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Abstract - The present study presents a wide-ranging numerical investigation of the energy-

harvesting characteristics of an axially functionally graded beam structure containing 

different geometric profiles. Axially functionally graded materials (FGMs) offer exceptional 

advantages in energy harvesting applications because their varying material properties in the 

length direction can be optimised for energy conversion. The present study uses the finite 

element method (FEM) not only to compare different beam configurations but also to 

analyse them under dynamic loading conditions. Three different geometric profiles, namely 

uniform, linear, and parabolic variations along the length direction, are used in this analysis. 

Each profile consists of a piezo-electric layer near the fixed end of the functionally graded 

beam, enabling it to serve as an energy harvesting system. The material properties of the 

beam follow a distribution function that defines the grading profile. To find key performance 

parameters such as power generation, voltage output and natural frequencies under various 

excitation conditions, the MATLAB platform is used. Both geometric taper ratios, namely 

width taper and height taper, are used for the analysis, and their influence on overall 

performance is studied. The results obtained through the numerical analysis provide valuable 

insight for the proper design of an energy-harvesting device that can be used in autonomous 

micro-electromechanical systems, structural health monitoring and wireless sensor 

networks. The parabolic profile beam exhibits an approximately 115% higher voltage 

response compared to the uniform beam, indicating significantly enhanced 

electromechanical performance. 
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1. Introduction 

The rapid demand for self-sustaining and autonomous electronic systems has significantly increased research in the field 

of energy harvesting technologies, which capture energy from the surrounding environment [1]. Among several existing 

mechanisms, vibration-based energy harvesting has been recognised as a promising solution for powering low-power 

electronic devices, especially in applications where replacing batteries is impractical or costly [2]. This ability to convert 

mechanical energy into electric power offers a viable solution for micro-electromechanical systems such as structural 

health monitoring, wireless sensor networks and Internet of Things (IoT) devices [3]. In this case, functionally graded 

materials (FGMs) play a significant role and are composite materials characterised by variation in material properties [4]. 

Unlike traditional composite materials, FGMs show smooth transitions in mechanical, thermal, and electrical properties 

that reduce stress concentrations and interface delamination issues. Due to this uniqueness, FGMs play a superior role in 

various engineering fields, including aerospace, biomedical implants, and energy conversion systems [5]. Further, 

combining FGM with piezo-electric materials unveils new possibilities for improving energy conversion efficiency [6]. 

In this context, axially functionally graded beams offer greater tunability of dynamic characteristics to meet specific 

operational needs. The variation in different material properties helps optimise frequency response and power output [7].  

The design of energy harvesting beams is a critical factor which affects their dynamic behaviour and energy conversion 

performance. For this, different configurations such as uniform, tapered, exponential, and polynomial profiles, and their 

performance, such as modal behaviours and stress distributions under dynamic loads, are examined.  

Advances in computational mechanics and finite element techniques now allow for a more precise study of the 

complex interactions in FGMs. The finite element method provides researchers with a powerful tool for investigating 

how mechanical vibrations, material properties, and electromechanical coupling interact in piezo-electric energy-

harvesting systems [8]. Computer simulations enable parametric studies that would be too expensive or take too long to 

conduct with physical experiments. Researchers have studied nonuniform functionally graded piezo-electric cantilever 

beams under harmonic excitation using both Euler-Bernoulli and Timoshenko beam theories, as well as finite element 

methods. These simulation results were compared with existing experimental results. However, this method has 

limitations because it relies solely on simulations and does not involve new experiments by the authors. It uses idealised 

conditions that may not fully represent real-world situations [9]. 

Recent studies have focused on harvesting energy from axially functionally graded piezolaminated non-prismatic 

beams for automotive applications under both mechanical and thermal loading conditions. Researchers have developed a 

multiphysics finite-element model to simulate tapered cantilever beams with varying height-to-width taper ratios, while 

keeping the material-gradient parameters constant. It has been found that adding thermal loading greatly increased both 

displacement and power output amplitudes. Optimised taper designs reached up to 0.15 W/mm², which is a 650% 
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improvement over using only mechanical loading. Voltage generation also decreases with greater tapering in both the 

height and width directions. One major limitation was that the material gradient parameters (k = 1, np = 4) stayed fixed, 

which could make it harder to apply these results to other materials and shapes in real-world use [10]. 

Rotating micro-disks with functionally graded materials in two directions, subjected to both heat and pressure, have 

been examined using the modified couple-stress theory. The Material properties change with temperature and vary along 

the thickness and radius. Hamilton's principle and the Ritz method have been used to solve the equations in analyses that 

include geometric nonlinearity. The model accounts for thermal, centrifugal, and pressure effects, and the corresponding 

influences of parameters such as temperature, speed, pressure, and material gradation on the disks [11]. A new approach 

has been examined for vibration energy harvesting, where a bimorph pipe with functionally graded materials in three 

directions carries steady fluid flow. The material properties change along the width, height, and length directions, and 

electricity is generated due to the presence of piezo-electric layers on the surfaces. The theoretical results obtained have 

been verified using finite-element simulations of voltage and power. The effects of material gradients, fluid-structure 

interaction, load resistance, and geometry on performance have been assessed. It has been found that maximum output 

power can be achieved at lower resistance due to changes in axial and height gradients. Nevertheless, the system became 

unstable at higher fluid speeds, which may cause energy harvesting to fail and confine its use in fast-flowing applications 

[12]. 

Further studies revealed the axially functionally graded piezo-electric material beams and their effect on the behaviour 

of vibration due to the variation of properties along the length of the beam in exponential and power law. In that work, 

the effects of natural frequencies due to changes in volume fraction, slenderness ratio, and different boundary conditions 

were studied. Specific boundary conditions, such as fixed-free and fixed-fixed, have been considered without accounting 

for temperature and damping effects, which may limit applicability to more complex real-world structures [13]. To 

improve the performance of functionally graded piezo-electric energy harvesters with geometric non-uniformity, some 

Researchers have used the Lichtenberg Algorithm and Artificial Neural Networks. In that study, greater emphasis was 

placed on the thickness of the piezo-electric layers and the tapering ratio to achieve maximum voltage. Finite element-

based analysis within Kirchhoff plate theory has been used to model electromechanical behaviour using four-node 

elements. The Lichtenberg Algorithm is used to solve problems more efficiently, whereas neural networks are used to 

train the simulation data to obtain optimal design parameters. However, the approach relies on idealised models and pre-

made training datasets and may not readily generalise to a wide range of real-world situations [14]. Further research has 

been carried out on vibration frequencies of functionally graded beams with axial nonhomogeneity in material properties 

and point masses. In that study, a precise integration approach and the scaled boundary finite element method have been 

used. This method employs high-order elements only along the beam length, sets up a first-order matrix equation and 

dual vector method, and solves it using a precise integration approach to obtain accurate stiffness and mass matrices. 

While this method predicts natural frequencies well and examines the effects of material gradients, boundary conditions, 

and mass distribution, it assumes linear elasticity, neglects damping, and employs idealised boundary conditions [15]. 

Functionally graded plate structures supported on elastic foundations with varying stiffness under different boundary 

conditions have been studied. A quasi-three-dimensional model has been created that combines nonlocal strain-gradient 

theory with a cosine-based material gradation. A hybrid hyperbolic-parabolic approach has been used to address shear 

deformation. The Virtual Work method was implemented to derive the governing equation, which was subsequently 

solved using the Galerkin approach. In this process, both larger plates and nanoplates were used, and the results were 

compared with previously reported results. The behaviour was studied in detail under the influence of foundation 

properties, size, and boundary conditions. However, dynamic and thermal effects were not considered throughout the 

analysis [16]. In continuation of this, a higher-order shear deformation theory has been used for analysing functionally 

graded porous (FGP) beams and buckling and free vibration in laminated composite (LC) beams. In this study, the 

Governing equation was derived using Lagrange's principle, and the resulting equations were solved using Legendre-Ritz 

functions, accounting for porosity variations and various edge constraints. However, the dynamic effects and thermal 

effects are neglected in this approach. As a result, it is restricted to a limited set of engineering applications [17]. The 

stability of functionally graded elliptical pipes carrying fluid has been analysed, with nonuniform flow-velocity profiles 

considered.  In this approach, Timoshenko beam theory is employed, accounting for Coriolis and Centrifugal forces in 

elliptical geometries. The finite element method with modal analysis was used for the process. In this study, linear material 

properties and ideal-fluid behaviour were utilised. The corresponding effects were studied on the elliptical cross-sections. 

As a result, it was limited to other geometries and real-world scenarios [18]. 

An energy harvester made up of Garolite FR-4 epoxy laminate with variable thickness has been studied. In the 

theoretical analysis, Euler-Bernoulli beam theory was used, and the Rayleigh-Ritz method was used to solve the equation. 

It has been observed that the model with variable thickness exhibits a more uniform strain distribution, thereby increasing 

efficiency above 75% [19]. Both Euler-Bernoulli beam theory and Timoshenko beam theory were used for numerical 

solution and experimental validation of non-graded beams under bridge vibrations caused by moving vehicles. An ideal 

material gradation and a simplified structural model were used in the study [20]. Recently, the vibration characteristics 

of an axially functionally graded non-prismatic beam using Timoshenko beam theory were subjected to axial thermal 

variation in a humid environment. The beam had a varying thickness along the length direction, with a constant width. 

The material properties were temperature-dependent and distributed axially according to a power law. The governing 

equation was derived using Hamilton's principle, and subsequently, the harmonic differential quadrature method was used 

to solve it. Three thermal conditions were used in the analysis, such as linear, nonlinear, and uniform temperature variation 

with a constant moisture concentration [21]. Recent advances in vibration energy harvesting and piezo-electric systems 
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have focused on improving energy conversion efficiency through innovative structural designs, analytical modelling, and 

experimental validation. A fully coupled model of a quarter-wavelength resonator integrated with a piezo-electric 

backplate has been developed and experimentally validated its effectiveness for vibro-acoustic energy harvesting [22]. A 

significant enhancement in the performance of piezo-electric energy harvesters has been demonstrated through synergistic 

structural design approaches, demonstrating improved power generation capabilities [23]. Similarly, a closed-form 

analytical solution for energy harvesting has been developed from sandwich beams subjected to impact loading, providing 

valuable insights into the dynamic response and harvested energy characteristics of such systems [24]. In the field of 

vibration-based diagnostics, the influence of sensor placement on engine misfire detection using artificial neural networks 

has been investigated, demonstrating that appropriate sensor positioning significantly improves detection accuracy [25]. 

These studies collectively highlight the growing importance of advanced modelling techniques, structural optimisation, 

and intelligent sensing methodologies in enhancing the performance of energy harvesting and vibration monitoring 

systems. 

To establish the practical relevance of the proposed energy-harvesting system, particularly for automotive 

applications, a detailed analysis of realistic vehicle vibrations is required. It has been observed that automotive vibrations 

develop primarily for two reasons. Firstly, due to vibration induced by road conditions, which vary from very poor to 

very good. Secondly, vibration is induced by the engine of the vehicle system.  The performance of the proposed profile 

beam is evaluated under such realistic excitation scenarios to identify power generation potential, frequency strategies, 

optimal design parameters, etc. For real-world automotive use. In light of this, a detailed comparison between the existing 

approach and the methodology used in this study is presented in Table 1. 

Table 1. Comparison of existing approaches with the present study 

Existing Approaches Present Study New Knowledge Contribution 

Primarily transversely graded 

FGMs; uniform material 

distribution along the beam length 

[26] 

Axially functionally graded  

structures with spatially varying 

properties 

Systematic analysis of axial gradation 

effects on energy harvesting 

performance under automotive 

vibrations 

Predominantly uniform 

rectangular cross-sections; limited 

geometric variation [27] 

Multiple profiles: uniform, linear and 

parabolic configurations 

Comprehensive mapping of geometry-

gradation synergy for optimised power 

density 

Idealised harmonic or base 

excitation; single frequency 

analysis [28] 

Realistic automotive vibration spectra 

from multiple vehicle zones 

Application-specific design guidelines 

for different vehicle mounting 

locations 

Focus on a single objective 

(power output or bandwidth) [29] 

Multi-objective optimisation: power 

density, bandwidth, and structural 

durability 

Integrated performance metrics for 

practical automotive implementation 

Separate analysis of material or 

geometric effects [30] 

Coupled finite element analysis 

integrating both gradation and 

geometry 

Predictive model correlating Axially 

Functionally graded patterns with 

geometric profiles for enhanced 

harvesting efficiency 

General vibration energy 

harvesting; laboratory conditions 

[31] 

Automotive-specific: suspension, 

engine mount, exhaust system 

vibrations 

Vehicle-ready design specifications 

and optimal configuration 

recommendations 

Due to the rapid electrification of the automotive industry, there is a growing need for new energy-recovery systems to 

improve vehicle efficiency and reduce reliance on conventional batteries. One major method is to harvest piezo-electric 

vibration energy using functionally graded materials that offer better electrical and mechanical properties. Axially 

functionally graded beam structures, where the material properties vary along the length of the beam, can convert energy 

more effectively than uniform beams. Although several studies have been carried out for transversely graded piezo-

electric energy harvesting, the combined effect of changes in beam shape and axial grading has not been studied in 

automotive settings. There is limited numerical framework relating different beam shapes, such as linear, parabolic and 

uniform beams, with axial gradient patterns. The present study addresses these gaps and examines the effect of beam 

geometry and material grading on output power.  

2. Methods and Mathematical Formulation  

The mathematical formulation consists of modelling an axially functionally graded beam with different geometries, 

material non-homogeneity along its length, and an electrical interface for measuring power output. The beam is axially 

functionally graded, with material properties that change along its length. The mathematical expressions for these 

functionally graded features for uniform, linear, and parabolic distribution profiles are expressed as: 

𝐸(𝑥) = 𝐸0 [1 + 𝑘𝑒 (
𝑥

𝐿
)] (1) 

𝜌(𝑥) = 𝜌0 [1 + 𝑘𝑝1 (
𝑥

𝐿
) + 𝑘𝑝2 (

𝑥

𝐿
)

2

] (2) 
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In which the expressions E(x) and ρ(x) are the Young's modulus and density of the beam material. The terms ke, kp1, and 

kp2 are dimensionless coefficients that determine the shape of the gradients and have values of unity. The Young's 

modulus varies linearly, while the density follows a parabolic variation along the length of the beam. Equations for the 

cross-sectional area of the uniform profile beam are presented in Eq. 3. Similarly, the formulations for the cross-sectional 

area of the linear-profile beam and the parabolic-profile beam are presented in Eq.s 4 and 5.  

𝐴(𝑥) = 𝐴0  (3) 

𝐴(𝑥) = 𝐴0 [(1 − 𝛼
𝑥

𝐿
) (1 − 𝛽

𝑥

𝐿
)] (4) 

𝐴(𝑥) = 𝐴0 [(1 − 𝛼
𝑥

𝐿
)

2

 (1 − 𝛽
𝑥

𝐿
)

2

] (5) 

The length of the beam is L, and the transverse cross-sectional area is A0 near the clamped end. α and β represent the 

width and height tapers for linear and parabolic profiles, respectively, and their values vary from 0 to 1. The cross-

sectional area of the beam is modelled using three different geometric profiles: uniform, linear, and parabolic, as 

represented in Figure 1.  

 

Figure 1.  Geometric profiles of the piezo-electric energy harvester: (a) uniform beam, (b) linearly tapered beam, and 

(c) parabolically tapered beam 

The displacement components of the beam along the three mutually perpendicular directions x, y and z can be expressed 

as follows in Eq.s 6. 

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = −𝑘𝜃(𝑥, 𝑡) = −𝑘 (
𝜕𝑤

𝜕𝑥
) 

𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 0 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 

(6) 

The beam element is subjected to two degrees of freedom at each node. In finite element modelling, each nodal point is 

assumed to experience two degrees of freedom, namely transverse displacement (v) and rotation (ψ), which are developed 

due to the shear force and bending moment. The three-dimensional constitutive equations of piezoelasticity can be 

represented as in Eq.s 7 and 8. 

{𝜎} = [𝐶̄]𝐸{𝜀} − [𝑒̄]{𝐸𝑒} (7) 

{𝐷} = [𝑒̄]𝑇{𝜀} + [𝜉]
𝑆

{𝐸𝑒} (8) 

where σ, ɛ are stress and strain tensors, 𝐶̅are the compliance matrix coefficients; Ee represents a vector of applied electric 

field, respectively. The parameter D represents a vector of electric displacement. The terms 𝑒̅ denote the piezo-electric 

coupling coefficient; ξ represents the permittivity; and Ꜫ represents the pyroelectric tensor. Furthermore, since the 

structure is modelled using Euler–Bernoulli beam theory, all components of stress except the one-dimensional bending 

stress (σ1) are considered negligible, thereby modifying the equations and are expressed in Eq.s 9 and 10. 

𝜎1 = 𝑐̄11
𝐸 𝜀1 − 𝑒̄31𝐸3 (9) 

𝐷3 = 𝑒̄31𝜀1 + 𝜉33
𝑆 𝐸3 (10) 

In the present method, for the piezo-electric layer, a single electrical degree of freedom is assumed. The electric potential 

difference between the top and bottom surfaces of the piezo-electric material is kept constant, while its variation across 

the transverse direction is linear and is expressed in Eq. 11. 

−𝐸33 = [𝐵𝑣]{𝑣} (11) 

where Bv is the electric field gradient matrix of the piezo-electric patch, and v is the applied voltage. An axially 

Functionally Graded cantilever with three different profiles, such as uniform, linear and parabolic profiles, with a piezo-

electric patch of length Lp near the clamped end, is shown in Figure 2. 
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Figure 1.  A piezo-laminated axially functionally graded beam having uniform/linear/parabolic profile cross sections 

with a classic electric interface for vibration energy harvesting 

The free end of the proposed beam is subjected to a point load F(t). The dynamic equations of motion for an energy 

harvesting system can be described using Hamilton's principle as 

𝛱 = ∫ [𝜕(𝐸𝑘 − 𝐸𝑝 + 𝑊𝑒) + 𝛿𝑊]𝑑𝑡
𝑡2

𝑡1

= 0 (12) 

The terms  Ek is the kinetic energy, Ep is the total electromechanical enthalpy, and We is the work done by the electrical 

force, δW is the work done due to external mechanical and electrical load. t1 and t2 are the time constants at which all first 

variations vanish. This equation can be used to analyse any mechanical system that comprises piezo-electric patches. The 

equation of motion of the piezo-laminated, discretised structure is illustrated by 

[
𝑀𝑏 + 𝑀𝑝 0

0 0
] {

𝑞̈ 
𝑣̈

} + [
C 0
0 0

] {
𝑞̇
𝑣̇

} + [
𝐾𝑏 + 𝐾𝑝 𝐾𝑏𝑝

𝐾𝑝𝑏 −𝐾𝑝𝑝
] {

𝑞
𝑣

} = {
𝑄
0

 } (13) 

In addition, the system incorporates supplementary structural damping, which must be accounted for in the analysis. Here, 

the structural damping is modelled using proportional damping. The stiffness and mass matrices are computed through 

numerical integration based on the 2-point Gauss quadrature method. The dynamic behaviour of the piezo-thermoelastic 

beam is determined using the Newmark method. This approach transforms the governing differential equations of motion 

into a set of algebraic equations as follows. 

[𝐾𝑒𝑓𝑓]
𝑡+∆𝑡

{𝑞} = 𝑄𝑒𝑓𝑓  (14) 

where Keff and Qeff  are the effective stiffness matrix and effective load vector, which can be found as  

𝐾𝑒𝑓𝑓 = ([𝐾𝑏] + [𝐾𝑝] + [𝐾𝑝𝑏][𝐾𝑝𝑝]−1[𝐾𝑏𝑝]) + 𝑎0([𝑀𝑏] + [𝑀𝑝]) + 𝑎1[𝐶] (15) 

𝑄𝑒𝑓𝑓 = [𝑀𝑏 + 𝑀𝑝]{𝑎0(𝑞𝑡) + 𝑎2(𝑞𝑡) + 𝑎3(𝑞𝑡)} + [𝐶]{𝑎1(𝑞𝑡) + 𝑎4(𝑞𝑡) + 𝑎5(𝑞𝑡)} (16) 

The terms a0, a1, a2, a3, a4, a5 are represented as 

𝑎0 =
1

𝜀𝛥𝑡2
 ;  𝑎1 =

𝛿

𝜖𝛥𝑡
 ; 𝑎2 =

1

𝜖𝛥𝑡
 ;  𝑎3 =

1

2𝜀
− 1 ;   

𝑎4 =
𝛿

𝜖
− 1 ; 𝑎5 =

𝛥𝑡

2
(

𝛿

𝜖
− 2) ; 𝜖 = 0.25; 𝛿 = 0.5. 

(17) 

In order to calculate the output power of the piezo-electric beam, it is presumed that the beam's deformation profile 

remains unchanged, even though there is a slight increase in bending stiffness due to the piezoelectric layer. The resulting 

output voltage from the deformation of the PZT patch can be obtained as: 

[𝐾𝑝𝑝]−1[𝐾𝑝𝜃]{𝜃} + [𝐾𝑝𝑝]−1[𝐾𝑝𝑏]{𝑞} (18) 

For a purely resistive load, the relation between voltage and power can be represented as 

𝑃𝑜𝑢𝑡𝑝𝑢𝑡 =
𝑣2

𝑅𝑙

 (19) 
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3. Results and Discussions 

The Finite element formulation has been used to get the results across the three geometric profiles of axially functionally 

graded beams. This section not only deals with the power-generation capabilities of these profiles but also compares the 

voltage outputs, natural frequencies and energy-conversion efficiencies. The influence of geometric parameters and 

material gradient indices on overall harvesting performance has also been studied. For this purpose, the first three 

nondimensional natural frequencies of the uniform beam were initially calculated as a benchmark using the following 

equation.  

𝜔𝑛𝑜𝑛−𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝜔 × 𝐿2 × √
𝜌𝐴

𝐸𝐼
 (20) 

Table 2 illustrates a comparative sensitivity analysis of the beam using the Euler-Bernoulli and Timoshenko beam 

theories. The comparison is based on the nondimensional frequencies for the first three modes of vibration, as presented 

in the table. From the table, it is observed that the deviation between the two theories is very small. 

Table 2. First three nondimensional frequencies of the beam using  Euler-Bernoulli and Timoshenko beam theories 

Parameter Mode 
Euler–Bernoulli 

Beam theory 

Timoshenko 

Beam theory 

Deviation 

(%) 

Nondimensional Frequency  1 3.5160 3.5155 0.0142 

Nondimensional Frequency  2 22.0345 22.0312 0.0149 

Nondimensional Frequency  3 61.6982 61.6889 0.0150 

Similarly, Table 1 presents the first three nondimensional natural frequencies of a uniform beam with one end fixed and 

the other end free in the energy-harvesting analysis.  The fundamental nondimensional frequency is 3.082, corresponding 

to the primary vibrational mode most relevant for energy-conversion applications. 

Table 1. First three nondimensional natural frequencies of a uniform beam with a piezo patch near the fixed end 

1st Nondimensional natural frequency  3.082 

2nd Nondimensional natural frequency  19.312 

3rd Nondimensional natural frequency  54.083 

The second and third modes appear at 19.312 and 54.083, respectively, showing the characteristic frequency progression 

in beam structures. These nondimensional values provide a vital baseline for comparative analysis with other geometric 

profiles, such as linear and parabolic configurations. The fundamental mode offers maximum energy-harvesting potential 

due to its optimum displacement amplitude, whereas higher modes of vibration contribute to a broadband frequency 

response. 

Table 2. First nondimensional natural frequency of a linear and parabolic profile beam with variation in width taper  

(α) = 0.0, 0.3, 0.5, 0.7 and variation in height taper (β) = 0.0, 0.3, 0.5, 0.7   

Value of β 
α = 0 α = 0.3 α = 0.5 α = 0.7 

Linear Parabolic Linear Parabolic Linear Parabolic Linear Parabolic 

β = 0 3.082 3.082 3.164 3.216 3.213 3.228 3.236 3.072 

β = 0.3 2.690 2.105 2.706 2.030 2.697 1.905 2.649 1.674 

β = 0.5 2.306 1.313 2.278 1.203 2.235 1.086 2.649 1.674 

β = 0.7 1.783 0.624 1.725 0.550 1.663 0.482 1.567 0.395 

Table 4 illustrates the first nondimensional natural frequencies for beams with linear and parabolic taper profiles, 

considering variations in both width taper (α) and height taper (β). To assess the influence of geometric tapering on the 

beam's dynamic behaviour, the taper values are varied between 0.0 and 0.7. It has been noticed that increasing the width 

taper (α) by keeping the height of the beam (β = 0) constant results in a slight increase in natural frequency, which is more 

noticeable in the linear profile. However, a significant reduction in frequency is observed for both profiles, particularly 

in the parabolic case as the height taper increases. This is due to the significant decrease in beam stiffness, which reduces 

the natural frequency. Further, parabolic profiles consistently exhibit lower frequencies than linear ones under the same 

variation in tapers, due to the curved geometry. The most considerable frequency drop occurs at the highest taper values 

(α = 0.7 and β = 0.7) in the parabolic beam, which is nearly 0.395 rad/s. 

Similarly, Error! Reference source not found. represents the second nondimensional natural frequencies of the beam 

exhibiting parabolic and linear taper profiles. Both the width taper (α) and height taper (β) vary between 0.0 and 0.7. 

Increasing the width taper (α) and keeping the height taper intact (β = 0), the natural frequencies with parabolic profiles 

generally show higher or comparable values than linear ones. However, as the height taper (β) increases, the 

nondimensional natural frequencies consistently decrease for both beam profiles, more significantly in the parabolic case. 

For the same taper values, the parabolic profile exhibits sharper frequency reductions than its linear counterpart. Further, 

it has been observed that for taper levels           (α = 0.7 and β = 0.7), the nondimensional natural frequency drops to 2.483 

for the parabolic profile and 9.828 for the linear profile. This is due to the greater reduction in structural stiffness, which 
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results in more flexibility in dynamic behaviour. It is concluded that the height taper has a significant effect on the second 

mode of vibration frequency compared to the width taper, and the parabolic profile geometry shows a greater 

amplification on reduction. 

Table 5. Second nondimensional Natural frequency of a linear and parabolic profile beam with variation in width taper 

(α) = 0.0, 0.3, 0.5, 0.7 and variation in height taper (β) = 0.0, 0.3, 0.5, 0.7   

Value of β 
α = 0 α = 0.3 α = 0.5 α = 0.7 

Linear Parabolic Linear Parabolic Linear Parabolic Linear Parabolic 

β = 0 19.312 19.312 19.825 20.151 20.130 20.225 20.278 19.259 

β = 0.3 16.853 13.189 16.953 12.727 16.897 11.947 16.600 10.507 

β = 0.5 14.445 8.227 14.274 7.544 14.007 6.814 16.600 10.507 

β = 0.7 11.176 3.908 10.818 3.448 10.432 3.028 9.828 2.483 

Table 6. Third nondimensional Natural frequency of a linear and parabolic profile beam with variation in width taper 

(α) = 0.0, 0.3, 0.5, 0.7 and variation in height taper (β) = 0.0, 0.3, 0.5, 0.7   

Value of β 
α = 0 α = 0.3 α = 0.5 α = 0.7 

Linear Parabolic Linear Parabolic Linear Parabolic Linear Parabolic 

β = 0 54.083 54.083 55.508 56.417 56.356 56.626 56.771 53.953 

β = 0.3 47.177 36.918 47.458 35.642 47.306 33.479 46.486 29.473 

β = 0.5 40.438 23.039 39.966 21.145 39.226 19.114 46.486 29.473 

β = 0.7 31.298 10.948 30.306 9.670 29.234 8.499 27.555 6.976 

Table 6 summarises the third nondimensional natural frequency of the beams with linear and parabolic taper profiles. 

Both α and β vary in the range between 0.0 and 0.7, showing a detailed combined geometric effect on higher-mode 

vibration. From the table, it has been observed that the third nondimensional natural frequency increases gradually as the 

width taper α increases in the absence of the height taper (β = 0). However, when β increases, the nondimensional natural 

frequency decreases for both profiles, and it is more pronounced in the case of parabolic profiles. When both taper values 

(α = 0.7 and β = 0.7) are considered, the nondimensional natural frequency for the parabolic profile beam is 6.976, whereas 

for the linear beam it is 27.555. This reduction is due to the substantial loss in stiffness, particularly in a parabolic profile 

beam subjected to combined tapering. It is observed that the height taper has a greater effect on the third natural frequency 

than the width taper, and parabolic profile beams are more sensitive to such variations. 

 

Figure 3. Deflection profiles of cantilever beams with uniform, linear, and parabolic cross-sectional geometries 

Figure 3 represents the deflection profiles of three distinct cross-sectional geometries: uniform, linearly tapered, and 

parabolically tapered configurations. For this purpose, one end of the beam is fixed, and the other end remains free. The 

figure shows that geometric variation has a significant impact on structural response. It is observed that the tip 

displacement of the parabolic profile beam is approximately 2.0 mm, which is higher than that of the other profile beams. 

This is because a considerable reduction in cross-sectional area occurs toward the free end compared to other profiles. 

This results in a decrease in flexural rigidity and amplifies bending deformation, resulting in the maximum bending 

moment. In contrast, a uniform profile provides superior resistance to deflection due to constant stiffness along the length 

of the beam. The linearly tapered profile produces an intermediate deflection of approximately 0.95 mm at the free end, 

representing a transitional case between the uniform and Parabolic profile beam.  

Figure 4 illustrates the bending stress profiles at the top and bottom surfaces of the three cross-sectional geometries: 

uniform, linearly tapered, and parabolic. For this purpose, the end of the beam is subjected to a point loading, whereas 

the other end of the beam is fixed. From the figure, it is observed that the parabolic profile beam exhibits maximum tensile 
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or compressive stress of approximately 10 MPa at the fixed support, indicating maximum material utilisation efficiency. 

Similarly, the uniform profile beam displays the maximum tensile or compressive stress of approximately 2.5 MPa, 

whereas in the linearly tapered configuration the value is approximately 5 MPa. From the figure, it is observed that the 

parabolic profile beam demonstrates superior stress distribution optimisation, resulting in a greater bending moment. 

Conversely, the uniform cross-section exhibits relatively low stress utilisation near the free end, suggesting material 

inefficiency. In order to validate the developed MATLAB code, a bimorph cantilever beam composed of two 

Polyvinylidene fluoride (PVDF) layers is analysed. The beam dimensions are specified as 100 mm in length, 5 mm in 

width, and 1 mm in thickness. It is discretised into five equal finite elements for numerical analysis. A unit voltage is 

applied across the thickness, and the resulting deflections are computed at five nodal points. 

Table 7. Transverse deflection of a bimorph piezoelectric actuator 

Distance(mm) from  

fixed end 

Deflection (µm) 

[32]  

Deflection (µm) 

[33]  

Deflection (µm) 

present MATLAB code 

20 0.0131 0.0138 0.0139 

40 0.0545 0.0552 0.0554 

60 0.1200 0.1240 0.1247 

80 0.2180 0.2210 0.2218 

100 0.3400 0.3450 0.3465 

 

  

Figure 4. Bending stress distribution in cantilever beams featuring uniform, linearly tapered, and parabolic cross-

sections 

It is observed from Table 7 that the presently obtained result is in good agreement with the existing results [32] and 

[33]. The present formulation of the harvester is validated with the available experimental results [34]. For this type of 

validation, a rectangular cantilever bimorph energy harvester with a tip mass under base excitation is considered, as shown 

in Figure 5. A similar validation methodology has also been adopted [35]. 

 

Figure 5. Bimorph cantilever configuration (a) with piezoceramic layers (b) cross-sectional view 

Figure 6 (a-b) show the computed results of the voltage and current frequency response function (FRF) using the 

present formulation. Figure 6 (a-b) show that the present results are in close agreement with the previously published 

experimental results [24]. A piezo laminated cantilever beam under the simultaneous action of an impulse load at the free 

end and thermal load has been analysed to study the output responses such as displacement, voltage and output power. 

The cross-sectional dimensions of the beam near the clamped end have been taken as b0 = 0.05 m and t0= 0.004 m, 

respectively. The piezoelectric patch, having a length (Lp) of 0.05 m and a thickness (tp) of 0.0005 mm, has been attached 

near the clamped end of the beam of length 0.5 m. The various mechanical, electrical and coupled material properties 

used near the clamped end are listed in Table 8. 
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Figure 6. Comparison of voltage FRF for load resistances 1, 11.8 and 33 kΩ 

Table 8. Material properties of the beam and PZT 

Properties Steel beam PZT 

E0(Gpa) 210 0.0606 

μ0 0.3 0.3 

G0(Gpa) 80.7 0.0234 

ρ0(Kg m-3) 7850 7500 

e31(C m-2) - 16.6 

ε33(nFm-1) - 25.55 

The following sections represent the frequency domain responses of the proposed beam profiles with variation of width 

taper (α) and height taper (β). All results presented correspond to axially functionally graded beams incorporating spatially 

varying material properties as defined in Eq.s (1) and (2). This represents an axial gradient index of unity for the linear 

variation in modulus and the quadratic variation in density, consistent across all geometric configurations. Thus, the 

comparisons reflect the combined influence of material gradation and geometric profile (uniform, linear, parabolic) on 

dynamic response and energy harvesting performance.  

Figure 7 displays the frequency-response characteristics of three types of profile beams, such as uniform, linearly 

tapered and parabolically tapered beams. The system exhibits a frequency variation of up to 600 rad/s. For preliminary 

parametric investigation, the width taper (α = 0.2) and height taper (β = 0.3) were selected. This is due to the avoidance 

of stress concentration, numerical instability and excessive stiffness reduction. For Lower values of taper, i.e., α, β < 0.2, 

the harvested power and the dynamic response remain close to those of uniform-profile beams, showing limited benefit 

from geometric modification.  

  

Figure 7. Frequency response of uniform profile beam (α = 0.0, β = 0.0), linear profile beam (α = 0.2, β = 0.3) and 

Parabolic profile beam (α = 0.2, β = 0.3) 
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On the contrary, higher taper values, i.e., α, β ≥ 0.5, lead to a pronounced reduction in stiffness and natural frequencies in 

parabolic profile beams. The intermediate values α = 0.2 and β = 0.3 provide a compromise between stiffness and 

flexibility, resulting in an increase in harvested power, output voltage and vibration amplitude. Further, it clearly 

demonstrates the geometry–gradation synergy that efficiently interacts with axial material gradation to concentrate strain 

energy in the piezoelectric region near the fixed end. Therefore, α = 0.2 and β = 0.3 were selected as representative values 

to highlight the enhanced energy-harvesting performance and electromechanical coupling without affecting the dynamic 

stability. 

From the figure, it is observed that the parabolic profile system with α=0.2 and β=0.3 exhibits a sharp, high-amplitude 

resonance peak at approximately 75 rad/s, reaching a relative amplitude of around 0.48. Beyond this resonance frequency, 

the parabolic profile system shows a secondary, smaller peak at around 310 Rad/Sec before it diminishes at higher 

frequencies. The parabolic profile system experiences oscillations when excited at its natural frequency. The linear profile 

system with α=0.2 and β=0.3 has a moderate resonance behaviour, with its primary relative amplitude of 0.23 occurring 

at around 85 Rad/Sec. The relative amplitude developed is half that of the parabolic profile beam system. This indicates 

better damping characteristics than a parabolic profile beam system. Further, the linear profile beam system shows a 

secondary peak at around 400 Rad/Sec followed by a gradual decrease in amplitude. The uniform profile system (α=0.0 

and β=0.0) displays the controlled response among the three profile systems. Its primary resonance peak occurs at a 

similar frequency but has the lowest amplitude, approximately 0.13. Further, the uniform profile system shows additional 

resonance modes at higher frequencies around 450-500 Rad/Sec, suggesting a more complex dynamic behaviour. All 

three systems exhibit their primary resonance in the low-frequency range around 100 Rad/Sec. However, their higher-

order modal responses and damping properties differ significantly.  

Figure 8 represents the voltage response of the proposed beams, such as uniform, linear, and parabolic profile 

geometries, where the frequency range is from 0 to 600 rad/s. With α=0.2 and β=0.3, the parabolic profile shows the 

highest resonant response, reaching a voltage amplitude of approximately 280 mV/mm at 75 rad/s. Similarly, the linear 

profile exhibits moderate resonance of 175 mV/mm at approximately 85 rad/s, and the uniform profile exhibits a 

maximum of 130 mV/mm at 80 rad/s. These sharp, narrow resonant peaks are due to the highly selective frequency 

responses with less damping. These voltage-response characteristics are essential for designing and optimising beam-

based transducers for selecting appropriate profile geometries. Further, the separation of resonant frequencies also 

proposes potential for multi-frequency operation using different profile sections. The upward shift in voltage resonance 

frequency for parabolic profile beams can be attributed not only to the effect of increased Young's Modulus but also to 

the variation in geometric stiffness toward the tip. This material gradation enhanced the stiffness, sharpening the resonant 

peak and increasing the voltage output. 

 

Figure 8. Voltage response of uniform beam (α = 0.0, β = 0.0), linear profile beam (α = 0.2, β = 0.3) and Parabolic 

profile beam (α = 0.2, β = 0.3) 

Figure 9 illustrates the variation of output power response with load resistance for uniform, linear, and parabolic 

profile beam geometries across a resistance range from 0 to 10×10⁵ Ω. From the figure, it is evident that the maximum 

power output for the parabolic-profile beam is approximately 8.3262×10⁻⁵ W at an optimal load resistance of 

approximately 317073 Ω. After this optimal value, the output power gradually decreases as the load resistance increases, 

in accordance with the classical power output circuit. The linear profile beam shows a power output of approximately 

2.5384×10⁻⁵ W at the same optimal resistance value. The linear taper profile beam produces a moderate electromechanical 

coupling efficiency relative to the parabolic profile design. The uniform beam configuration shows the power-generation 

performance, achieving a maximum output of only 8.69×10⁻6 W, which is lower than the other two profile beams. The 

uniform cross-section yields less efficient electromechanical energy conversion, although it provides more power delivery 

across the load conditions. The parabolic profile beam shows an optimised stress distribution along the length of the beam, 

resulting in improved piezoelectric coupling and uniform strain energy density. This geometric profile optimisation 
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enables better utilisation of the material volume for power generation. All three designs show maximum power transfer 

at mid-range resistance values, showing similar internal impedance magnitudes. This indicates that while the power 

generation capacity varies significantly, the fundamental electrical characteristics remain within comparable ranges. The 

parabolic density distribution reduces inertia at the free end, resulting in large dynamic strains in the piezoelectric layer, 

while the gradual increase in Young's modulus ensures mechanical energy transfer. 

The dynamic behaviour of three profile beam configurations subjected to time-varying excitation over a period of five 

seconds is discussed. Figure 10 shows the tip displacement variation of the distinct profile beams subjected to a point 

load of 1 N at the free ned of the beam structure. From the figure, it is observed that the parabolic profile beam exhibits 

large-amplitude oscillations that reach peak displacements of approximately 7.5×10⁻³ m in the positive direction and -

6.5×10⁻³ m in the negative direction during the initial response phase. Afterwards, the response of the beam structure 

decays exponentially, in which the magnitude of the tip displacement amplitude diminishes gradually. The linear-profile 

beam exhibits an intermediate dynamic characteristic, with maximum tip displacements of approximately 2.5×10⁻³ m 

during the initial stage of the response period.  

 
Figure 9. Power response of uniform beam (α = 0.0, β = 0.0), linear profile beam (α = 0.2, β = 0.3) and 

Parabolic profile beam (α = 0.2, β= 0.3) 

 

Figure 2. Tip displacement response of uniform beam (α = 0.0, β = 0.0), linear profile beam (α = 0.2, β = 0.3) 

and Parabolic profile beam (α = 0.2, β = 0.3) in time domain 

The frequency appears higher than that of the parabolic profile beam, indicating that linear tapering provides increased 

structural stiffness for dynamic response. Due to the linear geometry, the decay rate shows moderate damping 

characteristics. The tip displacement is approximately ±1×10⁻³ m for a uniform profile beam at the initial stage of the 

response period. Further, the amplitude decays rapidly, indicating a stiffer structural system. The extended oscillation 

period of the parabolic profile beam indicates higher energy-storage capacity and lower structural damping, making it 

suitable for energy harvesting applications over an extended period. The gradual reduction in amplitude in all three cases 

reflects natural energy dissipation through material and geometric effects. All three profile configurations show an initial 

transient behaviour and then a steady-state response, indicating stable system dynamics. The absence of amplitude growth 

indicates that the excitation frequency remains well-separated from critical natural frequencies for each geometry. 
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Figure 11. Voltage response of uniform beam (α = 0.0, β = 0.0), linear profile beam (α = 0.2, β = 0.3) and 

Parabolic profile beam (α = 0.2, β= 0.3) in time domain 

Figure 11 demonstrates the voltage-time response characteristics of an energy harvesting system employing three 

distinct profile geometries over a period of five seconds. In the figure, the ordinate represents the normalised output 

voltage, whereas the abscissa represents the time period. From the figure, it is evident that the uniform profile beam 

exhibits a constantly decaying oscillatory response, with initial voltage amplitudes of approximately 40 V/mm. The rapid 

decrease in voltage amplitude indicates efficient energy dissipation through the harvesting mechanism. The linear profile 

beam indicates an initial voltage response of 30 V/mm, and subsequently it decays gradually. The parabolic profile beam 

shows an initial voltage response of 80 V/mm, indicating the maximum energy extraction potential at the beginning of 

excitation. Afterwards, the response reaches a steady-state condition. The oscillation behaviour shows strong 

electromechanical coupling, which is used for applications that require instantaneous output power.  

 

Figure 12. Output Power response of uniform beam (α = 0.0, β = 0.0), linear profile beam  

(α = 0.2, β = 0.3) and Parabolic profile beam (α = 0.2, β = 0.3) in time domain 

Figure 12 shows the output power of an energy harvesting system featuring three different geometric profile 

configurations for a period of five seconds. Here, the output power (W) represents the ordinate while the load resistance 

of the circuit represents the abscissa. From the figure, it is observed that, in the initial period, the parabolic profile beam 

attains a maximum power output of 0.09 W, and subsequently decays as the time increases. This indicates the maximum 

power captured during the initial stage of oscillation, which is suitable for instantaneous power. The reason for this is the 

strong electromechanical coupling between the beam structure and the piezoelectric materials. The linear profile shows a 

power amplitude of 0.03W, indicating controlled power oscillations compared with the parabolic profile structure. The 

uniform profile beam structure shows an output power of 0.015 W, which is lower than that of the parabolic and linear 

profile beam structures.  

The differences in performance observed among all these three profiles, such as uniform, linear, and parabolic 

configurations, cannot be due to the geometry alone. Since all profile beams are axially functionally graded, the variations 

in mass density and stiffness affect the overall dynamic response of the beam structure. There is a uniform bending 
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stiffness-to-mass ratio along the uniform beam in linear geometry. As a result, a moderate resonance amplitude develops. 

In contrast, the parabolic geometry profile improves this effect. The quadratic reduction in cross-sectional area coincides 

with the linear increase in modulus of elasticity, resulting in concentrated strain energy near the piezoelectric region near 

the fixed end. This increases the coupling between the material gradation and the geometry to produce high output power. 

The uniform beam, in the absence of taper variation, shows a lower electromechanical coupling and thus serves as the 

benchmark for the other two.  

4. Conclusions 

This study deals with a detailed numerical analysis of the energy-harvesting performance of axially functionally graded 

beam structures with varying geometric profiles. The finite element method developed in MATLAB was used to compare 

the natural frequencies, electrical voltage, harvested power, and overall energy conversion efficiency of piezoelectric-

integrated beams. The axial functionally graded material properties along the length play a significant role in enhancing 

electromechanical coupling. Three beam geometries, such as uniform, linearly tapered, and parabolically tapered, are 

analysed in this paper. The analysis shows that the parabolic-profile beam exhibits higher fundamental frequencies and 

improved harvesting efficiency. The inclusion of proportional damping and the classic electrical interface improves the 

dynamic response. It is observed that both tapering ratios and material gradation patterns greatly influence the 

achievement of maximum voltage and power output. The outcomes of this work provide practical design insights for 

high-efficiency energy harvesters intended for applications such as wireless sensor networks, structural health monitoring, 

and self-powered Micro Electro Mechanical System (MEMS) devices. 
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