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Dynamic and sensitivity analysis of V-shaped cross-section piezoelectric beam as 
mass sensor for high-order vibration modes  
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Department of Mechanical Engineering, Shk.C., Islamic Azad University, Shahrekord, Iran 

ABSTRACT - Resonators represent a new generation of sensors with superior performance 
and high sensitivity, making them well-suited for mass sensing applications. While V-shaped 
cross-section beams have demonstrated enhanced particle absorption and improved 
performance over conventional rectangular beams in the first bending mode, their behavior in 
higher-order vibration modes, including lateral bending, torsion, and in-plane bending, remains 
unexplored. This study presents a dynamic model of the vibratory motion of V-shaped beams 
after particle adsorption, employing both modal analysis and finite element methods. A 
sensitivity analysis based on Sobol’s method is conducted to evaluate the influence of beam 
geometry on resonance frequency shifts post-adsorption and to quantify the extent of this 
effect. Simulation results reveal that V-shaped cross-section beams exhibit superior 
performance compared to rectangular beams, not only in the fundamental bending mode but 
also in higher-order vibration modes, including lateral bending, torsion, and in-plane bending. 
These findings highlight the potential of V-shaped resonators for advanced mass-sensing 
applications requiring multi-mode vibrational sensitivity. 

 
ARTICLE HISTORY 
Received : 27th Feb. 2025 
Revised : 13th June 2025 
Accepted : 02nd Sept. 2025 
Published : 30th Sept. 2025 

 
 
KEYWORDS 
V-shape 

Mass sensor 

Piezoelectric beam 

Vibration modes 

Sensitivity analysis 

 

1. INTRODUCTION 

Nowadays, resonators are widely used in biosensing [1, 2], mass sensors [3, 4], elements of vibration in electrical 

circuits [5], and quantum coupling [6]. One of the most common applications of mechanical resonators is particle 

detection. In mass sensors, an adsorptive analyte on the upper surface of the microcantilever (MC) enables the absorption 

of polymer molecules and living cells. The adsorptive analyte was placed on the symmetry axis of the MC so that particle 

absorption would only affect the flexural vibration of the MC with no torsional motion.  The great sensitivity of resonators 

introduced them as a new generation of mass sensors. Since these sensors do not require sample ionization and 

fragmentation for detecting biological substances, they are ideal for identifying viruses and bacteria [7, 8]. If particle 

absorption on the sensor is done thoroughly and completely, as the mass and the created surface tension increase, the 

sensor's stiffness, as well as its effective mass, also change. However, if particle absorption is done locally, only the mass 

of the sensor increases, which consequently decreases the resonance frequency of the sensor in different oscillation modes 

[9]. Thus, the change in resonance frequency in different oscillation modes is considered a suitable parameter for 

measuring the absorbed mass. Therefore, the greater the variations in the sensor's resonance frequency after particle 

absorption, the better the sensor's performance when used as a mass sensor. So far, many studies have been conducted to 

increase the frequency sensitivity of cantilevers as mass sensors, some of which include: reducing the geometric 

dimensions of the cantilever [10, 11], using carbon nanotubes [12, 13], and using different geometric shapes of the 

cantilever [14, 15]. One method that has received considerable attention is the use of various geometric shapes for the 

cantilever. Xu et al. [16] initially used simple rectangular and slotted cantilevers for aerosol particle mass sensing. To 

enhance the frequency sensitivity of the beam, they investigated different geometric dimensions of the beam. They 

determined the aspect ratios of length-to-width and width-to-thickness for these types of beams. Upadhyaya et al. [17] 

employed rectangular and triangular microcantilevers as mass sensors to study cancerous cells. Using the finite element 

method (FEM), they simulated surface stress on the microcantilever after cell adsorption. Additionally, the finite-

difference time-domain (FDTD) method was utilized to extract the transmission characteristics of the photonic resonator 

structure. Their results demonstrated a pressure sensitivity of 60 nm/MPa for the triangular microcantilever profile. 

Nyang’au et al. [18] employed rectangular-shaped microcantilevers and arrow-shaped microcantilevers (a combination 

of rectangle and triangle) as mass sensors. They utilized these types of microcantilevers to detect physical, chemical, and 

biological particles. By using the novel microcantilever design, they achieved a sensitivity of 0.13 Hz/pg. Saiz et al. [19] 

simulated two types of triangular and arched triangular beams as mass sensors for absorbing biological particles and 

chemical agents, and compared their performance with that of rectangular beams. The simulation results showed that the 

selected beams had higher sensitivity in both coated and uncoated modes compared to the rectangular one. Using the 

finite element method, Niklin and Darabkhani investigated a U-shaped cantilever microbeam as a mass sensor and 

examined the effect of geometric dimensions on the sensor's performance [20].  

In addition to single-layer mass sensors, which typically require an external actuator for vibrational excitation, 

piezoelectric beams represent another generation of mass sensors. By integrating a piezoelectric layer onto these beams, 



H. Safari et al. │ Journal of Mechanical Engineering and Sciences │ Volume 19, Issue 3 (2025) 

journal.ump.edu.my/jmes  10771 

not only is the sensor’s response speed enhanced, but miniaturization of the sensor is also achieved. Guo et al. [21], Pang 

et al. [22], and Qian et al. [23] used piezoelectric beams as mass sensors. Joshi et al. [24] experimentally tested a mass 

sensor excited by a piezoelectric layer on its top and concluded that the sensor's sensitivity increases with a reduction in 

the length of the piezoelectric layer. Niranjan et al. [25] used a piezoelectric beam as a mass sensor to detect SARS-CoV-

2. Chauhan and Ansari [26] dynamically modeled three types of cantilevers of rectangular, stepped-rectangular, and 

stepped-triangular, in both air and vacuum environments. They employed a piezoelectric layer on the beam to excite 

vibrational motion and investigated resonant frequency variations in mass sensors using both experimental and analytical 

methods. The simulation results demonstrated that the triangular beam exhibits higher frequency sensitivity compared to 

the other two models. In addition to modifying the geometry of piezoelectric beams, altering the cross-sectional geometry 

of the base layer can also impact the frequency sensitivity of the beams by increasing their bending stiffness. This aspect 

has not been explored in previous studies on this type of beam. Although various geometric shapes of cantilevers have 

been employed in previous studies, the beam's cross-section has consistently been assumed to be rectangular. The effect 

of flexural rigidity resulting from changes in the cross-sectional geometry has not been investigated. Furthermore, the 

studies have predominantly considered only the first vibration mode as the operational mode. In contrast, the impact of 

higher-order vibration modes on the sensitivity of such sensors has not been explored. In vibrational motions, in addition 

to flexural vibration modes, torsional and in-plane modes also exist. However, the frequency sensitivity of these modes 

in mass sensors after particle adsorption has not been investigated so far.  

Given the satisfactory performance of piezoelectric beams as mass sensors, and considering that the effect of cross-

sectional area variation on the beam's frequency sensitivity, as well as the performance of the mass sensor in higher 

oscillation modes, torsional vibration modes, and in-plane modes, has not yet been investigated, this paper examines the 

behavior of the sensor in different oscillation modes by modifying the beam's cross-sectional geometry to enhance its 

bending stiffness. Additionally, a sensitivity analysis is conducted on the beam to evaluate the influence of geometric 

dimensions on its performance. To increase the beam stiffness and enhance the performance of the piezoelectric beam, a 

V-shaped cross-section is used instead of a rectangular one, as proposed by Gao et al. [27]. Applying the analytical method 

of modal analysis and the numerical method of finite element, the behavior of the V-shaped piezoelectric beam in lateral 

bending, torsion, and in-plane bending modes in different oscillation modes is investigated, and the performance of the 

V-shaped cross-section beam is compared with that of the conventional rectangular beam. Finally, to investigate how the 

geometric dimensions of the beam influence the variations in resonance frequency after particle absorption, a sensitivity 

analysis is conducted using Sobol's method. 

2. MATERIAL AND METHODS 

2.1 Dynamic Modeling of a Piezoelectric Beam 

Cantilever beams are considered efficient tools when used as mass sensors. These types of sensors operate mainly 

based on the changes in the beam resonance frequency after particle absorption. To eliminate the effects of torsion and 

create a pure bending movement in these types of sensors, particle absorption is performed along the axis of symmetry. 

So far, most mass sensors have been rectangular cross-section cantilever beams, in which mass detection sensitivity and 

measurement accuracy depend on the beam's effective mass, resonance frequency, and analyte position. To enhance the 

performance of the beam as a mass sensor, a V-shaped beam is employed, which is excited by a piezoelectric layer on its 

top. Particle absorption is done on the longitudinal axis of symmetry and at the bottom of the V-shaped cross-section. 

According to Figure 1(a), the length of the beam consists of two parts: the beam with a piezoelectric layer of length L1 

and a single layer of length L2. The rectangular cross-section of the piezoelectric layer has a width and thickness of Wp 

and hp, respectively. The V-shaped section has two flat flanges, W1 and W2. The groove part has a depth of H and a width 

of W. The thickness of the beam in the V-shaped section is h. To compare the performance of the V-shaped cross-section 

beam with that of the rectangular cross-section, the rectangular beam in Figure 1(b) is considered. 

 
(a) 

 
(b) 

Figure 1. Schematic of: (a) V-shaped cross-section beam and (b) rectangular cross-section beam 
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By substituting Eqs. (A.1) and (A.5) in the Lagrange equation (see Appendix), the differential equation of the beam 

vibratory motion is obtained: 

𝑚(𝑥)𝑣″(𝑥, 𝑡) + [𝐾(𝑥)𝑣″(𝑥, 𝑡)]′′ + 𝐶𝑃
″(𝑥, 𝑡) = 0 (1) 

Furthermore, the relevant boundary conditions are: 

𝑥 = 0:  𝑣(0, 𝑡) = 0, 𝑣 ′(0, 𝑡) = 0 

𝑥 = 𝐿:  𝐸𝑏𝐼𝑏𝑣
″(𝐿, 𝑡) + 𝑚𝑝𝜔

2𝑣(𝐿, 𝑡) = 0, 𝑣‴(𝐿, 𝑡) = 0 
(2) 

In this equation, mp is the mass of the particle added to the beam. 

2.2 Analysis Modal of Differential Equation of Motion 

To solve the linear differential equation of vibratory motion, Eq. (1), the Galerkin separation of variables method can 

be used: 

𝑣(𝑥, 𝑡) = ∑ 𝜑𝑛(𝑥)𝑞𝑛(𝑡)

∞

𝑛=1

 (3) 

where ϕn(x) is the nth mode shape and qn(t) is the time-dependent generalized coordinate. Considering the geometric 

discontinuity of the beam due to the existence of the piezoelectric layer, it can be divided into two uniform beams. Thus, 

the equation of the mode shapes is stated as follows: 

𝜑𝑛(𝑥) = {
𝑐11 𝑆𝑖𝑛 𝛽𝑛 𝑥 + 𝑐12 𝐶𝑜𝑠 𝛽𝑛 𝑥 + 𝑐13 𝑆𝑖𝑛ℎ 𝛽𝑛 𝑥 + 𝑐13 𝐶𝑜𝑠ℎ 𝛽𝑛 𝑥   0 < 𝑥 < 𝐿1

𝑐21 𝑆𝑖𝑛 𝛽𝑛 𝑥 + 𝑐22 𝐶𝑜𝑠 𝛽𝑛 𝑥 + 𝑐23 𝑆𝑖𝑛ℎ 𝛽𝑛 𝑥 + 𝑐23 𝐶𝑜𝑠ℎ 𝛽𝑛 𝑥  𝐿1 < 𝑥 < 𝐿2
 (4) 

The unknown coefficients of the equation, cij√
𝑚𝜔𝑛

2

𝐾

4
 can be obtained using the beam boundary conditions (Eq. (2)), 

continuity conditions, and normalization conditions with respect to mass. Based on the beam boundary and continuity 

conditions, the characteristic matrix equation of the system can be stated as follows: 

𝐽 × [𝑐11 𝑐12 𝑐13 𝑐14 𝑐21 𝑐22
𝑐23 𝑐24] = 0 (5) 

where, J is the characteristic matrix given by: 

𝐽 =

[
 
 
 
 
 
 
 

0 1 0 1
1 0 1 0

𝑠𝑖𝑛( 𝛽𝑛𝐿1) 𝑐𝑜𝑠( 𝛽𝑛𝐿1) 𝑠𝑖𝑛ℎ( 𝛽𝑛𝐿1) 𝑐𝑜𝑠ℎ( 𝛽𝑛𝐿1)
𝑐𝑜𝑠( 𝛽𝑛𝐿1) − 𝑠𝑖𝑛( 𝛽𝑛𝐿1) 𝑐𝑜𝑠ℎ( 𝛽𝑛𝐿1) 𝑠𝑖𝑛ℎ( 𝛽𝑛𝐿1)

−𝛾1 𝑠𝑖𝑛( 𝛽𝑛𝐿1) −𝛾1 𝑐𝑜𝑠( 𝛽𝑛𝐿1) 𝛾1 𝑠𝑖𝑛ℎ( 𝛽𝑛𝐿1) 𝛾1 𝑐𝑜𝑠ℎ( 𝛽𝑛𝐿1)

−𝛾1 𝑐𝑜𝑠( 𝛽𝑛𝐿1) 𝛾1 𝑠𝑖𝑛( 𝛽𝑛𝐿1) 𝛾1 𝑐𝑜𝑠ℎ( 𝛽𝑛𝐿1) 𝛾1 𝑠𝑖𝑛ℎ( 𝛽𝑛𝐿1)
0 0 0 0
0 0 0 0

 

   

0 0 0 0
0 0 0 0

− 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿1) − 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝐿1) − 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿1) − 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿1)

−𝛼2 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝐿1) 𝛼2 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿1) −𝛼2 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿1) −𝛼2 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿1)

𝛼2
2 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿1) 𝛼2

2 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝐿1) −𝛼2
2 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿1) −𝛼2

2 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿1)

𝛼2
3 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝑙1) −𝛼2

3 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿1) −𝛼2
3 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿1) −𝛼2

3 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿1)

− 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿) − 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝐿) 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿) 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿)

− 𝑐𝑜𝑠( 𝛼2𝛽𝑛𝐿) + 𝑀1 𝑠𝑖𝑛( 𝛼2𝛽𝑛𝐿) + 𝑀2 𝑐𝑜𝑠ℎ( 𝛼2𝛽𝑛𝐿) + 𝑀3 𝑠𝑖𝑛ℎ( 𝛼2𝛽𝑛𝐿) + 𝑀4 ]
 
 
 
 
 
 
 
 

 

(6) 

where, 

 𝛼2 = √
𝑚𝑝𝐾1

(𝑚𝑝+𝑚𝑏)𝐾2

4
 ; 𝛾1 =

𝐾1

𝐾2
 (7) 

  

𝑀1 =
𝑚𝑝

𝑚𝑏
𝛽𝛼2 𝑠𝑖𝑛 𝛼2 𝛽𝐿; 𝑀2 =

𝑚𝑝

𝑚𝑏
𝛽𝛼2 𝑐𝑜𝑠 𝛼2 𝛽𝐿; 

𝑀3 =
𝑚𝑝

𝑚𝑏
𝛽𝛼2 𝑠𝑖𝑛ℎ 𝛼2 𝛽𝐿; 𝑀4 =

𝑚𝑝

𝑚𝑏
𝛽𝛼2 𝑐𝑜𝑠ℎ 𝛼2 𝛽𝐿 

(8) 

To obtain the non-trivial solution for the matrix Eq. (5), the determinant of the matrix of coefficients J must be zero. 

By setting the determinant of the matrix J equal to zero, the value of βn is obtained for different oscillation modes. To 

find βn and, therefore, the post-adsorption natural frequency, Dekker's algorithm [28] was employed in MATLAB. 

The MC resonant frequency in air due to system damping can be written as: 

𝜔𝑑 = 𝜔𝑛√1 − 𝜉2 (9) 
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where, ωd is the damped resonance frequency, while ξ is the MC damping ratio in air. It is very complicated to determine 

ξ in a double-layer V-shaped MC. As particle absorption in MCs alters the natural frequency ωn by changing the MC 

mass, it is possible to evaluate the vibration behavior of the MC after particle absorption and the MC resonant frequency 

by analyzing the alteration of the natural frequency [27].  

The ordinary differential equation of the MC vibration motion is obtained by inserting v(x,t) from Eq. (3) in Eq. (1) 

(i.e., the differential motion equation), multiplying the equation by φn (x), and integrating along the beam:  

𝑞̈𝑛 + 𝜔𝑛
2𝑞𝑛 + ∑ 𝐶𝑛𝑚𝑞̇𝑛

∞

𝑚=1

+ 𝛾𝑛𝑃(𝑡) = 0 (10)                                       

where, 

𝜔𝑛
2 = ∫ 𝜑𝑛(𝑥)

𝑑2

𝑑𝑥2
(𝐾(𝑥)

𝑑2𝜑𝑛(𝑥)

𝑑𝑥2
)

𝐿

0

𝑑𝑥 (11 )  

  

𝐶𝑛𝑚 = ∫ 𝐶𝜑𝑛(𝑥)𝜑𝑚(𝑥)
𝐿

0

𝑑𝑥 (12 )  

  

𝛾𝑛 = ∫ 𝜑𝑛(𝑥)
𝑑2𝐶𝑝(𝑥)

𝑑𝑥2
𝑑𝑥

𝐿1

0

 (13 )  

Numerical methods can be employed to solve Eq. (10). To this end, the Runge-Kutta method was used and programmed 

in MATLAB software. 

3. RESULTS AND DISCUSSION 

3.1 Dynamic Simulation of Piezoelectric Beam as Mass Sensor 

To simulate the vibration motion of the V-shaped piezoelectric MC as a mass sensor, an MC with a piezoelectric layer 

on the upper surface was considered, as shown in Figure 1. The MC was assumed to have one fixed end and one free end. 

To evaluate the effects of adsorbed particles on MC vibration, particles were assumed to be adsorbed onto the free end of 

the MC. To investigate the pure flexural vibration, particle adsorption onto the axis of symmetry was assumed. Table 1 

provides the geometric parameters and physical properties of the MC layers. 

Table 1. Geometric characteristics and physical properties of the beam 

 
L1 

(mm) 

L2 

(mm) 

t 

(mm) 

w1,3 

(mm) 

w2 

(mm) 

h 

(mm) 

E 

(GPa) 

ρ 

(kg/m3) 

V-shaped base layer 12 8 0.07 1 2 1 200 7800 

Rectangular base layer 12 8 0.07 1 - - 200 7800 

Piezoelectric Layer 12 - 0.25 - - -   61 7650 

 

 

Figure 2. Effect of particle absorption on V-shaped beam natural frequency 

To validate the dynamic simulation results of the piezoelectric beam as a mass sensor, the experimental results 

obtained by Gao et al. [27] were utilized. To that end, masses of 200, 400, 600, 800, and 1000 μg are placed on the beam 

tip and on its axis of symmetry in five different cases, and the beam resonance frequency is measured. In Figure 2, the 

variations in the V-shaped piezoelectric beam resonance frequency after particle absorption in the dynamic simulation 
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are compared with the practical results. The MC natural frequency changes upon the adsorption of particles. The pre- and 

post-adsorption natural frequencies of the MC could be obtained by solving the determinant of the coefficients of matrix 

J (Equation 6) for a certain adsorbed mass. The pre-adsorption natural frequency can be calculated using Equation 6, with 

mp set to 0 in Equations 8 and 9. The difference between the pre- and post-adsorption natural frequencies gives the 

frequency shift. Figure 2 depicts the frequency shift for the adsorbed mass. As experimental data had been reported for 

the first mode [27], the frequency shift for the first mode was calculated. The results show a good agreement between the 

dynamic simulation results and the practical ones, with an average difference of only about 7.8% between the results in 

the five examined cases. 

In mass sensors, the stiffness of the beam plays a crucial role in determining the sensor's performance. Therefore, to 

increase the stiffness of the beam, a V-shaped section, rather than a rectangular cross-section, was used in the base layer. 

To compare the performance of this beam as a mass sensor in higher oscillation modes (the first three modes) with that 

of a rectangular beam, according to Table 1, the two selected beams are considered to have the same length, width, 

thickness, and material. The absorbed mass is considered at the beam tip. After mass absorption, the variations in 

resonance frequency and oscillation amplitude for the first three modes of the two selected beams are compared. V-shaped 

MCs have a larger second moment of area than rectangular MCs. This results in higher stiffness and, consequently, a 

higher natural frequency. The V-shaped MC with a higher natural frequency experienced a larger change in its natural 

frequency than the rectangular MC upon the adsorption of particles. This contributes to the performance enhancement of 

the MC as a mass sensor. In general, MC stiffness enhancement in mass sensors would be an effective technique to 

improve sensor performance [27, 29], as shown in Figure 3. Particle absorption causes more frequency variations in all 

the first three oscillation modes of the V-shaped beam compared to the rectangular beam, indicating that the V-shaped 

beam exhibits better frequency performance in these modes as a mass sensor. 

 

Figure 3. Frequency variations for the first three oscillation modes of the V-shaped beam and the rectangular beam  

Figure 4 shows that particle absorption on the beam alters its effective mass, which affects both the resonance 

frequency and the amplitude of vibration across all three modes. Therefore, in addition to the resonance frequency, the 

amplitude of the vibratory motion can be used as a good parameter to detect the absorbed mass. Examining the beam 

frequency response before and after particle absorption in the first three oscillation modes reveals that, with the absorption 

of 1 μg of mass, the resonance frequencies in the first, second, and third modes change by 2.7%, 3.75%, and 2.55%, 

respectively. The highest and lowest frequency variations are observed in the second and first modes, respectively. 

Furthermore, the amplitude variations of the beam in the first, second, and third modes are 5.68%, 13.51%, and 0.34%, 

respectively, indicating that the highest amplitude variation is observed in the second mode. Therefore, it can be concluded 

that among the first three oscillation modes, the second mode is the most suitable, considering the performance of this 

beam as a mass sensor. A comparison of the post-adsorption vibration amplitude variation to the natural frequency implies 

that the vibration amplitude of the V-shaped MC had higher performance than the natural frequency parameter. 

Table 2 compares the resonance frequency and oscillation amplitude variations of the V-shaped and rectangular beams 

after particle absorption in the first three modes. As can be seen, the variations of frequency to the absorbed mass in the 

V-shaped beam in the first, second, and third modes are 1.5, 7.2, and 3.75 times that of the rectangular beam, respectively, 

and the V-shaped beam amplitude variations in the first three oscillation modes are 3.20, 3.19, and 3.04 times that of the 

rectangular beam, respectively. Therefore, it can be concluded that the V-shaped beam exhibits better performance than 

the rectangular beam in terms of both amplitude and frequency variations. The V-shaped beam exhibits better performance 

and a more pronounced response as a mass sensor than the rectangular beam. Based on the results in Table 2, it can also 

be concluded that among the first three modes, the V-shaped beam exhibits better performance in the second oscillation 

mode in the frequency domain. 
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(a) (b) 

 
(c) 

Figure 4. Frequency response of piezoelectric beam: (a) first mode, (b) second mode, and (c) third mode 

Table 2. Effect of mass absorption on the resonance frequency and oscillation amplitude 

 ΔA/Δm (db/μg) Δf/Δm (Hz/μg) 

Section Type V-shaped Rectangular V-shaped Rectangular 

First Mode 0.0096   0.003    0.067 0.0447 

Second Mode 0.0262 0.0082 0.4077 0.0567 

Third Mode 0.0070 0.0023 0.7507 0.2003 

 

 

Figure 5. Effect of mass absorption on V-shaped piezoelectric beam vibration modes 

Mass sensors can be used not only in lateral bending but also in torsional vibration and in-plane bending. Due to the 

complexity of modeling V-shaped beams under torsional and in-plane bending vibrations, the finite element method is 

employed to investigate their performance as mass sensors in these vibration modes. To that end, the selected beams were 

simulated using Abaqus software [30]. To simulate the double-layer MC, its components were drawn in three dimensions. 

Then, they were assembled using the tie module, ensuring no relative movement occurred between the two layers. The 

left corner of the MC was fully fixed, and the natural frequencies of the MC were calculated using the natural frequency 

module. 3D elements were employed to mesh the MC. The convergence was achieved with 23100 quadratic 3D stress 
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elements. The results obtained from the Abaqus software and analytical simulation for lateral bending (Figure 5) show 

that the highest frequency variations of the V-shaped cross-section beam in torsion, in-plane bending, and lateral bending 

occur in the third, first, and second modes, respectively 

To compare the behavior of the V-shaped beam and rectangular beam in torsion and in-plane bending, the results of 

Figure 6 can be used. According to the results obtained in Figure 6(a), the in-plane bending frequency after mass 

absorption in the V-shaped beam has changed by 48%, 60%, and 134% in the first, second, and third modes, respectively, 

which is greater than that of the rectangular beam. Furthermore, according to Figure 6(b), in torsion, the frequency of the 

V-shaped beam has increased by 36%, 1%, and 7.58% in the first, second, and third modes, respectively, compared to the 

rectangular beam. This can be attributed to the higher lateral flexural stiffness and torsional stiffness of the V-shaped MC 

compared to the rectangular MC. These results also indicate that the V-shaped beam performs better than the rectangular 

beam in the first three oscillation modes of planar bending and torsion. 

  
(a) (b) 

Figure 6. Comparing the effect of mass absorption on: (a) in-plane and (b) torsion vibration modes of V-shaped and 

rectangular section beams 

3.2 Sensitivity Analysis of the Beam’s Natural Frequency  

The effect of the beam's geometric parameters on its resonance frequency variation after particle absorption (Δf) is a 

critical issue in studying the behavior of piezoelectric beams, as well as in designing them as a mass sensor. Obviously, 

the geometric parameters that significantly affect the beam resonance frequency can be considered the main parameters 

in developing this type of beam as a mass sensor. In the present study, to achieve the desired performance of the sensor, 

a sensitivity analysis of the piezoelectric beam's geometric dimensions is performed on the resonance frequency. To that 

end, Sobol’s statistical method is used. The alteration of the MC natural frequency upon particle adsorption is dependent 

on the MC dimensions, i.e., the length, width, and thickness of each layer. Sobol’s method would be efficient for analyzing 

the effects of these geometric parameters on the alteration of the natural frequencies, given the influences of all geometric 

parameters on target parameters (such as the natural frequency) [31-33]. Based on this method, arrays of input parameters 

(geometric dimensions of the beam) are formed, and then the target quantity (variations in the beam's resonance 

frequency) is calculated. Sensitivity analysis is performed to determine the effect of geometric parameters on variations 

in resonance frequency. 

  
(a) (b) 

Figure 7. Effect of thickness of piezoelectric beam layers on resonance frequency: (a) base layer and 

(b) piezoelectric layer 

 Figure 7 shows how the thickness of the beam piezoelectric layer and base layer affects the beam resonance frequency 

variations after particle absorption in the first three oscillation modes. As can be seen, increasing the thickness of the 

piezoelectric layer in the first two modes, unlike the thickness of the beam base layer, which decreases Δf, does not 

significantly affect the variations in the beam resonance frequency after particle absorption compared to the first and 

second modes. This occurs during the third oscillation mode at tp = 0.26 mm, where the value of Δf is maximized, 
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indicating optimal sensor performance at this value. In addition to the thickness of the beam layers, the width of the layers 

can affect Δf. Figure 8 shows the effect of the width parameter on Δf in the first three vibration modes of the beam. The 

results of Figure 8(a) show that the increase in the width of the flanges in the second and third modes exhibits an upward 

trend in intensity, which is more pronounced in the third period. Nonetheless, in the first mode, the value of Δf is 

minimized when w1 = 1.55 mm. That is to say, this value of w1 is considered the most inappropriate design value. 

Furthermore, according to Figure 8(b), the minimum values of w2 (groove width) in the first to third modes of oscillation 

occur for values of 4.1, 4.25, and 3.9 mm, respectively, which are inappropriate values of w2 in designing the beam. 

  
(a) (b) 

Figure 8. Effect of width on resonance frequency: (a) flange width and (b) groove width 

  
(a) (b) 

Figure 9. Effect of piezoelectric beam length on resonance frequency: (a) piezoelectric layer and (b) extended area 

  
(a) (b) 

 
(c) 

Figure 10. Level of influence of geometric parameters on Δf in: (a) first mode, (b) second mode, and (c) third mode  
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Figure 9 shows the effect of the length of the piezoelectric layer and the extended beam on Δf. According to 

Figure 9(a), as the length of the piezoelectric layer increases in the second and third modes, Δf has a downward and 

upward trend, respectively. However, in the first oscillation mode, the value of Δf for L1 = 23 mm reaches its maximum 

value, which is the optimal amount for design purposes. As the length increases, frequency variations decrease. According 

to Figure 9(b), for the extended length of 16.5mm, the value of Δf is minimized in the first oscillation mode, and it is 

maximized in the second and third oscillation modes for the lengths of 18 and 23.8 mm, respectively. Therefore, the 

appropriate and inappropriate values of designing the extended length in the first three modes of oscillation are 

determined. The Sobol sensitivity analysis allows not only for assessing how different parameters affect the target but 

also for measuring these effects. In other words, the parameters with the most significant impact on the target can be 

identified. The frequency shift upon particle adsorption was the target, and the Sobol sensitivity analysis was employed 

to find the geometric parameters with the most significant effects on the frequency shift. Each geometric parameter 

contributes to the frequency shift; these contributions were measured through Sobol sensitivity analysis on a scale of 0-

100% for comparison purposes. Figure 10 shows the sensitivity of Δf to the geometric dimensions of the beam and the 

piezoelectric layer in the first three oscillation modes. As can be seen, the thickness of the piezoelectric layer and the base 

layer are the most influential geometric parameters on Δf when designing this type of beam as a mass sensor. Nonetheless, 

the length of the piezoelectric layer in the first mode and the base layer's groove width in the second and third oscillation 

modes have a minimal effect on Δf. 

4.  CONCLUSIONS 

To increase the sensitivity of piezoelectric beams as a mass sensor, a V-shaped cross-section was used instead of a 

rectangular cross-section. Since in resonators, the absorbed mass is determined based on the variations in the resonance 

frequency, the variations in the resonance frequency of the V-shaped cross-section beam after particle absorption were 

dynamically modeled using modal and finite element analysis methods, and the performance of this type of beam was 

compared to that of the rectangular one. The geometric dimensions of the beam influence the shift in resonance frequency 

(Δf) after particle absorption. Sobol's sensitivity analysis was used to quantify the extent of this influence. The results of 

dynamic modeling and sensitivity analysis of the beam show that: 

i) Among the first three oscillation modes, the V-shaped cross-section piezoelectric beam shows the highest amplitude 

and frequency variations after particle absorption in the second mode, indicating the better performance of this beam 

as a mass sensor in the second oscillation mode. 

ii) Comparing the performance of the V-shaped beam with the rectangular one reveals that the most significant difference 

between the beams occurs in the second and first oscillation modes, as reflected in the frequency variations after 

particle absorption and the amplitude of vibratory motion, respectively. 

iii) Abaqus software simulation results also show the better performance of the V-shaped cross-section beam compared 

to the rectangular one, such that the variations of resonance frequency in torsional and in-plane vibration in the first 

and third modes are 1.36 and 2.34 times, respectively, as great as those of the rectangular beam. 

iv) The results of the sensitivity analysis using Sobol’s method show that the thickness of the piezoelectric layer and base 

layer are the most influential geometric parameters on Δf in the first three oscillation modes, respectively. Moreover, 

these geometric parameters are the most important ones in designing this type of beam as a mass sensor. 
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APPENDIX 

To dynamically model the V-shaped cross-section and rectangular cross-section beams, the Euler-Bernoulli theory 

method is employed. To that end, the beam kinetic energy is: 

(A.1) 𝑇 =
1

2
∫ 𝑚(𝑥)𝑣̇(𝑥, 𝑡)2𝑑𝑥

𝐿

0

 

where v(x,t) is the bending deformation of the beam at a point x and time t. L indicates the total length of MC (L1+L2), 

and m(x) is the mass per unit length of the beam, which is as follows in the two areas of the beam : 

(A.2)                𝑚(𝑥) = (𝑚𝑏 + 𝑚𝑝)(𝐻0 − 𝐻𝐿1
) + 𝑚𝑏(𝐻𝐿1

− 𝐻𝐿) 

where, H(x) is the Heaviside function and is defined as HL=H(x-L) and mb and mp are : 

𝑚𝑏 = 𝜌𝑏𝑡𝑏(𝑤1 + 𝑤3 + √𝑤2
2 + 4ℎ

2)                                           for a V-shaped section 
(A.3) 

𝑚𝑏 = 𝜌𝑏𝑤𝑏𝑡𝑏 for rectangular section 

   

𝑚𝑝 = 𝜌𝑝𝑤𝑝𝑡𝑝 for V-shaped and rectangular sections (A.4) 

where ρb and ρp are the densities of the base layer and that of the piezoelectric layer, respectively. Since energy is a scalar 

quantity, the total potential energy of the bending beam is obtained by summing the potential energies of the base layer 

and the piezoelectric layer. Since the strain in pure bending of the beam is considered one-dimensional (ɛyy=ɛxy=0), the 

strain potential energy can be written as 𝑈 =
1

2
∫ ∬ 𝜎𝑥𝑥𝜀𝑥𝑥𝑑𝐴𝑑𝑥

𝐴

𝐿

0
. According to the theory of beams, due to the small 

deformations along the thickness and width of the beam, the effect of Poisson's ratio can be ignored. Therefore, the 

longitudinal strain is defined as 𝜀𝑥𝑥 = −𝑦𝑣𝑥𝑥 . On the other hand, the utilized piezoelectric layer undergoes bending 

vibration when an alternating potential difference is applied to both sides and is used as a source of vibration force for the 

beam. According to the basic equation of piezoelectric materials, the stress created in the piezoelectric layer as a result of 

applying electric voltage P(t) in one-dimensional axial form  can be written as 𝜎𝑝 = 𝐸𝑝𝜀𝑝 − 𝐸𝑝𝑑31𝑃(𝑡). Therefore, the 

beam's total potential energy is calculated as follows: 

𝑈 =
1

2
∫ (𝐾(𝑥)𝑣″2(𝑥, 𝑡) + 𝐶𝑃(𝑥, 𝑡)𝑣″(𝑥, 𝑡))𝑑𝑥

𝐿

0

 (A.5) 

where K(x) and Cp are the equivalent bending stiffness of the beam and the electromechanical coupling coefficient of the 

piezoelectric layer, respectively, which are as follows for the whole beam: 
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𝐾(𝑥) = 𝐾1(𝐻0 − 𝐻𝐿1
) + 𝐾2(𝐻𝐿1

− 𝐻𝐿) (A.6) 
  

𝐶𝑃 = 𝐸𝑃𝑑31𝑤𝑃(𝑦𝑛 + 0.5𝑡𝑝)𝑃(𝑡)(𝐻0 − 𝐻𝐿1
) (A.7) 

in which: 

For V-shaped section: 

𝐾1 = 𝐸𝑏 [𝐼𝑏 + 𝑤1ℎ(𝑡𝑛1 −
𝑡𝑏
2

)2 + 𝑤2(ℎ + 𝑡𝑏)(
ℎ + 𝑡𝑏

2
− 𝑡𝑛1)

2 −
𝑤2ℎ

2
(
ℎ

3
− 𝑡𝑛1)

2  −
𝑤2ℎ

2
(
2ℎ

3
+ 𝑡𝑏 − 𝑡𝑛1)

2

+ 𝑤3ℎ(𝑡𝑛1 −
𝑡𝑏
2

)2)] + 𝐸𝑝𝑤𝑝𝑡𝑝 [
𝑡𝑝

2

12
+ (𝑡𝑛1 +

𝑡𝑝

2
)2] 

(A.8) 

  

𝐾2 = 𝐸𝑏 [𝐼𝑏 + 𝑤1𝑡𝑏(𝑡𝑛2 −
𝑡𝑏
2

)2 + 𝑤2(ℎ + 𝑡𝑏)(
ℎ + 𝑡𝑏

2
− 𝑡𝑛2)

2 −
𝑤2ℎ

2
(
ℎ

3
− 𝑡𝑛2)

2 

   −
𝑤2ℎ

2
(
2ℎ

3
+ 𝑡𝑏 − 𝑡𝑛2)

2 + 𝑤3𝑡𝑏(𝑡𝑛2 −
𝑡𝑏
2

)2)] 
(A.9) 

For Rectangular Section: 

𝐾1 = 𝐸𝑏𝑤𝑏𝑡𝑏 (
1

3
𝑡𝑏
2 + 𝑡𝑛

2 − 2𝑡𝑏𝑡𝑛) + 𝐸𝑝𝑤𝑝𝑡𝑝 [
1

12
𝑡𝑝
2 + (𝑡𝑏 +

𝑡𝑝

2
− 𝑡𝑛)

2

] (A.10) 

  

𝐾2 =
1

12
𝑤𝑏𝑡𝑏

3 (A.11) 

and intermediate variables Ib, tn1, tn2 and tn are : 

𝐼𝑏 =
1

12
[(𝑤1 + 𝑤3)𝑡𝑏

3 + 𝑤2(ℎ + 𝑡𝑏)
3] −

1

18
𝑤2ℎ

3 (A.12) 

  

𝑡𝑛1 =
1

2

𝐸𝑝𝑤𝑝𝑡𝑝
2 − 𝐸𝑏 [𝑤1𝑡𝑏

2 + 𝑤2(ℎ + 𝑡𝑏)
2 −

𝑤2ℎ
2

3
− 𝑤2ℎ(

2ℎ
3

+ 𝑡𝑏) + 𝑤3𝑡𝑏
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(A.13) 
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2

3
− 𝑤2ℎ(

2ℎ
3

+ 𝑡𝑏) + 𝑤3𝑡𝑏
2

(𝑤1 + 𝑤2 + 𝑤3)𝑡𝑏
 

(A.14) 

  

𝑡𝑛 =
1

2

𝐸𝑏𝑤𝑏𝑡𝑏
2 + 𝐸𝑝𝑤𝑝𝑡𝑝(2𝑡𝑏 + 𝑡𝑝)

𝐸𝑏𝑤𝑏𝑡𝑏 + 𝐸𝑝𝑤𝑝𝑡𝑝
 (A.15) 

In these equations, Eb and EP are the modulus of elasticity of the base layer and piezoelectric layer, respectively 

 

 

 


