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Abstract – The article exquisitely delves to study the transmission of shear waves (SH) in a 

tri-layered geological media which is fundamental to nondestructive testing and SAW devices, 

including a piezoelectric layer sandwiched between a dry sandy half-space and a fiber-

reinforced half-space under smooth-contact conditions. The analyticall study investigates the 

transference of SH waves through such a configuration, aiming to derive the complex 

dispersion relation and asses the inpact of sandy parameters, fiber reinforcement anisotropy, 

piezoelectric coupling and thickness of layer on phase velocity and mode confinement. Using 

the Biot's theory for dry sandy media, constitutive relations for fiber-reinforced elastic 

materials and linear piezoelectricity under quasi-static approximation, the governing equations 

are formulated and solved via potential functions under smooth contact boundary conditions, 

stress and displacement continuity, vanishing stress at the upper interface and open-circuit 

electrical conditions producing the secular equation, which is then evaluated numerically. 

Results demonstrate that the phase velocity remains heavily sensitive to the reinforcement 

anisotropy and the frictional coefficient of the dry sandy medium; the piezoelectric layer 

introduces electromechanical coupling that generates distinct dispersion branches and band 

gaps at high wavenumbers, while smooth contact effectively confines energy within the 

layered structure. The model offers immediate applications in smart seismic wave barriers, 

improved inversion of shear-wave splitting in desert regions underlain by reinforced strata, 

and piezoelectric surface acoustic wave sensors for structural health monitoring. By bridging 

classical geomechanics and modern smart materials, this model may serve as a rigorous 

benchmark for future experimental and computational studies. 
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1. Introduction  

A field of study called theoretical seismology examines how waves propagate through the Earth’s stratified structure. 

Similar to the layers of an onion, the interior of the Earth is commonly described as a sequence of concentric spherical 

layers, each having distinct thicknesses and mechanical properties. These layers include the outer and inner cores, crust, 

and mantle. Each of these layers has unique compositions, temperatures, and physical states.Crust fractures and 

deformations of the earth as a result of stresses brought on by subterranean explosions (e.g., nuclear testing), fault ruptures, 

and other geological activity. Large volumes of energy are released by these events, and these waves of energy move 

through Earth in an elastic manner. These waves undergo changes in direction and speed as they pass through various 

materials, depending on the characteristics of each layer and provide crucial information on the interior structure of Earth 

as they move from their source to the surface. Scientists can ascertain the configuration and disposition of the distinct 

rock layers by examining these waves. Understanding the Earth’s geological structure and locating important resources 

such as water, minerals, metals, hydrocar bons, and petroleum depends on this knowledge.The surface of the Earth is 

traversed by a specific type of wave known as a surface wave. Because surface waves can significantly shake the ground, 

they are particularly important in seismology for understanding earthquakes and other seismic events. The study of elastic 

wave propagation through the layered medium of Earth is still highly useful for understanding natural dangers and 

exploring new resources.Seminal works on surface wave propagation include publications by authors such as Achenbach 

[1]. Li [2] used com plex propagation functions to investigate the dispersive nature of SH-waves in a homogeneous three-

layered model and elastic two-layered half-space. It is possible to describe the soil layer as sand-like rather than elastic. 

Sand particles in a dry sandy mantle do not hold moisture or vapor from the atmosphere. As seismologists are getting 

much more cuious on propagation of elastic waves in dry sandy media because of their many utilitarian aspects. The 

mechanics of dry sandy soil were investigated by Weiskopf [3], who also offered pertinent connections for this type of 

medium. The propagation of seismic waves can be affected by a variety of interfacial characteristics,such as flaws and 

irregularities, therefore it is imperative to understand wave propagation in elastic media, especially when taking different 

boundary conditions into account. A detailed analysis was carried out by Paul [4] on transference of Love waves in a dry 

sandy layer intertwined among two substrates. Numerous schol ars, including Slavin and Wolf [5], Wolf [6], and 

Chattopadhyay and Pal [7], have looked into the effects of abnormalities. Shear waves in viscoelastic medium with various 

forms of irregularities was demonstrated by Chattopadhyay [8]. Furthermore, the effects of starting stress and gravity on 

torsional surface waves in a dry sandy medium were investigated by Dey et al. [9].Singh [10] investigated the Love 
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wave’s propagation in an corrugated layered material contains irregularity. Initially strained sandy layer overlying an 

anisotropic porous substrate was discussed by Pal and Ghorai [11] by taken into account the effects of gravity. The 

dispersion relation for this model was derived by Pandit and Kundu [12] through an examination of Love wave prop 

agation in a viscoelastic sandy layer over an initially stressed orthotropic semi-infinite substrate. Love wave propagation 

in a dry, sandy medium over an isotropic half-space with an imperfect interface was studied by Deep and Verma [13], 

who revealed the effects of the degree of imperfection and the sandiness parameter. It is commonly known fact that 

sensors and transducers use Love waves that propa gate through piezoelectric materials. Layered models involving 

inhomogeneous boundary conditions, like thin films, are often used to improve the performance of these devices. Because 

Love waves have wider applications, a lot of research has been done to examine their properties in multilayer piezoelectric 

systems. The propagation of Love waves in multilayer piezoelectric devices has been the subject of extensive published 

re search. Acoustic wave energy in a guiding layer put on top of a piezoelectric surface was covered by Liu et al.  [14]. 

According to Han et al.[15] , and graded functional materials have an impact on these systems. Furthermore, Du et al. 

[16] looked into the effect of starting stress on Love wave propagation in such layered structures, while Eskandari et al. 

[17] researched dissipation in piezoelectric layered structures for Love wave propagation. Different types of hard or soft 

rocks or materials with self-reinforcing qualities may be found in the Earth’s crust. Fiber-reinforced materials can be 

made of metal whiskers, carbon, or nylon. Seismic wave propagation through reinforced medium is important for 

applications in soil mechanics, architecture, mining, civil engineering, and geophysical prospecting. In their study of 

plane wave propagation in fiber-reinforced elastic media, Singh and Singh [18] showed that the angle formed by the 

propagation direction and the reinforcement direction determines the phase velocities of quasi P- and SV-waves. They 

also demonstrated on how these elastic waves would bounce off the free surface of an elastic half-space reinforced with 

fibers. Because Love waves have significant uses, researchers from a variety of fields have conducted numerous 

investigations to analyse their characteristics in multilayer piezoelectric structures [19–34]. Recently Hafizi et al. [35] 

demonstrated how the wave scattering impacts due to defects in damaged areas in thin laminated composite plates. Fajril 

et al. [36] and Majid et al. [37] vividly characterized how the waves behave under stress-strain relations and flexural 

configuration with fiber-reinforced composites. In this paper, we have considered a three-layered model for Love wave 

propagation. Since Earth is considered as multi-layer model so here we try to investigate properties of Love wave 

propagation fits into multi-layer model or not. Along with Piezoelectric layer and Fiber reinforced layer, we have 

incorporated here another layer in that problem and that is Dry sandy layer which we have been used here. The interplay 

between these layers highlights the importance of considering multi-material interactions in wave propagation studies. 

The piezoelectric layer, in particular, offers promising avenues for advanced technological applications. 

2. Materials and Methods  

2.1 Problem Formulation 

To study the propagation of SH- waves, we consider a model featuring a piezoelectric layer situated between two half-

spaces. The upper half-space consists of dry sandy, while the lower half-space is fiber-reinforced. Both the fiber-

reinforced and the piezoelectric layer are presumably having some initial stresses due to loads, thereby altering the 

mechanical state prior to any wave transmission. A three-dimensional Cartesian framework  (x, y, z) is adopted to formally 

describe the problem (Fig 1). The origin is positioned at the common interface separating the piezoelectric layer from the 

lower half-space, and the positive z-axis is directed vertically downwards. Thereby making the domain (-H<z<0) to 

correspond the piezoelectric region, the interval (z<-H) to represent the dry sandy half-space and the region (z>0) to 

characterize the fiber-reinforced medium. Wave motion is presumed to occur along the x-direction. Under the assumption 

of horizontally polarized SH-wave propagation, the displacement components satisfy (u=w=0), while the sole non-

vanishing displacement component is expressed as (v=v(x,z,t)). Here, vi (i = 1,2,3) denotes the displacement field 

associated with the individual media. The subscripts (1), (2), and (3) are employed to distinguish parameters for the dry 

sandy half-space, the piezoelectric layer, and the fiber-reinforced semi-medium respectively. Figure 1 shows the 

schematic diagram of the problem.  

 

Figure 1. Schematic diagram of the problem 

2.2 Dynamical Equation and Solution of Dry Sandy Half Space 

The equation of motion for the propagation of SH- wave, assuming that there is no body force present, is written as (Kar 

et al. [38]) 
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𝜏𝑖𝑗,𝑗
1 = 𝜌1

𝜕2𝑣𝑖

𝜕𝑡2                                                                                                                  (1) 

The stress-strain relation corresponds to dry sandy medium can be written as 

𝜏𝑖𝑗,𝑗
1 = 𝜆𝜃𝛿𝑖𝑗 + 2

𝜇1

𝜂1

𝑒𝑖𝑗 (2) 

where the respective variables 𝜆 and 𝜇1 are the Lame’s constants, 𝜌1 uses for the identification of density of the material, 

𝜂1 notation can be taken for sandiness parameter, 𝛿𝑖𝑗 signifies as Kronecker’s delta, 𝜏𝑖𝑗
1  designates for the components of 

stress and 𝑒𝑖𝑗 symbolizes strain tensor and 𝜃 = 𝑒11 + 𝑒22 + 𝑒33 indicates the strain in volume. 

Thus, with the help of description given above for SH- type wave propagation, the components for stress are 

𝜏11
1 = 𝜏22

1 = 𝜏33
1 = 𝜏13

1 = 0

𝜏12
1 = 𝜏21

1 =
𝜇1

𝜂1

𝜕𝑣1

𝜕𝑥

𝜏23
1 = 𝜏32

1 =
𝜇1

𝜂1

𝜕𝑣1

𝜕𝑧

 

Therefore, the governing equation of motion from Eq. (1) becomes, 

𝜇1

𝜂1

[
𝜕2𝑣1

𝜕𝑥2
+

𝜕2𝑣1

𝜕𝑧2
] = 𝜌1

𝜕2𝑣1

𝜕𝑡2
 (3) 

where 𝜇1, 𝜂1 and 𝜌1 are rigidity, density and sandiness parameter, respectively. 

Let us consider the solution of Eq. (3) is 

𝑣 = 𝑉1(𝑧) (4) 

Then Eq. (3) reduces to, 

𝑑2𝑉1

𝑑𝑧2
− 𝜍1

2𝑉1 = 0 (5) 

where 𝜍1
2 = 𝑘2 (1 −

𝑐2

𝑐1
2) and 𝑐1

2 =
𝜇1

𝜂1𝜌1
 

Therefore, the solution of Eq. (5) can be written as, 

𝑉1 = 𝐴1𝑒𝑠1𝑧 + 𝐵1𝑒−𝑠1𝑧 

where 𝐴1 and 𝐵1 are the respective arbitrary constants. 

As 𝑧 ⟶ −∞, there is no displacement in the upper half-space, i.e., lim
𝑥→−∞

𝑣1 = 0,  

So, lim
𝑥→−∞

𝑉1 = 0 

For propagation of SH- waves the term 𝑠1 must be positive and real. 

So, for the dry sandy upper half space 

𝑣1 = 𝐴1𝑒𝑠1𝑧𝑒𝑖𝑘(𝑥−𝑐𝑡) (6) 

2.3 Solution of Piezoelectric Layer 

The Equation of motion for SH- waves with respect to the mechanical-electrical coupled PDE and electrical PDE related 

to displacement, may be presented as, (Gupta et al. [29]) 

𝑐44∆2𝑣2 + 𝑒15∆2𝜙 −
𝑃1

2

𝜕2𝑣2

𝜕𝑥2
= 𝜌2

𝜕2𝑣2

𝜕𝑡2

𝑒15∆2𝑣2 = 𝜀11 ▽2 𝜙

 (7) 

where ∆2 refers to the Laplace operator of two-dimensional and 𝜌0 refers to the density of the middle layer i.e., 

piezoelectric layer. 

𝜎𝑦𝑧
2 = 𝑐44

𝜕𝑣2

𝜕𝑧
+ 𝑒15

𝜕𝜙

𝜕𝑧

𝜎𝑥𝑦
2 = 𝑐44

𝜕𝑣2

𝜕𝑥
+ 𝑒15

𝜕𝜙

𝜕𝑥

 (8) 

𝐷𝑧 = 𝑒15

𝜕𝑣2

𝜕𝑧
− 𝜀11

𝜕𝜙

𝜕𝑧

𝐷𝑥 = 𝑒15

𝜕𝑣2

𝜕𝑥
− 𝜀11

𝜕𝜙

𝜕𝑥

 (9) 

The substitution, we use 
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𝜓 = 𝜙 −
𝑒15

𝜀11

 (10) 

reduces Eq. (7) into 

𝑐44
∗ ▽2 𝑣2 −

𝑃1

2

𝜕2𝑣2

𝜕𝑥2
= 𝜌2

𝜕2𝑣2

𝜕𝑡2

𝑒15 ▽2 𝜓 = 0

 (11) 

where 𝑐44
∗ = 𝑐44 +

𝑒15
2

𝜀11
 

Let us assume the following solution for Eq. (11) 

𝑣2 = 𝑉2(𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡)

𝜓 = 𝜓(𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡)  (12) 

where the constants k, c represents the respective wave number and the phase velocity, also 𝑣2(𝑧), 𝜓(𝑧) constitutes the 

respective solutions of 

𝑑2𝑉2

𝑑𝑧2
+ 𝑘2𝑏1

2𝑉2(𝑧) = 0

𝑑2𝜓

𝑑𝑧2
− 𝑘2𝜓(𝑧) = 0

 (13) 

where, 𝑏1
2 = (

𝑐2

𝑐0
2 +

𝑃1

2𝑐44
∗ − 1) and 𝑐0 = √

𝑐44
∗

𝜌2
 

Therefore, the two solutions for Eq. (13) are 

𝑉2(𝑧) = 𝐶1 cos(𝑘𝑏1𝑧) + 𝐶2 sin(𝑘𝑏1𝑧)

𝜓(𝑧) = 𝐶3𝑒𝑘𝑧 + 𝐶4𝑒−𝑘𝑧  (14) 

where the mentioned 𝐶1, 𝐶2, 𝐶3, 𝐶4 demonstrate constants.  

So, the final solution of the displacement components and the electric potential can be expressed as: 

𝑣2(𝑥, 𝑧, 𝑡) = (𝐶1 cos(𝑘𝑏1𝑧) + 𝐶2 sin(𝑘𝑏1𝑧))𝑒𝑖𝑘(𝑥−𝑐𝑡)

𝜙(𝑥, 𝑧, 𝑡) = [
𝑒15

𝜀11

(𝐶1 cos(𝑘𝑏1𝑧) + 𝐶2 sin(𝑘𝑏1𝑧)) + 𝐶3 exp(𝑘𝑧) + 𝐶4 exp(−𝑘𝑧)] 𝑒𝑖𝑘(𝑥−𝑐𝑡) (15) 

2.4 Dynamics and Solution of Fiber-Reinforced Half Space with Initial Stress 

The primary Equation for an anisotropic, linearly elastic fibre-reinforced medium was proposed by (Belfield et al. [39]) 

𝜏𝑖𝑗
3 = 𝜆𝑒𝑘𝑘𝛿𝑖𝑗 + 2𝜇𝑇𝑒𝑘𝑘 + 𝛼(𝑎𝑘𝑎𝑚𝑒𝑘𝑚𝛿𝑖𝑗) + 2(𝜇𝐿 − 𝜇𝑇)(𝑎𝑘𝑎𝑖𝑒𝑘𝑗 + 𝑎𝑘𝑎𝑗𝑒𝑘𝑖) 

+𝛽(𝑎𝑘𝑎𝑚𝑒𝑘𝑚𝑎𝑖𝑎𝑗)  , 𝑖, 𝑗, 𝑘, 𝑚 = 1,2, 3                                                                                                                          (16) 

where 𝜏𝑖𝑗
3  are stress components, 𝑒𝑖𝑗 =

1

2
(

𝜕𝑣𝑖

𝜕𝑥𝑗
+

𝜕𝑣𝑗

𝜕𝑥𝑖
) are the strain components, 𝛿𝑖𝑗 indicates the Kronecker delta. 𝑎⃗ =

(𝑎1, 𝑎2, 𝑎3)refers to preferred direction of reinforcement so that 𝑎1
2 + 𝑎2

2 + 𝑎3
2 = 1. The vector 𝑎⃗ is the unit vector in fiber 

direction with the indices supposed to take values 1,2,3. Here 𝛽 and (𝜇𝐿 − 𝜇𝑇)  denotes parameters of reinforcement and 

𝛼 represents material anisotropy coefficient. 𝜇𝑇 supposed to take for the shear modulus in transverse to the fibers, 𝜇𝐿 

identifies for shear modulus along the fibers. Here 𝜆 is used for denoting Lame’s constant. 

So, the basic equation for how SH-waves move can be written like this: 

  
𝜕𝜏21

3

𝜕𝑥
+

𝜕𝜏23
3

𝜕𝑧
−

𝑃2

2

𝜕𝜔21

𝜕𝑥
= 𝜌3

𝜕2𝑣3

𝜕𝑡2  (17) 

where, 

𝜏12
3 = 𝜏21

3 = [𝜇𝑇

𝜕𝑣3

𝜕𝑥

+ (𝜇𝐿 − 𝜇𝑇) (𝑎1
2

𝜕𝑣3

𝜕𝑥
+ 𝑎1𝑎3

𝜕𝑣3

𝜕𝑧
)] 

𝜏23
3 = 𝜏32

3 = [𝜇𝑇

𝜕𝑣3

𝜕𝑧

+ (𝜇𝐿 − 𝜇𝑇) (𝑎1𝑎3

𝜕𝑣3

𝜕𝑥
+ 𝑎3

2
𝜕𝑣3

𝜕𝑧
)] 

and  

𝜔21 =
1

2
(

𝜕𝑣2

𝜕𝑥
−

𝜕𝑣1

𝜕𝑦
) =

1

2
(

𝜕𝑣2

𝜕𝑥
) are the components of infinitesimal rotation tensor in half space. 

Therefore Eq. (17) can be transformed as 

𝜇𝑇
𝜕𝑣3

𝜕𝑥2
+ (𝜇𝐿 − 𝜇𝑇)(𝑎1

2 𝜕2𝑣3

𝜕𝑥2 + 𝑎1𝑎3
𝜕2𝑣3

𝜕𝑥𝜕𝑧
) + 𝜇𝑇

𝜕𝑣3

𝜕𝑧2
+ (𝜇𝐿 − 𝜇𝑇)(𝑎1𝑎3

𝜕2𝑣3

𝜕𝑧𝜕𝑥
+ 𝑎3

2 𝜕2𝑣3

𝜕𝑥𝜕𝑧2 −
𝑃2

4

𝜕2𝑣3

𝜕𝑥2 = 𝜌3
𝜕2𝑣3

𝜕𝑡2                   (18) 

which becomes 

𝑃
𝜕2𝑣3

𝜕𝑧2
+ (𝑄 + 𝜉1)

𝜕2𝑣3

𝜕𝑥2
+ 𝑅

𝜕2𝑣3

𝜕𝑥𝜕𝑧
=

1

𝑐2
2

𝜕2𝑣3

𝜕𝑡2
 (19) 
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where 𝑃 = 1 + (
𝜇𝐿

𝜇𝑇
− 1) 𝑎3

2 , 𝑄 = 1 + (
𝜇𝐿

𝜇𝑇
− 1) 𝑎1

2, 𝑅 = 2𝑎1𝑎3 (
𝜇𝐿

𝜇𝑇
− 1), 𝜉1 =

−𝑃2

4𝜇𝑇
, 𝑐2

2 =
𝜇𝑇

𝜌3
 

Let the solution of Eq. (19) is taken as 

𝑣3(𝑥, 𝑧, 𝑡) = 𝑉3(𝑧)𝑒𝑖𝑡(𝑥−𝑐𝑡) (20) 

where the constants k and c identify as the wave number and phase velocity respectively. 

Transforming the PDE of Eq. (19) into second order ODE, it becomes 

𝑑2𝑉3

𝑑𝑧2
+ (

𝑖𝑘𝑅

𝑃
)

𝑑𝑉3

𝑑𝑧
−

1

𝑃
((𝑄 + 𝜉1)𝑘2 −

𝑐2𝑘2

𝑐2
2 ) 𝑉3(𝑧) = 0 (21) 

Therefore, the solution of Eq. (21) looks like below mentioned, for the fiber-reinforced half-space the displacement 

component as 

𝑣3(𝑧) = 𝐵1𝑒−𝑃′𝑧𝑒𝑖𝑘(𝑥−𝑐𝑡) 

where 𝑃′ =
𝑖𝑘𝑅

2𝑃
+ 𝑘√(

𝑄+𝜉1

𝑃
) −

𝑅2

4𝑃2 −
𝑐2

𝑐2
2𝑃

 

2.5 Boundary Conditions and Finding Dispersion Equation 

At the interface between the arid sandy upper region and the piezoelectric layer, as well as at the junction between the 

piezoelectric layer and the fibre-reinforced medium, it is essential for the mechanical displacements 𝑣𝑖(𝑖 = 1,2,3)  and 

shear stress components to satisfy continuity conditions. 

1. (𝑎) 𝑣1 = 𝑣2at 𝑧 = −𝐻 

(b) 𝜏𝑦𝑧
1 = 𝜎𝑦𝑧

2  at 𝑧 = −𝐻 

2.(a) 𝑣2 = 𝑣3  at 𝑧 = 0 

(b) 𝜎𝑦𝑧
2 = 𝜏𝑦𝑧

3  at 𝑧 = 0 

3. at 𝑧 = −𝐻, 

we have taken into account two scenarios since piezoelectric material is present in the model 

For electrically open case: Since there is no free charge at the surface so normal component electrical displacement 

turns into zero, i.e., 

𝐷𝑧(𝑥, −𝐻, 𝑡) = 0 (22) 

and for electrically shorted case: As it is connected to ground so electric potential difference is instantly neutralized, i.e., 

𝜑(𝑥, −𝐻, 𝑡) = 0 (23) 

with the help of the above boundary conditions, we have, 

𝐴1. 𝑒−𝑠1𝐻 = 𝐶1𝑐𝑜𝑠(𝑘𝑏1𝐻) − 𝐶2𝑠𝑖𝑛(𝑘𝑏1𝐻) (24) 

𝐶1(𝑐44𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1ℎ) +
𝑒15

2

𝜀11

𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1ℎ)) + 𝐶2(𝑐44𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1ℎ) +
𝑒15

2

𝜀11

𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1ℎ)) + 𝐶3𝑒15𝑘𝑒−𝑘𝐻

− 𝐶4𝑒15𝑘𝑒𝑘𝐻 −
𝜇1

𝜂1

𝐴1𝑠1𝑒−𝑠1𝐻 = 0 

(25) 

𝐶1 = 𝐵1 (26) 

𝐶2𝑐44𝑘𝑏1 +
𝑒15

2

𝜀11

𝐶2𝑘𝑏1 + 𝐶3𝑒15𝑘 − 𝐶4𝑒15𝑘 + 𝜇𝑇𝐵1𝑃2 − (𝜇𝐿 − 𝜇𝑇)(𝑏1𝑏3𝑖𝑘𝐵1 − 𝑏3
2𝐵1𝑃2) = 0 (27) 

𝑒15

𝜀11

𝐶1 + 𝐶3 + 𝐶4 = 0 (28) 

𝐶3𝑘𝑒−𝑘𝐻 − 𝐶4𝑘𝑒𝑘𝐻 = 0 (29) 

𝐶1

𝑒15

𝜀11

𝑐𝑜𝑠(𝑘𝑏1𝐻) − 𝐶2

𝑒15

𝜀11

𝑠𝑖𝑛(𝑘𝑏1𝐻) + 𝐶3𝑒−𝑘𝐻 + 𝐶4𝑒𝑘𝐻 = 0 (30) 

Eliminating all arbitrary constants 𝐴1, 𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐵1 from the above six Equations, ultimately, we have found out the 

dispersion relation of the SH- wave for the structure investigated in this problem. 

2.6 Relation of Dispersion Obtained for Electrically Open Case 

By solving Eq. (24) to Eq. (29) from |𝑎𝑖𝑗| = 0 , we have non-trivial Equations that ultimately gives the dispersion relation 

for the electrically open case. 

2.7 Relation of Dispersion Obtained for Electrically Shorted Case 

Solving Eq. (24) to Eq. (28) and Eq. (30) from |𝑏𝑖𝑗| = 0, we obtained the dispersion relation for the electrically shorted 

case.   
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2.8 Some Cases 

Case I 

If 𝜂 = 1 i.e., the upper medium converts into an elastic one, then the dispersion relation obtained in both the open and 

shorted cases by solving Eqs. (24) to (29) and Eqs. (24) to (28) and (30), we solved two determinants |𝑐𝑖𝑗| = 0 and |𝑑𝑖𝑗| =
0 both for electrically open cases and electrically short cases. All 𝑐𝑖𝑗  and  𝑑𝑖𝑗  are entries of sixth-order square matrix 

mentioned in Appendices A and B respectively. 

Case II 

If we ignore stresses of both the layers by  𝑃1 ⟶ 0 and 𝑃2 ⟶ 0, then the dispersion relations are obtained for both 

electrically open and short cases by solving |𝑒𝑖𝑗| = 0 and|𝑓𝑖𝑗| = 0. All 𝑒𝑖𝑗  and 𝑓𝑖𝑗are entries of sixth-order square matrix 

mentioned in Appendices C and D respectively. 

Case III 

If the reinforcement is neglected, i.e., 𝑏1 = 1, 𝑏2 = 𝑏3 = 0 then we get the Equations for both electrically open case and 

short cases by solving |𝑔𝑖𝑗| = 0 and|ℎ𝑖𝑗| = 0. All 𝑔𝑖𝑗 and ℎ𝑖𝑗 are entries of the sixth-order square matrix mentioned in 

Appendices E and F respectively. 

Case IV 

If the piezoelectric coefficient is zero, i.e., 𝑒15 ⟶ 0 and𝑐44 ∗= 𝑐44, then for both electrically open and short case. This 

equation represents a precisely defined SH- equation for a layer that is both isotropic and homogeneous, positioned atop 

a substrate that shares the same isotropic and homogeneous characteristics. 

3. Results and Discussion  

In order to perform the outcome of dry sandy parameter, depth, stress of piezoelectric layer and stress of reinforced layer 

on the propagation of SH-wave in a three-layer structure; A piezoelectric layer, under initial stress, is positioned between 

a dry sandy half-space and a fibre-reinforced elastic half-space, both of which are also experiencing initial stress; the 

details outlined below have been taken into consideration. 

(a) Dry sandy half-space [cf. Gubbins [40] 

𝜇1 = 7.54 × 1010  𝑁/𝑚2 ;  𝜌1 = 3293  𝑘𝑔/𝑚3 

(b) Piezoelectric Material (PZT 4) [Nie et al.,[41] 

𝑐44 = 25.6 × 109𝑁/𝑚2 ,  

𝑒15 = 12.7𝐶/𝑚2 ,  

𝜀11 = 6.45 × 10−9𝐶2/𝑁𝑚2,

𝜌2 = 7500𝑘𝑔/𝑚3

 

(c) Fibre-reinforced elastic half space under initial stress [Markham [42] 

𝜇𝐿 = 7.07 × 1010𝑁/𝑚2,

𝜇𝑇 = 3.50 × 1010𝑁/𝑚2,

𝜌3 = 1600𝑘𝑔/𝑚3

 

Using the non-dimensional phase velocity of the dry sandy layer vertically and the non-dimensional wavenumber 

horizontally, we've constructed graphs from the dispersion Eqs. (31) and (32), taking into account various values of the 

multiple non-homogeneous parameters previously outlined. The results imposed by different parameters for the 

electrically open case are presented in Figures 2-4 and for the electrically shorted case in Figure 5 using the data mentioned 

above. 

  
(a) Dry sandy parameter (b) depth of piezo-electric layer 

Figure 2. Variation of phase velocity versus wave number for different values of dry sandy parameter and depth of 

piezo-electric layer for the electrically open case 
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3.1 Electrically Open Case 

Figure 2 shows the effect of the sandy parameter in a dry sandy half-space on the phase velocity of the SH-wave for an 

electrically open piezoelectric layer. In this figure, the values of 𝜂1 are taken as1.0,1.5,2.0. It shows that the phase velocity 

decreases as the wavenumber increases. It is clear that dispersion occurs and that the graph is non-linear, indicating that 

the medium treats wavelengths differently. At high phase velocities and wave numbers, the medium becomes non-

dispersive as the curve approaches a flat line. It is clear from the study that long waves penetrate deeper, whereas short 

waves are confined near the surface. Figure 2(a) demonstrates that wave propagation in the system is inherently dispersive, 

as the phase velocity decreases with increasing wavenumber, indicating that shorter wavelengths travel more slowly than 

longer ones. Under electrically open conditions, the piezoelectric layer plays an active role in wave dynamics via 

electromechanical coupling, thereby significantly enhancing the medium's stiffness. With an increase in the depth of the 

piezoelectric layer, a larger section of the material engages in this coupling, resulting in a uniform increase in phase 

velocity for all wave numbers. The effect is especially noticeable for long waves, as these waves interact with the full 

depth of the layer. However, for short waves (large kH), the influence of depth diminishes, leading to the convergence of 

the curves. Overall, Figure 2(a) illustrates that a thicker piezoelectric layer increases wave speed but does not eliminate 

dispersion, suggesting that both structural geometry and electrical boundary conditions significantly influence wave 

propagation characteristics in such materials. In Figure 2(b), the values of H were taken as 2.0, 2.5 and 3.0, respectively. 

It shows that as H increases, phase velocity increases with wavenumber. Figure 3 deliberates the effect of the variation 

of initial stress in Piezoelectric layer on Phase velocity.  The Piezoelectric layer act as a dispersive medium where the 

value of 𝑃1 increases, material becomes stiffer and so wave speed increases. So, phase velocity increases as initial stress 

increases. But in respect of wave number phase velocity decreases as wave number increases. 

 

Figure 3. Variation of phase velocity vs. wave number for different values of initial stress of PZT layer for electrically 

open case 

 

Figure 4. Variation of phase velocity vs. wave number for different values of initial stress of fibre reinforced half space 

for electrically shorted case 
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3.2 Electrically Shorted Case 

Figure 4 is designed in the context of electrically shorted case. This graph expresses the relation of phase velocity vs. 

wave number. It deliberates that the phase velocity decreases with the increase of wave number gives a dispersive nature 

of the fibre reinforced medium. Here the effect of initial stress is important. For the different values of 𝑃2 i.e., -0.8, -0.4, 

0.0 we see that increasing comprehensive initial stress upgrades effective stiffness of that medium. This behavior shows 

how electrically shorted boundary conditions, which keep the electric potential at zero, affect the electromechanical 

coupling and, in turn, change how SH type waves move through the fibre-reinforced material. Thus, the interplay between 

electrical boundary conditions, reinforcement anisotropy and pre‑stress opens a much greater space for engineering 

controllable systems and band gaps. The smooth interfaces effectively confine wave energy and prior sensitivity to these 

parameters. Collectively, the results demonstrate that tri-layered can be transformed into a frequency‑selective filter, a 

stress‑transducing sensor or a tunable seismic barrier which can lead to next‑generation smart composites. 

4. Conclusions 

The present work has established a rigorous analytical framework consisting of a dry sandy half‑space, a piezoelectric 

inter-layer, and a fibre‑reinforced elastic substrate, all clamped under smooth‑contact conditions. The principal findings 

and their technological implications are as follows: 

i) The closed‑form dispersion relation reveals that the phase velocity is a strongly non‑linear function of the 

wavenumber, with the sandiness parameter, piezoelectric layer thickness, initial stresses, and electrical boundary 

conditions each serving as an independent lever to regulate the dispersive nature of the waves. Loosely packedness 

reduced the overall wave speed, while thicker and pre‑stressed piezoelectric layers elevate it, confirming that the 

composite can be tailored for specific wave‑filtering functions. 

ii) The piezoelectric intermediate layer introduces an electromechanical coupling which reveals in event of electrically 

shortedness, the coupling effect is partially suppressed. This duality, combined with the directional anisotropy of 

the fiber‑reinforced substrate generates distinct and controllable band gaps at high wavenumbers, establishing the 

structure as a robust platform for frequency‑selective surface acoustic wave devices. 

iii) Smooth contact at both the interface confines wave energy efficiently, which enhances the sensitivity of the 

dispersion curves to its material properties and geometric parameters. This confinement is especially helpful for 

sensor applications. 

iv) The proposed model correlates the classical geomechanics and modern smart materials, offering large applications: 

(i) for designing smart barriers that exploit electro‑mechanical tuning and absorption of destructive SH‑wave energy; 

(ii) to act as interpretive tool for converting shear‑wave splitting in arid or desert regions underlain by reinforced 

strata, thus improving subsurface imaging; and (iii) for developing SAW sensors employed in structural health 

monitoring, where the minute dispersion shifts serve as markers of stress, delamination or material degradation. 

By furnishing a complete analytical solution and a thorough parametric analysis, this study may provide a platform for 

future experiments paving the way for the rational design of modern wave‑manipulation devices. 
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Appendices 

Appendix A 

𝑐11 = 𝑒−𝑠1𝐻

𝑐12 = −𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑐13 = 𝑠𝑖𝑛(𝑘𝑏1𝐻)
𝑐14 = 0
𝑐15 = 0
𝑐16 = 0

 

𝑐21 = 𝜇1𝑠1𝑒−𝑠1𝐻

𝑐22 = −𝑐44𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻)

𝑐23 = −𝑐44𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑐24 = 𝑒15𝑘𝑒−𝑘𝐻

𝑐25 = 𝑒15𝑘𝑒𝑘𝐻

𝑐26 = 0

 

𝑐31 = 0
𝑐32 = 1
𝑐33 = 0
𝑐34 = 0
𝑐35 = 0

𝑐36 = −1
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𝑐41 = 0
𝑐42 = 0

𝑐43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

𝑐44 = 𝑒15𝑘
𝑐45 = −𝑒15𝑘

𝑐46 = 𝜇𝑇𝑝2 − (𝜇𝐿 − 𝜇𝑇)(𝑏1𝑏3𝑖𝑘 − 𝑏3
2𝑝2)

 

𝑐51 = 0

𝑐52 =
𝑒15

𝜖11

𝑐53 = 0

𝑐54 = 1
𝑐55 = 1
𝑐56 = 0

 

𝑐61 = 0
𝑐62 = 0
𝑐63 = 0

𝑐64 = 𝑘𝑒−𝑘𝐻

𝑐65 = −𝑘𝑒−𝑘𝐻

𝑐66 = 0

 

Appendix B 

𝑑11 = 𝑒−𝑠1𝐻

𝑑12 = − cos(𝑘𝑏1𝐻)

𝑑13 = sin(𝑘𝑏1𝐻)

𝑑14 = 0
𝑑15 = 0
𝑑16 = 0

 

𝑑21 = −𝜇1𝑠1𝑒−𝑠1𝐻

𝑑22 = 𝑐44𝑘𝑏1 sin(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 sin(𝑘𝑏1𝐻)

𝑑23 = 𝑐44𝑘𝑏1 cos(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 cos(𝑘𝑏1𝐻)

𝑑24 = 𝑒15𝑘𝑒−𝑘𝐻

𝑑25 = 𝑒15𝑘𝑒𝑘𝐻

𝑑26 = 0$

 

𝑑31 = 0
𝑑32 = 1
𝑑33 = 0
𝑑34 = 0
𝑑35 = 0

𝑑36 = −1

 

𝑑41 = 0
𝑑42 = 0

𝑑43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

𝑑44 = 𝑒15𝑘
𝑑45 = −𝑒15𝑘

𝑑46 = 𝜇𝑇𝑝2 − (𝜇𝐿 − 𝜇𝑇)(𝑏1𝑏3𝑖𝑘 − 𝑏3
2𝑝2)

 

𝑑51 = 0

𝑑52 =
𝑒15

𝜖11

𝑑53 = 0
𝑑54 = 1
𝑑55 = 1
𝑑56 = 0
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𝑑61 = 0

𝑑62 =
𝑒15

𝜖11

𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑑63 = −
𝑒15

𝜖11

𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑑64 = 𝑒−𝑘𝐻

𝑑65 = 𝑒𝑘𝐻

𝑑66 = 0

 

Appendix C 

𝑒11 = 𝑒−𝑠1𝐻

𝑒12 = −𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑒13 = 𝑠𝑖𝑛(𝑘𝑏1𝐻)
𝑒14 = 0
𝑒15 = 0
𝑒16 = 0

 

𝑒21 = −𝜇1𝑠1𝑒−𝑠1𝐻

𝑒22 = 𝑐44𝑘𝑏1 sin(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 sin(𝑘𝑏1𝐻)

𝑒23 = 𝑐44𝑘𝑏1 cos(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 cos(𝑘𝑏1𝐻)

𝑒24 = 𝑒15𝑘𝑒−𝑘𝐻

𝑒25 = 𝑒15𝑘𝑒𝑘𝐻

𝑒26 = 0

 

𝑒31 = 0
𝑒32 = 1
𝑒33 = 0
𝑒34 = 0
𝑒35 = 0

𝑒36 = −1

 

𝑒41 = 0
𝑒42 = 0

𝑒43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

𝑒44 = 𝑒15𝑘
𝑒45 = −𝑒15𝑘

𝑒46 = 𝜇𝑇𝑝2 − (𝜇𝐿 − 𝜇𝑇)(𝑏1𝑏3𝑖𝑘 − 𝑏3
2𝑝2)

𝑒51 = 0

𝑒52 =
𝑒15

𝜖11

𝑒53 = 0
𝑒54 = 1
𝑒55 = 1
𝑒56 = 0

 

𝑒61 = 0

𝑒62 =
𝑒15

𝜖11

cos(𝑘𝑏1𝐻)

𝑒63 = −
𝑒15

𝜖11

cos(𝑘𝑏1𝐻)

𝑒64 = 𝑒−𝑘𝐻

𝑒65 = 𝑒𝑘𝐻

𝑒66 = 0

 

where, 

𝑏1
2 = (

𝑐2

𝑐0
2 − 1), 

𝑃∗ =
𝑖𝑘𝑅

2𝑃
+ 𝑘√(

𝑄

𝑃
) −

𝑅2

4𝑃2
−

𝑐2

𝑐2
2𝑃
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Appendix D 

𝑓11 = 𝑒−𝑠1𝐻

𝑓12 = − cos(𝑘𝑏1𝐻)

𝑓13 = sin(𝑘𝑏1𝐻)

𝑓14 = 0
𝑓15 = 0

𝑓16 = 0

𝑓21 = −𝜇1𝑠1𝑒−𝑠1𝐻

𝑓22 = 𝑐44𝑘𝑏1 sin(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 sin(𝑘𝑏1𝐻)

𝑓23 = 𝑐44𝑘𝑏1 cos(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1 cos(𝑘𝑏1𝐻)

𝑓24 = 𝑒15𝑘𝑒−𝑘𝐻

𝑓25 = 𝑒15𝑘𝑒𝑘𝐻

𝑓26 = 0

 

𝑓31 = 0
𝑓32 = 1
𝑓33 = 0
𝑓34 = 0

𝑓35 = 0
𝑓36 = −1
𝑓41 = 0
𝑓42 = 0

𝑓43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

𝑓44 = 𝑒15𝑘
𝑓45 = −𝑒15𝑘

𝑓46 = 𝜇𝑇𝑝2 − (𝜇𝐿 − 𝜇𝑇)(𝑏1𝑏3𝑖𝑘 − 𝑏3
2𝑝2)

 

𝑓51 = 0

𝑓52 =
𝑒15

𝜖11

𝑓53 = 0
𝑓54 = 1
𝑓55 = 1
𝑓56 = 0

𝑓61 = 0

𝑓62 =
𝑒15

𝜖11

𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑓63 = −
𝑒15

𝜖11

𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑓64 = 𝑒−𝑘𝐻

𝑓65 = 𝑒𝑘𝐻

𝑓66 = 0

 

where 

𝑏1
2 = (

𝑐2

𝑐0
2 − 1),

𝑃∗ =
𝑖𝑘𝑅

2𝑃
+ 𝑘√(

𝑄

𝑃
) −

𝑅2

4𝑃2
−

𝑐2

𝑐2
2𝑃
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Appendix E 

𝑔11 = 𝑒−𝑠1𝐻

𝑔12 = −𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑔13 = 𝑠𝑖𝑛(𝑘𝑏1𝐻)
𝑔14 = 0
𝑔15 = 0
𝑔16 = 0

𝑔21 = 𝜇1𝑠1𝑒−𝑠1𝐻

𝑔22 = −𝑐44𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻)

𝑔23 = −𝑐44𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻)

𝑔24 = 𝑒15𝑘𝑒−𝑘𝐻

𝑔25 = 𝑒15𝑘𝑒𝑘𝐻

𝑔26 = 0
𝑔31 = 0
𝑔32 = 1
𝑔33 = 0
𝑔34 = 0
𝑔35 = 0

𝑔36 = −1

 

𝑔41 = 0
𝑔42 = 0

𝑔43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

𝑔44 = 𝑒15𝑘
𝑔45 = −𝑒15𝑘
𝑔46 = 𝜇𝑇𝑝2

𝑔51 = 0

𝑔52 =
𝑒15

𝜖11

𝑔53 = 0
𝑔54 = 1
𝑔55 = 1
𝑔56 = 0
𝑔61 = 0
𝑔62 = 0
𝑔63 = 0

𝑔64 = 𝑘𝑒−𝑘𝐻

𝑔65 = −𝑘𝑒−𝑘𝐻

𝑔66 = 0
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Appendix F 

ℎ11 = 𝑒−𝑠1𝐻

ℎ12 = −𝑐𝑜𝑠(𝑘𝑏1𝐻)

ℎ13 = 𝑠𝑖𝑛(𝑘𝑏1𝐻)
ℎ14 = 0
ℎ15 = 0
ℎ16 = 0

ℎ21 = −𝜇1𝑠1𝑒−𝑠1𝐻

ℎ22 = 𝑐44𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑠𝑖𝑛(𝑘𝑏1𝐻)

ℎ23 = 𝑐44𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻) +
𝑒15

2

𝜖11

𝑘𝑏1𝑐𝑜𝑠(𝑘𝑏1𝐻)

ℎ24 = 𝑒15𝑘𝑒−𝑘𝐻

ℎ25 = 𝑒15𝑘𝑒𝑘𝐻

ℎ26 = 0
ℎ31 = 0
ℎ32 = 1
ℎ33 = 0
ℎ34 = 0
ℎ35 = 0

ℎ36 = −1
ℎ41 = 0
ℎ42 = 0

ℎ43 = 𝑐44𝑘𝑏1 +
𝑒15

2

𝜖11

𝑘𝑏1

ℎ44 = 𝑒15𝑘
ℎ45 = −𝑒15𝑘
ℎ46 = 𝜇𝑇𝑝2

 

ℎ51 = 0

ℎ52 =
𝑒15

𝜖11

ℎ53 = 0
ℎ54 = 1
ℎ55 = 1
ℎ56 = 0
ℎ61 = 0
ℎ62 = 0
ℎ63 = 0

ℎ64 = 𝑒−𝑘𝐻

ℎ65 = 𝑒𝑘𝐻

ℎ66 = 0

 

 


