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ABSTRACT - The establishment of a mathematical model for the ion exchange leaching QZJ;:\:/:E HIS,TO';I May 2025

process is key to creating a theoretical basis for the recovery of rare earth elements (REEs) Revised Z 10t June 2025
from ion adsorption clay. Given the complexity of the process and limitations of experimental Accepted j 15 July 2025
methods, modelling and simulation provide a promising, cost-effective approach to Published 140 July 2025

understanding ion exchange leaching mechanisms for REE extraction. Therefore, this study
aims to develop a such a model, employing the Shrinking Core Model and utilizing MgSQa4 as KEYWORDS

the leaching solution. A kinetic model was successfully developed based on the rate- Rare earth elements (REE)
determining step equation which belonged to the internal diffusion control. The calculated k

s . e lon adsorption clay
value was 0.005, and the initial n value of 1.53 was later modified to 1.33 due to a deviation

\ ; . e REE leaching efficiency
exceeding 10% in the Normalized Root Mean Square Error (NRMSE) value. The statistical Mathematical model
model validation demonstrated a high level of agreement with the index values of d = 0.978, Magnesium sulphate
indicating an excellent agreement with experimental data, and a low value of NRMSE = 7.9 Shrinking Core Mode!

%, indicating an excellent performance model. The model consistently exhibits exponential
growth in REE leaching efficiency, eventually reaching a maximum of 100% as leaching time
progresses, demonstrating the leaching behaviour of REE extraction observed in this model
follow the patterns observed in the leaching experiment. In conclusion, the developed kinetic
model has the potential to provide reliable data on REE leaching efficiency at different leaching
times across various concentrations of MgSO4 solution.

1. INTRODUCTION

Rare earth elements (REEs) are now essential in modern technology, playing critical roles in the development of a
wide range of high-tech applications [1]-[3]. REEs are generally used in minimal quantities across various high-tech
applications because of their remarkable ability to improve product performance, durability, and efficiency. [4]. Due to
rising demand driven by advancing technologies such as hybrid and electric vehicles, magnets, and optical instruments,
the REE metals market, which was estimated at USD 13.2 billion in 2019, is projected to expand at a compound annual
growth rate (CAGR) of about 10.7% from 2020 to 2026 [5]. Ensuring a sufficient supply of REEs is crucial to meet the
growing demand. Therefore, ion adsorption clays are identified as a promising alternative source to fulfil the increasing
need for REEs, rather than solely relying on conventional sources such as bastnasite, monazite, and xenotime.

lon exchange leaching has become an effective method for the REE extraction, as the majority of REEs, about 60%
to 90%, are found in the ionic phase within the clay [5]-[8]. During the extraction process, REE3* ions adsorbed onto the
clay surface exchange with cations in the salt solution, such as NH4*. Consequently, the released REE®* ions enter the
external solution and are collected as a leachate solution. Ensuring the maximum REE®* ions concentration in the leachate
solution is essential in ion exchange leaching, as it indicates the effectiveness of the extraction process. This presents the
advantage of a simpler and more cost-effective recovery process, utilizing a salt solution as the leaching solution, with
commonly employed solutions including ammonium sulfate ((NH4)2SO4), magnesium sulphate (MgSO.), and sodium
chloride (NaCl) [9]-[12]. MgSO4 exhibits significant potential in increasing REE leaching efficiency as demonstrated by
K. Chen et al. [13]. Their findings revealed that employing a 0.23 M MgSO4 leaching solution led to an improved REE
leaching efficiency of 96.19% following the second stage leaching, surpassing the 93.87% achieved with a 0.23 M
(NH4)2SO4 solution. Additionally, MgSOQ, solution effectively reduces aluminum (Al), a primary impurity in leachate
solutions, while maintaining comparable levels of REE leaching efficiency with (NH4)>SO4 solution, as evidenced by
studies conducted by Ran et al. [12], Y. F. Xiao et al. [14], and Yanfei et al.[15].

Current research is primarily focused on conducting ion exchange leaching experiments to identify the best leaching
solutions and optimum conditions for improving the efficiency of REE extraction[5], [11], [16], [17]. However, it's crucial
to understand the leaching mechanism to achieve high efficiency with low cost and minimal environmental impact.
Various factors affecting REE extraction from ion adsorption clays have been studied experimentally, including leaching
solution type and concentration, temperature, pH, and time [13], [16], [18], [19]. Given the complexity of the process and
the limitations of experimental work, modelling and simulation methods offer a promising approach to understand ion
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exchange leaching mechanisms for REE extraction [20]. Integrating modelling into the process can help reduce errors
and optimize leaching conditions before real experiments, making the approach more efficient and cost-effective.

This paper aims to develop a mathematical model to represent the leaching process for recovering rare earth from ion
adsorption clay. Existing models, such as Fick’s Law and the Kerr Model, are limited in capturing the entire leaching
reaction mechanism which include both diffusion and chemical reaction steps. Fick's Law explains the diffusion of REE
ions and leaching solution cations under a concentration gradient, while the Kerr Model focuses on the ion exchange
reaction between REE ions and leaching solution cations on the clay surface [21]. To address this gap, this study employs
the Shrinking Core Model, selected for its ability to represent the full kinetic mechanism, including external diffusion,
internal diffusion, and chemical reaction control steps [11], [12], [14], [22], [23]. The exploration of kinetics is essential
due to the significant increase in REE leaching efficiency observed over time during the ion exchange reaction. In this
study, magnesium sulphate (MgSO.) was selected as the leaching solution, and ultimately, a mathematical equation will
be formulated to predict REE leaching efficiency under specific leaching durations and conditions.

2. RESEARCH METHOD

In this study, the derivation of the three controlling steps - external, internal, and chemical reaction control was
performed based on the first principal model. The rate determining step was identified among the three controlling steps,
followed by the determination of rate constant and reaction order. Then, the model was used to determine the REE
leaching efficiency parameter (o) using Microsoft Excel, where it was validated, and the REE leaching profile was
subsequently analyzed. Figure 1 presents the process flow chart to develop the model equation for the reaction.

Develop mathematical model equation based on Shrinking Core Model

v

Determination of REE Leaching Efficiency Parameter using Microsoft
Excel

v

Model validated with literature data

v

Less 10%
deviation??

No

Sensitivity analysis

End

Figure 1. Process flow chart in development model equation for ion exchange leaching

2.1  Derivation Based on the First Principal Model

According to the Shrinking Core Model, the clay particle size remained constant throughout out the reaction with a
significant number of impurities that remained as non-flaking ash or formed firm product materials as illustrated in Figure
2 [24], [25]. The outer layer of the clay particle was where the reaction takes place in this model. The reaction zone then
penetrated the solid, creating fully converted material and inert solid, also known as ash. Thus, there was a core of
unreacted material that remained at any time and shrank in size as the reaction continued, as demonstrated in Figure 3.
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Figure 2. Process flow chart in development model equation for ion exchange leaching [25]
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Figure 3. The unreacted core of the material shrank in size as the reaction continued Levenspiel [25]

The derivation of the Shrinking Core Model from the first principal model was referred to Levenspiel [25]. When
formulating its Kinetic equation, consideration was given to the thin liquid layer surrounding the clay particle’s surface,
which was considered as a liquid film. The ion exchange leaching reaction was described by Eq. Error! Reference source
not found., where A denoted the leaching solution, B represented the ionic phase of REEs in the ion adsorption clay,
and b indicated the stoichiometry of reactant B. The resulting solid product represented the cation attached to the clay,
while the liquid product was the leachate solution containing REEs.

A (D) + bB(s) — solid product + liquid product 1)
2.2 Diffusion through Liquid Film Controls (External Diffusion)

Whenever the resistance of the liquid film was a controlling factor, the concentration profile of liquid reactant A was
illustrated in Figure 4. From the figure, there was no liquid reactant presented at the particle surface, resulting in the
concentration of liquid reactant at the particle surface, C,s was zero. Thus, the driving force was simplified from C,; —
C,s, to just C4; which referred to the concentration of liquid reactant A, and it remained constant throughout the entire
reaction. The focus was directed toward the constant exterior surface of a clay particle, S,, since it was convenient to
derive the kinetic equations based on the available surface. Notably, by recognizing the stoichiometry of Eq. Error!
Reference source not found., that dNy; = bdN,, expressing the rate of change Ny in terms of N, using that
stoichiometry, introducing terms related constant exterior surface of a clay particle, S, Eq. 1 was developed.

1 dN; 1 dNy b dN,

S, dt - R dt - anke ar - Pke (Cu = Cas) = kg Gy = constant @

where S, was the exterior surface area of a clay particle, Ny was the moles of REEs, N, was the moles of the leaching
solution, t was the leaching time, R was the radius of the clay particle, b was the stoichiometric of REEs, k, was the mass
transfer coefficient between fluid and particle, C,; was the concentration of the leaching solution and C,s was the leaching
solution concentration at the particle surface.
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Figure 4. Representation of reacting particle when diffusion through liquid film was the controlling factor Levenspiel
[25]

Letting p represent the molar density of B within the solid particle and V represent the particle’s volume, the quantity
of B presented in a solid particle was calculated by using Eq. 2.

szvaz(

The volume or radius of unreacted core reduction, 7, was corresponded to the disappearance of dNj, therefore the moles
of solid reactant B were expressed through Eqg. 3.

moles B

) ( m3solid) )

m3solid

4
—dNg = —bdN, = — pgdV = —ppd (gnrf) = _4mpyridr, ®)

Substituting Eq. 3 into Eq. 1, provided the reaction rate with respect to the unreacted core’s shrinking radius, as shown in
Eq. 4.
1 dNB _ PBTCZ drc (4)

= —C=bk,C
S, dt RZ dt g Al

Rearranging and integrating provided insight into how the radius of unreacted core shrinks with time as shown in Eq. 5.

ps [Tc t
ﬁ TCZdTC = bkg CAl j dt
R 0
peR [ T 3]
t=——|1-(=
3bky Cyy (R) ®)

Assuming the time required for total conversion of the particle was . Then substituted the value of r. = 0 in Eq. 5,
assuming that the unreacted core had already disappeared when the conversion was complete, resulting in the development
of Eq. 6.
pgR

'~ 3bk, Cy ©)
The expression for the unreacted core’s radius with respect to the time required for total conversion was derived by
combining Eqg. 5 and 6, resulting in Eq. 7.

t 7.5\3

_=1- (& 7

—=1- (%) ()
This could be written in terms of the fractional conversion of reactant B by using Eq. 8.

(®)

4
1 _ (volume of unreacted core) _ §7T7”c3 _ (rc)3

B\ total volume of particle /] ~ 4 R3 R
37

Therefore, the relationship of time with the radius of the unreacted core and the conversion of reactant B was explained
by Eqg. 9.
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Figure 5 depicted a scenario where the controlling factor for the rate of reaction was the resistance of the diffusion
through the ash. To establish a relationship between time and radius of unreacted core, like Eq. 5 for film resistance, a
two-step analysis was necessary. Initially, examined a representative partially reacted particle and established the flux
relationships under this condition. Subsequently, applied this relationship across all values of r;, essentially integrating
7., between R and 0.

By assuming the steady state condition, whereby the leaching system reached equilibrium, the rate of reaction of A at
any instant was given by its rate of diffusion, Q to the reaction surface as depicted in Eqg. 10 by referring to stoichiometric
reaction in Eq. Error! Reference source not found..

——= =4nr?Q, = 4nR?*Q,s = 4nr2Q,. = constant (10)
For simplicity, the flux of A through the ash layer was described using Fick's law for equal-molar counter diffusion. Eq.

11 was established by considering both @, and ‘%A are positive values.

_ 4G
QA_ ed_r

The D, is the effective diffusion of liquid reactant A in the ash layer. By combining Eq. 10 and 11, any value of r was
obtained from Eq. 12.

(11)

dN,

dac
P 4mr?D, —2 = constant (12)

dr
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Figure 5. Representation of reacting particle when diffusion through ash is the controlling factor Levenspiel [25]

Calculating across the ash layer from R to ., yielded the following Eq. 13. This equation describes the state of a
reacting particle at any point in time.

dN, (Tedr anD JCAc:O ic
_lNa [edr _
dt R r ‘ Cai=Cas !
dN, /1 1
~at (= 7) =40 (13
c

The variation in size of the unreacted core as time progressed was considered. For a given unreacted core’s size, dstA was
constant; however, as the core shrank, the ash layer became thicker, leading to a reduction in the rate of diffusion of A.
Hence, before proceeding with the integration of Eq. 13 which involved three variables, t, N4, and ., it was necessary to
eliminate one of these variables. Like film diffusion, N, was eliminated by expressing it in terms of r,.. This relationship
was represented by Eq. 3, hence, replacing it with Eq. 13., followed by the separation variables and integration, Eq. 14

was derived.
Tc 1 1 t
— — — =) r2dr. = bD,C j dt
Pr JTC:R <rc R) e are e“Al 0

2 2 3
=l [1-3(%) +2(3) ] 4
For complete conversion of a particle, 7, was equal to 0 and the corresponding time required was expressed in Eq. 15.
= psR* (15)
6bD,Cy;

The reaction’s progress with respect to the time required for complete conversion was determined by combining Eq. 14
and Eqg. 15, resulting in the formulation of Eq. 16.

= 1_3(;;)2 +2(%)3 (16)

When considering fractional conversion, as depicted in Eqg. 8, Eqg. 16 was transformed into Eq. 17.
t 2
—=1-3(1-Xp) /3 4+ 2(1 — Xp)
t 2
F=1-3% - (- X an

2.4 Chemical Reaction Controls
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Figure 6 provided a visual representation of the concentration profiles inside a particle when chemical reactions were
the controlling factor. Importantly, the chemical reaction’s progress was independent of the existence of any ash layer,
thus the reaction rate was proportional to the unreacted core’s available surface. Eq. 18 was formulated using the reaction

rate associated with the stoichiometry of Eq. Error! Reference source not found. according to the unreacted core surface
area, 7.

1 dNg b dN,
4mr? dt  4nr? dt

= bk"C,, (18)

where k" was the first-order rate constant for the surface reaction. Expressing Ny in with respect to the shrinking radius
of the unreacted core as demonstrated in Eq. 3 led to the formulation of Eq. 19.

L a2 4 e _ e (19)
4mr? ppAaTT, dt PB dt Al
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Film \ ~~ TS
// Unreacted
/ core
i ‘
, \
! [
\ /
\ (I
\ o | 7/
- N | W4
%5 3 ' N . ¢
e & RS [ |
o o | i R |
® o Car = Cys | |
~
ef o : :
g g | |
§ 2 I |~ Cp, =0 for
T | irreversible
- : : reaction
] ! L -
R r; O 7, R

Radial position
Figure 6. Representation of reacting particle when the chemical reaction is the controlling factor Levenspiel [25]
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Table 1. Conversion-time equation based on the Shrinking Core Model

Controlling Factor

Time-Conversion Equation

Liquid Film t_ X 9
(External Diffusion) r 7B
t = reaction time
T = time for complete conversion
Xg = fractional conversion of REEs
L= psR 6
3bkg, Cyy
Pp = molar density of REEs in the clay particle
R = radius of the clay particle
b = stoichiometric reaction of REEs
kg = mass transfer coefficient
Ca = concentration of leaching solution
Equation use 20
a=kt
a = REE Leaching efficiencies (Xg)
k - Rate constant (l = M)
T PBR
t = reaction time
Ash Layer Control t 2 2 17
(Interngll Diffusion) =173 -0 -Xp) s
t = reaction time
T = time for complete conversion
Xg = fractional conversion of REEs
peR? 15
' = 6bD,C,
PB = molar density of REEs in the clay particle
R = radius of the clay particle
b = stoichiometric reaction of REEs
D, = diffusion coefficient of leaching solution in the ash layer
Ca = concentration of leaching solution
Equation use 21
2 2
1-Za-(1-a) /3 = kt
a = REE Leaching efficiencies (Xg)
k - Rate constant (l = &ecz’”)
T PBR
t = reaction time
Chemical reaction ; —1-(1- XB)1/3 25
t = reaction time
T = time for complete conversion
Xp = fractional conversion of REEs
= psR 24
bk"C,,
Pp = molar density of REEs in the clay particle
R = radius of the clay particle
b = stoichiometric reaction of REEs
k" = first-order rate constant
Cyy = concentration of leaching solution
Equation used 22
1-(1-a)/s=kt
a = REE Leaching efficiencies (Xg)
k - Rate constant (l = M)
T PBR
t = reaction time
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Performing integration resulted in the formulation of Eq. 23.

e t
—pp f dr, = bk"Cy, f dt
R 0

Ps
t= R-
bk"Cyy R—-1) (23)
The required time, 7 for total conversion was obtained when r, = 0 was presented in Eq. 24.
peR
= 24
= e (24)

The decreased radius of the particle and increase in fractional conversion in terms of the time required for complete
conversion was found by combining Eq. 23 and Eq. 24, resulting in the formulation of Eq. 25.
t T,

—=1-

- £=1-(1- X5) 3 (25)
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Table 1 summarizes the conversion-time expression for sphere particles which is represented by the ion adsorption clay
based on the Shrinking Core Model. The final equations used in this study were summarized in Eg. 20 for external
diffusion control, Eq. 21 for internal diffusion control, and Eq. 22 for chemical reaction control.

2.5 Determination of Rate-Determining Step

The rate-determining step was the slowest part of the chemical reaction, which controlled the speed (rate) at which
the overall reaction occurred. To proceed with this step, the experimental data on REE leaching efficiency, a represented
by a versus time at varying MgSQ, solution concentration, was taken from the study conducted by Ran et al. [12] shown
in Figure 7.1t was important to note that the experimental data obtained was conducted by using column leaching
experiments, which effectively represented an in-situ leaching method. From that experiment, 250 grams of ore, consisting
of 50% clay with particle size greater than 0.5mm was utilized, applying a liquid-to-solid ratio of 1.2:1 for the MgSQO4
solution to the solid clay. The leaching solution was introduced at a flow rate of 0.5 mL per minute, maintaining a pH
level of 5.6, and the experiment was conducted at room temperature.

~m T
100 | 51 1min 204min 366min (a)
d *
PR
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2 ] ]
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Figure 7. Graph of leaching efficiencies of REEs («) versus time at different concentrations of MgSO, solution [12]

From Figure 7 , it was observed that the leaching process was categorized into three phases. The first phase was
categorized as a slow and unstable process. Subsequently, the second phase, marked by fast and stable, exhibited a rapid
increase in the leaching rate of REEs. Finally, the third phase represented the equilibrium stages in which REE leaching
efficiency reached optimum level. Clearly, the key step of the reaction was the second stage. Therefore, the data of this
stage was selected and substituted into these three kinetic control models. The graph of REE leaching efficiency, a versus

time, t was plotted for internal diffusion, 1 — 20‘ -1-a )2/3 versus t for external diffusionand1 — (1 — a )1/3 versus

t for chemical reaction [11], [22], [26]. The rate-determining step among the three controlling steps would be identified
as the one showing a straight linear relationship characterized by the greatest coefficient of determination, R?, and the
lowest slope value. The kinetic equation that represents the rate-determining step will be employed in the next step in
determining rate constant.

2.6 Determination of Rate Constant (k) and Reaction Order (n)

To establish a mathematical model equation, it was essential to determine the rate constant, k. Typically, the rate
constant, k was derived from the first principal model and was often expressed in terms of the time required for complete
conversion, 7. However, obtaining the necessary data from literature reviews to calculate k might be challenging.
Therefore, an alternative approach was proposed, wherein a semi-empirical equation was employed to estimate the rate
constant, k. In this method, experimental data from Ran et al. [12] was utilized, and the rate constant, k was determined
by applying the formula in Eq. 26.

k =k, (CO" (26)

where k, was the apparent rate constant, C, was the leaching solution concentration and n was the reaction order. To find
the k, and n, Eq. 26 was expanded by taking the natural logarithm on both sides which resulted in the formulation of Eq.
27. From that formula, a graph of In k versus In (C,) was plotted. The value of n was represented by the slope of the
graph while the value of k, was represented by the y-intercept of the graph.

Ink =nlin(Cy) + Ink, (27)
2.7  Determination of REE Leaching Efficiency Parameter («)

To solve the developed equation model, an iterative numerical method was utilized. This method was implemented
using the Goal Seek tool in Microsoft Excel to obtain the solution as shown in Figure 8. Specifically, it employed an
iterative numerical algorithm to adjust the input value iteratively until the desired target value was approximately obtained
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in the specified output cell. The input of leaching time, t, and the concentration of the leaching solution, C, was defined,
and the output of REE leaching efficiency, a was calculated.

Q R S i U Vv
1
2 Concentration of MgS0, 02 M
3 (k=0.005, n =1.53)

a model

4 Time LHS RHS Diff a(model) NEUILA)
5 | 40  1.11E-09 0017 -0.017] _ " 0.0001 {0
6
7 Goal Seek
8
9
10 Setcell: T5 &
11 To value: 0
12
13 By changing cell: | $U$5| 2
14
15 Cancel ol
16
17
18

Figure 8. Determination of REE leaching efficiency using iterative goal seek method in Microsoft Excel

2.8 Model Validation

The agreement between observed and simulated data of REE leaching efficiency over time at different concentrations
of MgSO:. solution was analyzed by using statistical measures introduced by Willmott, consisting of index of agreement,
d, root mean squared error (RMSE), and normalized root mean square error (NRMSE) [27]-[29]. The model validation
process utilized the experimental data from Yanfei et al. [15]. In the conducted experiment, a quantity of 300 grams of
ore, comprising clay particles with sizes ranging from 0.6 mm to 0.90 mm, was employed in the column leaching test. A
leaching solution with a concentration of 0.2 M MgSO4was introduced at a flow rate of 0.6 mL per minute, with a constant
pH of 5.7, and the experiment was carried out at a temperature of 298 K. There was a limitation in the experimental data
available for model validation, specifically, the data employing MgSO, as the leaching solution for the leaching
experiment using column. The experimental data from Yanfei et al. [15] was identified as the most suitable since the
leaching condition applied almost the same as the leaching condition in the experiment by Ran et al. (2017), which was
used for model formulation for obtaining the value of k and n.

The index of agreement, d was a measure of the degree of how close the simulated data, S; aligned with the observed
data, O; that was obtained from the experimental result. The resulting value of d was obtained within the range of 0 to 1
where a value approaching 1 signified a high degree of agreement, while a value approaching 0 indicated a lack of
agreement [30] When dealing with a collection of n paired data points, the calculation of d followed the formula outlined
by Eq. 28 [28], [31], [32].

(S — 0)?

d=1- — = 28
" (S~ 01+ 10, — 0D (28)

where 0 was the mean value of 0;. According to Liu et al. [32], the model classification criteria were as follows:
"excellent" model agreement for d > 0.9, "good" model agreement for 0.8 < d < 0.9, "moderate" model agreement for 0.7
<d < 0.8, and "poor" model agreement for d < 0.7.

In addition, RMSE was the measure of overall accuracy of the model prediction which calculated the sum of the
differences between simulated and observed data. RMSE was expressed in the same units as the dataset. The formula of
RMSE was calculated by using Eq. 29 [31]-[33].

RMSE = /M (29)

where n was the number of observations. A lower RMSE indicated that the developed model was more effective in
minimizing the differences between observed and simulated data, suggesting a closer fit between the model's predictions
and the actual measurements.

Even though RMSE was widely as an overall indicator of model performance, it was sensitive to the impact of extreme
values and failed to differentiate whether the model was overestimating or underestimating. Consequently, it was
recommended to incorporate the normalized root mean square error (NRMSE) into the evaluation of the model
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performance. NRMSE was calculated by dividing the RMSE value by either the mean of the observed data or the range
of the observed data, depending on the nature of the experimental dataset. In this case, where REE leaching efficiency,
a, increased from 0 to 1 with an extended leaching time, the range of the observed data was selected for the calculation
of NRMSE, as shown in Eq. 30 [34].

RMSE
Normalized RMSE (NRMSE) = ———— x 100% (30)
Ymax-Ymin
where y,,,, Was the maximum value of the observed data and y,,,;,, was the minimum value of the observed data. This
normalization was important as it allowed for comparison of the RMSE across different datasets. NRMSE was expressed
in a percentage and served as an indicator of the relative error difference between the simulation data computed by the
model and the observed data collected through the experiment. According to Jamieson et al. [35], the model classification
criteria were as follows: “excellent” for NRMSE < 10%, “good” for 10%<NRMSE<20%, “satisfactory” for
20%<NRMSE<30%, and “unsatisfactory” for NRMSE > 30%.

2.9 REE Leaching Profile Analysis

In REE leaching profile analysis, a comprehensive exploration and discussion were conducted to assess how variations
in the leaching solution concentration and leaching time impacted the behaviour of REE leaching efficiency, o by using
the developed model. The REE leaching efficiency was assessed across concentrations of 0.1 M, 0.2 M, 0.3 M, 0.4 M,
0.5 M, and 0.6 M, with leaching durations ranging from 0 to 2000 minutes. This exploration potentially involved using
graphical representations to illustrate these effects. The objective was to verify whether the mathematical model
developed in this study accurately represents the real behaviour of the ion exchange leaching process.

3. RESULT AND DISCUSSION
3.1  Determination of Rate Determining Step

Figure 9, Figure 10, and Figure 11 depicted the fitting curve for these three-kinetics reaction control model across
various concentrations of MgSQO, solution, respectively.

1.0
0.8
0.6
=
0.4 T s |
g ® ™ W0.05 mol/liter
: .- - 0.1 mol/liter
02 1 o 0.2 mol/liter
n ' » 0.3 mol/liter
0.4 mol/liter
0.0 T T T T T T
0 100 200 300 400 500 600 700
Time (min)

Figure 9. The fitted curve of external diffusion control model over time
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Figure 10. The fitted curve of internal diffusion control model over time

The apparent rate constant, k which was obtained from the slope value and correlation coefficient value, R? at different
concentrations of MgSO4 solution for each kinetic model of external diffusion, internal diffusion, and chemical reaction,
were presented in Table 2. The result revealed that the internal diffusion control model, as indicated by the plot of 1 —

ga -(1- a)2/3 versus t, exhibited the most favourable linear relationship compared to the external and chemical

reaction control models. This observation was supported by the lowest value of k and highest the value of R? obtained
across all concentrations of MgSQO4 solution for the internal diffusion control model when compared to the external and
chemical reaction control models.

The rate constant, k represented the speed of the reaction. A lower value of k suggested that the reaction was slower
under the internal diffusion control model compared to the other two models. Meanwhile, R? measured how well the
experimental data fit the model. In this context, the highest R? value meant that the internal control model provided the
best fit for experimental data among the three models. As a result, it could be concluded that the internal diffusion control
model played the role of the rate-determining step governing the leaching reaction. This finding of the internal diffusion
control model as the rate-determining step was in the same agreement with the finding of studies conducted by Chai et
al. [11], L. Zhang et al.[36], Jun et al. [22], Ran et al. [12], Tian et al. [23], and Y. F. Xiao et al. [14].
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Figure 11. The fitted curve of chemical reaction control model over time

Theoretically, internal diffusion was determined as the rate-determining step primarily due to the complex and porous
layer of the clay minerals. This layer created significant barriers to the movement of ions within it, causing the process of
internal diffusion to occur slowly. Consequently, the rate at which ions could penetrate through this porous layer became
the limiting factor in the overall leaching process. On the other hand, external diffusion, which included the transfer of
ions from the leaching solution to the clay surface through the liquid film, occurred quite quickly since ions could move
freely within the liquid phase. In contrast, the chemical reaction itself, where the cations exchanged with REE ions on the
available surface of the unreacted core, tended to occur rapidly at active sites.
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Table 2. The apparent rate constant, k and correlation coefficient, R?, value for external, internal, and chemical reaction
control model

Concentration External Diffusion Internal Diffusion Chemical Reaction
of MgSOx Control Moéllt(:)l — Control MoS(}(;l — Control Model
solution, (M) RZ (mlzn-’l) RZ (mli)njl) R Slope, K (min™)
0.05 0.9657 0.0006 0.9966 0.00004 0.9778 0.0002
0.1 0.9634 0.0011 0.9946 0.0002 0.9866 0.0006
0.2 0.9144 0.0026 0.965 0.0005 0.9314 0.0012
0.3 0.9188 0.005 0.9419 0.0008 0.9042 0.0021
0.4 0.9177 0.0061 0.9539 0.001 0.9282 0.0026

3.2  Determination of Rate Constant (k) and Reaction Order (n)

In this step, the equation for internal diffusion control in Eq. 31 was employed as it governed the rate-determining
step, effectively representing the overall leaching process. According to the original internal diffusion, the rate constant,
k was obtained from Eq. 32.

2 2
l-za-(1-a3 =kt (31)

k= ko(CMgz+)n (32)
where k, was the apparent rate constant, C,,,2+ was the concentration of MgSQO, solution, and n is the reaction order.
The value of k, and n could be determined from Eq. 33 by plotting the graph of the natural logarithm of k against
Cuge+ as illustrated in

4 4

-6 -

Ink

y = 1.5275x - 5.2987

m 2

B -10 4

12—
In CMg2+

Figure 12. Notably to plot this graph, these k and C,, 42+ values corresponded to the internal diffusion control model
were obtained from
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Table 1.

Ink

Ink = nIn(Cyge+) + Ink, (33)
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Figure 12. Relationship between Ink and InC, 2+

The value of reaction order, n was determined as the slope of the graph which was equal to 1.5275 while the value of

the apparent rate constant, k, was determined by the y-intercept of the graph, Ink,which was found to be -5.2987.
Consequently, k, was calculated to be 0.005. Therefore, the developed kinetic equation for the internal diffusion control
model was represented by Eqg. 34.

3.3

2 2
1=z = (1= a)3 = 0.005(Cy) ">t

Determination of REE Leaching Efficiency Parameter (a)

(34)

The REE leaching efficiency parameter (a) was determined across various concentrations of MgSOs solution using

Eq. 34. Figure 13 illustrates an example of the REE leaching efficiency parameter () at a concentration of 0.2 M MgSO4

over different time intervals.
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Figure 13. Example of REE leaching efficiency results at 0.2 M of MgSO4 solution

Model Validation

The model validation process utilized the experimental data from the study conducted by Yanfei et al. [15]. Figure 14

provided a comparison between the simulation and the experimental results for REE leaching efficiency, a. This
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comparison was carried out across different time intervals at 0.2 M concentrations of MgSQO. leaching solution,
demonstrating a strong and consistent correlation between the two datasets. As time progressed, the leaching efficiencies
of REEs exhibited an upward trend, reaching nearly maximum efficiency around the 500th minute.
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Figure 14. Simulations and experimental results for REE leaching efficiency over time at 0.2 M concentration of
MgSQ; solution

The statistical model validation for the index of agreement, d, and normalized root mean square error (NRMSE) are
presented in Table 3. The statistical model validation results were favorable, as they showed a high value of d and a low
value of NRMSE. The d values of 0.943 exceeded the 0.9 threshold, indicating excellent agreement with experimental
data [32]. In terms of the NRMSE values, 12.98% of the values fell within the 10-20% range, indicating as good model
performance [35]. However, as the model validation for NRMSE revealed deviations exceeding 10% in errors,
modification was implemented to the model by fine-tuning the value of the reaction order, n to better align with the
experimental data for the 0.2 M concentration of MgSQ, solution.

Table 3. The statistical model validation at a 0.2 M concentration of MgSO4 solution

Concentration of Statistical Data
MgSO, solution (M) Index of agreement, d ~ NRMSE (%)
0.2 0.943 12.98

3.5  Modification of Reaction Order (n)

The modification of n was implemented by decreasing its value from 1.53 to 1.43, 1.33, 1.23 and 1.13. During this
modification process, the value of the rate constant, k remained constant at 0.005. Figure 15 provided a visual comparison
between simulation and the experimental results for REE leaching efficiency at concentration of 0.2 M MgSQO4 solution,
corresponding to a different value of n. The statistical model validation results indicated that when the reaction order, n
was set to 1.33, it led to the highest level of agreement, with a d value of 0.978, and the lowest NRMSE value, which was
7.9 %. The d value, close to 1, indicated a high degree of agreement how close the simulation data aligned with
experimental data, while the low NRMSE value represented minimal relative error difference the two data sets. Table 4
displayed a summary of d and NRMSE values for different n values, highlighting that the optimal statistical performance
occurred when n was set to 1.33.
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Figure 15. Comparison of the simulation and experimental data for REE leaching efficiency in 0.2 M MgSQ, solution at
different value of n

Table 4. The statistical model validation for different reaction order, n at 0.2 M MgSO4 solution
Statistical Data

Reaction order,

n d NRMSE (%)
153 0.943 12.98
1.43 0.968 9.53
1.33 0.978 7.90
1.23 0.972 8.77
1.13 0.953 11.08

Hence, the modified equation by using the new n value of 1.33 was presented in Eq. 35.
2 2
l-ga-(1-ay= 0.005(Cpyg2+) ™%t (39)

Eq. 35 was simplified into Eq. 36.
3

(0.005(Cyyyz+)330) — 5 (36)

a=1 > >
(§a—(1—a)§)—1

3.6  Comparison of the Developed Model with Ran et al. [12] Model

The model developed in this study was compared with the model developed by Ran et al. [12] in terms of statistical
model validation results. Both models employed the Shrinking Core Model with internal diffusion as the rate-determining
step and employed MgSO, as the dedicated leaching solution. The process of model validation utilized the same
experimental data from Yanfei et al. [15]. Figure 16 illustrates the results of REE leaching efficiency for both the
developed model and the model developed by Ran et al. [12] at different time intervals using a 0.2 M concentration of
MgSO:. solution. The developed model exhibited a closer alignment with the experimental data compared to the model
developed by Ran et al. [12]. This observation was further validated through the results of the statistical model validation.
From Table 5, the developed model equation, in this study, indicated a higher value of d (0.978) and a lower value of
NRMSE (7.90%) in contrast to the model equation developed by Ran et al. [12] (d = 0.967, NRMSE =9.77%), signifying
an improvement in the performance of the developed model. In Figure 16, the REE leaching efficiency values predicted
by the developed model in this study initially do not align well with the experimental data within the first 300 minutes.
However, they begin to match more closely at 400 minutes and beyond. Nevertheless, the model consistently exhibits
exponential growth in REE leaching efficiency, eventually reaching a maximum of 100% as leaching time progresses,
mirroring the behavior observed in the experimental data. This demonstrates that the leaching behavior of REE extraction
in this model follows the patterns observed in the leaching experiment. However, the model developed in this work was
limited to conditions involving only MgSO. leaching solution, not applicable for others solution.
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Figure 16. REE leaching efficiency for the developed model (this work) and the model developed by Ran et al. [12] at
different time intervals using a 0.2 M concentration of MgSO. solution

Table 5. The statistical model validation for the developed model and the model developed by Ran et al. [12] at 0.2 M
MgSOQ; solution

Statistical Data

Model
d NRMSE (%)
Developed Equation 0.978 7.90
2 2
1- §a —-(1—-a)= O.OOS(CM92+)1'33t
Ran et al. (2017) 0.967 9.77

2 2
1-Za— (1= )3 = 0.0075(Cyg2) "t

3.7  REE Leaching Profile Analysis

The relationship between REEs leaching efficiency over time at different concentrations of MgSO. leaching solution
was described by Figure 17. The effect of the leaching time on REE leaching efficiencies was analyzed. As shown in
Figure 17, the graph exhibited exponential growth in REE leaching efficiency, eventually approaching a maximum of
100% as the leaching time proceeded. As the time progressed, the REE leaching efficiency tended to increase gradually
because the leaching solution gradually penetrates the clay ore, leading to an ion exchange reaction between REE ions
and the cations in the leaching solution. However, there was a point at which REE leaching efficiency reached its
maximum level and further extensions in the leaching time did not lead to any significant improvements in the leaching
process. This occurred because the leaching process reached a state of equilibrium wherein all REE ions had undergone
exchange with cations and subsequently dissolved into the leachate solution.

Regarding the effect of leaching solution concentration, it was observed that higher concentrations of the leaching
solution tended to accelerate the leaching process, thus reducing the time required to reach the equilibrium and achieve
maximum REE leaching efficiency. This occurred because higher concentrations of the leaching solution created a higher
concentration gradient between the clay particles and the leaching solution. This concentration gradient acted as a driving
force for mass transfer and facilitating the rapid transfer of REE ions from the clay particles into the leachate solution. As
a result, the leaching process improved in efficiency, leading to a shorter duration for reaching equilibrium and achieving
the maximum REE leaching efficiency.
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Figure 17. The relationship between REEs leaching efficiency and time at varying concentrations of MgSO4 solution

4. CONCLUSION

In summary, this study has successfully formulated a mathematical model employing the Shrinking Core Model to
represent the ion exchange leaching process for the extraction of REEs from ion adsorption clay. The investigation into
the mechanism of ion exchange leaching during the formulation of the mathematical model involved determining the
rate-determining step between internal diffusion, external diffusion, and chemical reaction. The results demonstrated that
rate-determining step belonged to internal diffusion control which governed the overall leaching process, and its equation
was used to develop the mathematical model. The formulated equation for this developed model was expressed as 1 —

2
2 a—(1—a)s =0.005(Cy,2+)"?. The statistical model validation demonstrated high level of agreement with the

index value of d = 0.978, indicating an excellent agreement (d > 0.9) with experimental data and a low value of NRMSE
= 7.90 %, indicating an excellent performance model (NRMSE < 10%). These values proved the model’s efficiency in
predicted REE leaching efficiency at different time across various concentration of MgSQO4 solution. The limitation of the
developed model was constrained to conditions involving only MgSO. leaching solution, not applicable for others
solution. This developed mathematical model holds significant promises for providing reliable data for industry
stakeholders, government agencies, and policymakers. This, in turn, promises to advance the recovery of rara earth from
ion adsorption clay and contribute to the industry's growth and sustainability.
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