γ1=γ2=1.5, and the inter-bubble distance L=100 μm. For a fixed ultrasonic amplitude A 

with other parameters held constant, the analytically predicted maximum wall pressures in both single-bubble and double-

bubble environments remain invariant, manifesting as horizontal planes in Figure 7. Figure 7 shows that at identical 

amplitudes, double-bubble collapse generates 12.6–23.6% higher experimental wall impact pressures, Pwall, than single-

bubble collapse, and that increasing A monotonically elevates Pwall in both configurations. When A=4 μm, the pressure 

increases by a maximum of 23.6% (Pwall rose from 301.4 MPa to 394.5 MPa), while it shows a minimum increase of 12.6% 

at A=3 μm (Pwall rose from 211.8 MPa to 238.7 MPa). These data demonstrate a pressure superposition phenomenon 

during double-bubble collapse. Across all ultrasonic amplitudes, the maximum relative error of analytically predicted 

values is 15.6%, with minimum and average errors of 6.2% and 11.1%, respectively. At amplitudes of 3, 4, 5, and 6 μm, 

the maximum errors between analytically predicted and inversely calculated values are 12.7%, 15.6%, 13.2%, and 9.7% 

for single-bubble environments. For double-bubble environments, those numbers are 11.2%, 11.0%, 9.8%, and 6.2%. 

This level of error suggests that bubble dynamics and pressure field models are reliable. Figure 7 shows that the wall 

pressure values obtained experimentally are higher than those predicted by the theoretical model under the same 

conditions. This difference is mainly due to the omission of secondary Bjerknes forces in the bubble dynamics model. In 

addition, the following five limitations may also be sources of error. The theoretical model is based on simplified 

assumptions: incompressible liquids and isolated spherical bubbles in free-flow fields. This leads to systematic deviations 

because it fails to fully capture the complexity of bubble-collapse behaviour. Factors such as the content of non-gelatinous 

gases and interactions among multiple bubbles are not taken into account. As a result, the theoretical pressure values are 

underestimated. The theoretical model neglects the attenuation during wave propagation and boundary reflection. 

Consequently, the simulated impact pressure deviates from the actual working conditions to some extent. This model 

assumes that bubble collapse is spherical. However, actual bubbles undergo non-spherical collapse due to boundary 

effects and flow asymmetries, thus affecting the modelling accuracy. The theoretical model adopts an idealised double-

bubble configuration with identical radii and symmetric wall distances. Such conditions are rarely met in experiments, 

which introduces errors. 
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(a) A=3 μm     (b) A=4 μm 

 
(c) A=5 μm     (d) A=6 μm 

Figure 7. Inverse-derived and analytically predicted wall pressure under different amplitudes 

3.2 Influence of Initial Bubble Radius  

Under different initial radii, bubbles exhibit distinct dynamic characteristics under ultrasonic excitation. In the numerical 

computation, the ultrasonic amplitude was 5 μm. In the single-bubble environment, the initial bubble radius R0 was set to 

10, 20, 30, and 40 μm, and the dimensionless distance γ was set to 1.5. In the double-bubble environment, the initial radii 

R10 and R20 were set to 10, 20, 30, and 40 μm; meanwhile, the dimensionless distances γ1 and γ2 of bubbles B1 and B2, 

respectively, were set to 1.5, with an inter-bubble distance L of 100 μm. Figure 8 compares the radius ratios R/R0 and 

R1/R10 for bubble B1 in the single-bubble and double-bubble environments. 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 8. Evolution of bubble radius ratio at various initial radii 

Figure 8 shows that the radius ratio is inversely related to the initial radius. In a single‑bubble environment at R0=40 

μm, the minimum-radius-ratio peak is 4.1, which is 22.6% of that at R0=10 μm. In a double‑bubble environment, at R10=40 

μm, the minimum radius ratio peak is 6.9, which is 28.7% of that at R10=10 μm. Moreover, the radius ratio of bubble B1 
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in the double-bubble environment is greater under the same parameters. This finding is consistent with the results reported 

by Luo et al. [32]. When R10=10 μm, the maximum radius ratio in the double‑bubble environment reaches 23.9, which is 

31.8% higher than in the single‑bubble environment. The larger the initial radius, the smaller the radius ratio, because the 

resonant mass increases accordingly. With the same amount of energy applied, a larger resonant mass results in smaller 

radial acceleration. As a result, the expansion and contraction become less pronounced, causing a smaller variation in the 

radius ratio. Besides, the external forces acting on bubble B1 are greater in a double‑bubble environment, thus the radius 

ratio varies more drastically. In a double‑bubble environment, bubble B1 is not only affected by fundamental acoustic 

pressure and the radiation pressure from the mirrored bubble B1', but also experiences radiation pressures from the 

adjacent bubble B2 and its mirrored bubble B2'. With these combined pressures, the force field becomes stronger, and the 

change in radius ratio is also greater. A larger radius ratio means the shock-wave pressure generated when the bubble 

breaks is higher. Therefore, in a double‑bubble environment, the shock wave generated may be stronger. 

As shown in Figure 8, the double‑bubble environment results in both a prolonged oscillation period and a dual‑peak 

pattern, matching the findings of Yang et al. [33] and Liu et al. [34]. When the initial radius is 40 μm, the double‑bubble 

system attains a maximum oscillation period of 82.8 μs. This value is 153.9% higher than the 32.6 μs observed in the 

single‑bubble system. The dual‑peak phenomenon arises from a reversal of the dynamic pressure gradient. In a 

double‑bubble environment, after bubble B1 reaches its first maximum radius, the radiation pressures Pr2 and Pr2 

progressively drop and eventually become negative. Thus, B1's external pressure becomes lower than its internal pressure. 

This gradient causes the bubble to re‑expand, creating the dual‑peak pattern and thereby extending the oscillation period. 

Figure 8 further shows that an increase in the initial bubble radius reduces the collapse time in the single‑bubble 

environment but extends it in the double‑bubble environment. These findings are consistent with those of Yang et al. [35] 

and Zhang et al. [36]. In a single‑bubble environment, increasing the initial radius of bubble B1 enhances hydrodynamic 

instability, which in turn accelerates the collapse. Before collapsing in a double‑bubble environment, both bubbles 

undergo fast contraction. The contraction of bubble B2 induces a negative‑pressure field. This field decreases the external 

pressure on bubble B1. Increasing the initial radius of B2 amplifies this negative‑pressure effect, causing an even greater 

reduction in external pressure on B1 and leading to delayed collapse time. 

Figures 9(a) and 9(b) show the pressure field distributions produced by the collapse of bubble B1 in single-bubble and 

double-bubble environments. To comparatively analyse pressure field variations, Figure 9 integrates quadrant sections at 

different initial radii into a unified coordinate framework. Figure 9 shows that, in both single‑bubble and double‑bubble 

environments, a larger initial bubble radius leads to lower collapse‑induced pressure. As shown in Figure 8, smaller initial 

radii in both environments lead to more violent radius-ratio oscillations. These more violent oscillations elevate both the 

bubble wall velocity and acceleration. Thus, the increased speed of bubble collapse leads to higher shock-wave pressure. 

Figure 9 also demonstrates that, with identical initial radii, the double‑bubble system produces a stronger shock-wave 

pressure. Figure 8 demonstrates that the double‑bubble environment exhibits more dramatic variations in radius ratio. 

These variations produce a greater pressure upon collapse. Figure 9 further reveals a characteristic non-monotonic 

pressure distribution along radial paths from the bubble centre: pressure initially increases, then decreases. This is 

attributed to the outward displacement of the fluid at the original bubble centre driven by post-collapse fluid motion [25]. 

This displacement creates a low-pressure region at the collapse origin, while the propagating shock pressure decays with 

radial distance [37]. Consequently, the shock pressure peaks at intermediate radial positions before attenuating. Similar 

phenomena have been reported by Yang et al. [38] and Choi et al. [39]. The collapse-induced shock pressure on the 

workpiece wall directly below bubble B1 is defined as the wall impact pressure Pwall. To simplify the analysis, the 

configuration in a double-bubble environment is restricted to a symmetric case in which both bubbles are equidistant from 

the wall. Figure 10(a) and 10(b) compare Pwall values across different initial bubble radii for the single-bubble and double-

bubble environments, respectively. 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 9. Pressure field generated by bubble B1’s collapse at different initial radii 

Figure 10 shows that the wall impact pressure Pwall decreases as the initial bubble radius increases. In a single-bubble 

environment, at R0=10 μm, the maximum Pwall is 383.8 MPa, which is 4.1 times that at R0=40 μm. In a double-bubble 

environment, at R10=10 μm, the maximum Pwall is 482.3 MPa, which is 3.15 times the value at R10=40 μm. Besides, Pwall 

in the double-bubble environment are consistently higher. At an initial radius of 10 μm, the maximum Pwall is 482.3 MPa 
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in the double-bubble environment, representing a 20.4% increase. As established, smaller initial radii generate higher 

collapse pressures. Since Pwall represents collapse-induced shock pressure at the workpiece wall beneath bubble B1, it 

exhibits relatedinversely inverse to the initial radius. Similarly, the elevated collapse pressures in the double-bubble 

environment correspondingly increase Pwall relative to the single-bubble environment. 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 10. Wall impact pressure at different initial bubble radii 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 11. Evolution of bubble radius ratio at different amplitudes 

3.3 Influence ff Ultrasonic Amplitude  

Under different ultrasonic amplitudes, bubbles exhibit distinct cavitation behaviours due to varying energy input. In the 

numerical computation, the initial bubble radius was set to 10 μm, the ultrasonic amplitudes to 3, 4, 5, and 6 μm, and the 

dimensionless distance to 1.5. In the double-bubble environment, the inter-bubble distance was set to 100 μm. Figure 11 

shows the variation of the radius ratio R/R0 and R1/R10 for bubble B1 at different ultrasonic amplitudes. Figure 11 shows 

that as the ultrasonic amplitude increases, the maximum bubble radius ratio also increases. In a single‑bubble environment 

at A=6 μm, the maximum radius ratio reaches 19.7 (a 32.9% increase from A=3 μm), while in a double‑bubble 

environment it reaches 24.8 (a 12.4% increase from A=3 μm). As the ultrasonic amplitude increases, the horn radiates 

greater acoustic pressure, thereby increasing the external pressure on the bubble. The resulting larger pressure difference 

between the inside and outside of the bubble intensifies the mechanical work acting on the bubble wall. Enhancing this 

mechanical work effectively increases the bubble wall velocity and acceleration, making the bubble oscillations more 

vigorous. This is directly reflected in the positive correlation between ultrasonic amplitude and bubble radius ratio. 

Furthermore, under the same amplitude, bubble B1 exhibits more pronounced radius ratio variations in a double-bubble 

environment. At A = 6 μm, the peak radius ratio in a dual-bubble environment reaches 24.8, an increase of 25.7% 

compared to that in a single-bubble environment. As discussed in Section 3.2, the greater variation in radius ratio in the 

double-bubble environment stems from the higher external pressure compared to the single-bubble environment. 

Subsequent references to larger radius ratios in the double-bubble environment are attributed to this same cause and will 

not be reiterated. Figure 11 further indicates that under identical parameters, the oscillation period is significantly 

prolonged in the double-bubble environment, where the dual-peak phenomenon also occurs. As the extended oscillation 
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period and dual-peak phenomenon in the double-bubble environment have been explained previously, their causes will 

not be reiterated here or subsequently. 

Figures 12(a-b) show the collapse-induced pressure fields of bubble B1 at various ultrasonic amplitudes in the single-

bubble and double-bubble environments. Figure 12 demonstrates that collapse-induced pressure increases with ultrasonic 

amplitude in both single-bubble and double-bubble environments. For a given initial radius, the shock-wave pressure is 

higher in the double-bubble environment. Figure 11 reveals that larger amplitudes in the single-bubble environment 

amplify oscillations of radius ratio, indicating higher bubble wall velocity and acceleration. Higher velocity and 

acceleration indicate more violent bubble oscillations, resulting in greater shock-wave pressure at the moment of collapse. 

Given that the causes of the higher collapse-induced pressure in the double-bubble environment have already been 

addressed, they are not reiterated. 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 12. Pressure field generated by bubble B1’s collapse at different ultrasonic amplitudes 

Figures 13(a-b) present wall impact pressure under different ultrasonic amplitudes in the single-bubble and double-

bubble environments, respectively. Figure 13 reveals that the wall impact pressure Pwall increases with ultrasonic 

amplitude A. In a single-bubble environment, at A=6 μm, the maximum Pwall is 428.0 MPa, which is 2.2 times that at A=3 

μm. In a double-bubble environment, at A=6 μm, the maximum Pwall is 531.6 MPa, which is 2.4 times that at A=3 μm. 

Furthermore, Pwall in the double-bubble environment are consistently higher. At 6 μm amplitude, the maximum Pwall is 

531.6 MPa in the double-bubble environment, representing a 19.5% increase. As mentioned previously, higher ultrasonic 

amplitudes and the double-bubble environment produce higher collapse pressure. Since Pwall represents collapse-induced 

pressure at the workpiece wall beneath bubble B1, it consequently exhibits a positive correlation with ultrasonic amplitude. 

Moreover, Pwall in the double-bubble environment are consistently higher than that in the single-bubble environment. 

 

(a) Single-bubble environment  (b) Double-bubble environment 

Figure 13. Wall impact pressure at different ultrasonic amplitudes 

3.4 Influence of Dimensionless Distance  

A larger dimensionless distance increases the separation between the bubble and the wall. This change in spacing modifies 

the characteristics of reflected waves, which in turn affects bubble dynamics and the distribution of collapse‑induced 

pressure fields. Set the initial bubble radius R0=R10=R20=10 μm, the ultrasonic amplitude A=5 μm, and the dimensionless 

distance γ = γ1= γ2 =1.5, 2.0, 2.5, and 3.0. In the double-bubble environment, the inter-bubble distance was set to L=100 
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μm. Figure 14 depicts the variation of the radius ratio R/R0 and R1/R10 for bubble B1 at different dimensionless distance 

values. Figure 14 demonstrates that the bubble radius ratio increases with larger dimensionless distance. In a single‑bubble 

environment, at γ=3.0, the radius ratio peak reaches a maximum of 21.5, an increase of 18.2% compared to that at γ=1.5. 

In a double‑bubble environment at γ1=3.0, the radius ratio peak reaches a maximum of 28.1, an increase of 17.5% over 

that at γ1=1.5. When the initial radius is fixed, an increase in the dimensionless distance corresponds to a greater bubble-

wall distance. In the near-wall region, the phase difference between the incident wave and the reflected wave often leads 

to wave crest–trough cancellation, which weakens the internal-external pressure difference across the bubble wall, 

consequently inhibiting bubble oscillation. As the bubble-wall distance increases, this weakening effect diminishes, 

resulting in a negative correlation between the dimensionless distance and the radius ratio. In Figure 14, under the same 

dimensionless distance, the variation in radius ratio for bubble B1 is greater in the double-bubble environment. At γ1 = 3, 

the peak radius ratio in a dual-bubble environment reaches 28.1, an increase of 31.0% compared to that in a single-bubble 

environment. Similarly, under identical parameters, the bubble oscillation period is significantly prolonged in the double-

bubble environment, and the dual-peak phenomenon occurs. 

 

(a) Single-bubble environment  (b) Double-bubble environment 

Figure 14. Evolution of bubble radius ratio at different dimensionless distances. 

Figure 15 shows the collapse-induced pressure field distribution of bubble B1 at different dimensionless distances in 

the single-bubble and double-bubble environments, respectively. Figure 15 shows that the instantaneous shock pressure 

during bubble collapse increases with the dimensionless distance in both single- and double-bubble environments. For a 

given initial radius, the shock-wave pressure is higher in the double-bubble environment. Correlating with Figure 14, a 

larger dimensionless distance in a single-bubble environment intensifies oscillations of the radius ratio, indicating 

elevated bubble wall velocity and acceleration. Greater velocity and acceleration generate more intense bubble oscillations 

and the resulting collapse pressure. 

 

(a) Single-bubble environment  (b) Double-bubble environment 

Figure 15. Pressure field generated by bubble B1’s collapse at different dimensionless distances 

Figure 16 presents wall impact pressure Pwall at different dimensionless distances γ for single-bubble and double-

bubble environments, respectively. Figure 16 shows that the wall impact pressure Pwall decreases with increasing 

dimensionless distance in both single-bubble and double-bubble environments. In a single-bubble environment at γ = 3.0, 

the maximum Pwall is 383.8 MPa, representing a 10.7% increase over that at γ = 1.5. In a double-bubble environment at 

γ1=3.0, the maximum Pwall is 482.2 MPa, representing a 12.2% increase over that at γ1=1.5. Additionally, the maximum 

Pwall values are consistently higher in the double-bubble environment. At dimensionless distance γ=1.5, the maximum 

Pwall is 482.2 MPa in the double-bubble environment, representing a 20.4% increase. Despite lower collapse-induced 

shock pressures at smaller dimensionless distances, reduced dimensionless distances correspond to shorter bubble-wall 
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distances. Because of this closeness, shock waves travelling toward the wall lose less energy, leading to a higher Pwall 

upon impact. As shown in Figure 16, increasing γ makes the time to reach the peak of Pwall longer for single-bubble but 

shorter for double-bubble, which is consistent with Yin et al. [40] and Han et al. [41]. The reason lies in different physical 

mechanisms. In the single‑bubble environment, a larger γ increases the bubble‑wall distance, so shock waves take longer 

to arrive. In the double‑bubble environment, a larger γ leads to more violent radius oscillations (Figure 14), thereby 

producing stronger shock waves. The faster propagation of these waves compensates for the longer distance, allowing the 

Pwall peak to occur sooner. 

 
(a) Single-bubble environment  (b) Double-bubble environment 

Figure 16. Wall impact pressure at different dimensionless distances 

3.5 Influence Of Inter-Bubble Distance  

In a double‑bubble environment, the distance between the two bubbles directly influences the radiated pressures coming 

from both the neighbouring bubble and its mirror‑image counterpart. As a result, the bubble-radius variations and 

collapse-pressure distributions are altered. Set the initial bubble radius R10 = R20 =10 μm, the ultrasonic amplitude A = 5 

μm, the dimensionless distances γ1 = γ2 =1.5, and the inter-bubble spacing L=60, 80, 100, and 120 μm. Figure 17 shows 

the evolution of the radius ratio R1/R10 as a function of inter-bubble distance. Figure 17 reveals an inverse relationship 

between the inter‑bubble distance L and the bubble radius ratio in a double‑bubble environment. When L=60 μm, the peak 

radius ratio reaches 25.8, which is 12.0% higher than the value of 22.7 at L=120 μm. A larger L reduces the radiation 

pressure from bubble B2 and its mirrored bubble B2, thereby lowering the external pressure on bubble B1. This leads to a 

smaller pressure difference across the bubble interface, which in turn reduces the bubble wall velocity and acceleration, 

making the radius changes more moderate. Consequently, a smaller L produces a larger radius ratio. 

 
Figure 17. Evolution of bubble radius ratio at different inter-bubble distances 

Figure 18 presents the pressure field distribution generated by the collapse of bubble B1 at different inter-bubble 

distances in the double-bubble environment. Figure 18 shows that the collapse-induced pressure increases as the inter-

bubble distance L decreases in the double-bubble environment. Correlating with Figure 17 reveals that smaller inter-

bubble distance leads to more pronounced radius ratio oscillations, indicating elevated bubble wall velocity and 

acceleration. Increased velocity and acceleration generate greater collapse pressure. Consequently, reduced inter-bubble 
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distances result in stronger collapse shock waves. The wall impact pressures under different inter-bubble distances are 

presented in Figure 19. Figure 19 illustrates that the wall impact pressure Pwall increases as the inter-bubble distance L 

decreases. At L=120 μm, the maximum Pwall is 457.1 MPa, while at L=60 μm, it reaches 563.3 MPa, representing an 

increase of 18.9% relative to the 120 μm case. As shown in Figure 18, larger inter-bubble distances decrease collapse 

pressure, thereby reducing wall impact pressure. 

 

Figure 18. Pressure field generated by bubble B1’s collapse at different inter-bubble distances 

 
Figure 19 Wall impact pressure at different inter-bubble distances 

4. Conclusions  

Compared with single-bubble collapse, the synergistic effect in double-bubble collapse intensifies oscillations in bubble-

radius ratio and significantly elevates peak shock pressure by up to 23.6%. This interaction also prolongs the oscillation 

period and induces dual peaks. Key parameters influencing cavitation–initial bubble radius, ultrasonic amplitude, 

dimensionless distance, and inter-bubble distance–collectively govern collapse dynamics. Smaller initial bubble radius, 

larger ultrasonic amplitude, smaller dimensionless distance, and smaller inter-bubble distance amplify wall impact 

pressure. Experimentally derived inverse wall pressures align with analytically predicted values, with an average error of 

6.8%, validating the bubble dynamics and pressure field models. Compared to the single-bubble environment, 

experimentally inverse-derived wall impact pressures in the double-bubble environment showed maximum and minimum 

enhancements of 23.6% (at an amplitude of 4 μm) and 12.6% (at an amplitude of 3 μm), respectively, confirming the 

enhancement effect of coupled double-bubble collapse. This study elucidates the interaction mechanism between two 

bubbles and the effects of processing parameters on this interaction. It provides both a theoretical basis and the capability 

for predictive control and optimal utilisation of cavitation effects in USR. Future work may introduce fluid viscosity, 

non‑spherical collapse, variable initial radii/positions, and Bjerknes forces to further enhance predictive accuracy. 
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