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Abstract - Generators are necessary to justify the creation of the automorphisms for 

finite cyclic q-group, where q is an odd prime. This study identifies generators of 

previously unclassified automorphism orders for 2-power cyclic groups. This 

research begins with an overview of cyclic groups and automorphisms, including 

the properties, to establish a solid foundation. By analysing the automorphisms, the 

generators are identified according to their specific order within the 2-power group 

and presented as the primary finding. 
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1. Introduction 

Generators of finite cyclic q-groups, where q denotes an odd prime, form the foundation for studying their automorphism 

groups, which in turn are essential for understanding group actions and the formation of the nonabelian tensor product. 

Brown et al. [1] posed significant open questions that have prompted deeper exploration of the theoretical properties of 

these groups. Among those who advanced this line of inquiry, Visscher [2] examined the automorphisms of cyclic groups 

in greater depth. Motivated by this context, the present study addresses an unresolved issue with the nonabelian tensor 

product for cyclic groups. G, a group that is deemed cyclic in group theory if a singular element solely forms it, 𝑔𝜖𝐺,  

often referred to as the group generator. Hence, the mapping 𝜌: 𝑔 → 𝑔𝑡 gives any automorphism of the group G, with t 

being an integer with gcd(𝑡, 𝑞𝑟) = 1. Dummit and Foote [3] stated that the cyclic group’s automorphisms can be shown 

as follows,                                  Aut(𝐺) ≅ 𝐶𝑞−1 × 𝐶𝑞𝑟−1 ≅ 𝐶(𝑞−1)(𝑞𝑟−1), where q represents an odd prime and 𝑟 ∈ ℕ. 

Furthermore, the authors observed that the automorphisms of q-power order are isomorphic to the instantaneous 

multiplication for finite cyclic groups, which indicates that identifying the group generator is an essential requirement for 

determining the order of automorphisms of a q-group. Brescia and Russo [4] defined a cyclic automorphism as one that 

ensures the subgroup generated by an element and its image is cyclic. Clark [5] has classified generators into four forms, 

namely 2, 4, 𝑞𝑟, or  2𝑞𝑟 with q being an odd prime and   𝑟 ∈ ℕ. Meanwhile, Broche et al. [6] classified the finite cyclic 

groups with 2-generator for prime-power order. Asgharzandeh et al. [7] studied the properties and structure of 

automorphism groups and their applications to free groups, solvable groups, and graphs. 

Mohamad [8] explored the generators for 2-power order, as well as the generators for automorphisms of order  𝑞𝑟−1, 

for q-power order, where q is an odd prime, while Shahoodh [9] extended those results. Mohamad [8] also showed that, 

for two actions to be compatible, their order must be one of the necessary and sufficient factors. Shahoodh [9] examined 

the latter part of the instantaneous multiplication of the automorphism group for the q-group, which is 𝐶𝑞𝑟−1 , calculated 

both the number and the sum of its automorphisms, and established that each automorphism group has a unique element 

of order two. Further exploring automorphism groups, Emery [10] addressed the group of automorphisms for finite groups 

with small order and several general findings on the automorphisms of cyclic groups. In addition, Soleimani [11] 

established an indicator for the presence of order-preserving automorphisms and connected these results to finite q-groups, 

where q is an odd prime. Meanwhile, Hirano et al. [12] introduced the concept of uniform factorizations and developed 

methods for constructing these factorizations for finite groups, with a particular focus on the order of the group.  

Despite these advancements, no complete classification has existed for generators of automorphisms with specific 

orders in 2-power cyclic groups, a significant gap that this paper addresses. To address this gap, this paper utilises the 

Groups, Algorithms, and Programming (GAP) Software [13] to compute the number of generators according to their 

specific order for these groups. Having established the theoretical foundation, the preliminary results on the automorphism 

are presented in the next section. 
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2. Methodology  

The subsequent theorem describes the structure of the automorphism group of a finite cyclic q-group’s of q-power order 

as the direct product of two finite cyclic groups. 

 

Theorem 2.1    

Let q be an odd prime and 𝑟 ∈ ℕ. Suppose that G is a cyclic group of order 𝑞𝑟, subsequently                                                   

𝐴𝑢𝑡(𝐺) ≅ 𝐶𝑞−1 × 𝐶𝑞𝑟−1 ≅ 𝐶(𝑞−1)(𝑞𝑟−1), and  |𝐴𝑢𝑡(𝐺)| = (𝑞 − 1)𝑞𝑟−1. 

The Euler’s 𝜑-function is introduced next, as it determines the number of automorphisms of a finite cyclic group by 

counting the positive integers not exceeding n that are relatively prime to n. This concept is fundamental to the analysis 

of automorphism group structures throughout this study. 

 

Definition 2.1 Euler’s 𝝋-function  

The Euler Phi-function, 𝜑(𝑚) is defined as  

  

𝜑(𝑚) = |{𝑘 ∈ ℤ: 1 ≤ 𝑘 ≤ 𝑚 , gcd(𝑘, 𝑚) = 1}|, 𝑚 ≥ 1. 
 

Theorem 2.2 explains the order of any given integer, a. 

 

Theorem 2.2   

Let z be an integer modulo m with order l and let ℎ > 0. Then, the order of  𝑧ℎ is (
1

gcd(ℎ,𝑙)
)  modulo m. 

The classification of the generators is presented as follows. 

 

Theorem 2.3  

Let 𝑛 ≥ 2. Then, 𝑈𝑛 is cyclic if and only if it has one of the following forms: 2, 4, 𝑞𝑟, or  2𝑞𝑟 where q is an odd prime 

and 𝑟 ∈ ℕ. 

The following proposition establishes the existence of a unique element of order two in the automorphisms of the 

finite cyclic q-group. 

 

Proposition 2.1  

Every automorphism group of a finite cyclic q-group contains exactly one element of order two. 

The Binomial Theorem is recalled below since it is required in several proofs involving powers of group elements and 

their corresponding automorphisms. 

 

Theorem 2.4 Binomial Theorem 

For any integer n and any real numbers x and y, 

 

(𝑥 + 𝑦)𝑛 = ∑ (
𝑛
𝑘

) 𝑛𝑛−𝑘𝑦𝑘
𝑛

𝑘=0
,                                                                                                                                       (1) 

 

where 

 

 (
𝑛
𝑘

) =
𝑛!

𝑘!(𝑛−𝑘)!
                                                                                                                                                                  (2) 

 

represents the binomial coefficient. 

Fermat’s Little Theorem is introduced below. Fermat’s Little Theorem is essential to identify the order of elements 

in cyclic groups. This theorem is particularly useful in proving results related to automorphisms and their properties in 

this study. 

 

Theorem 2.5 Fermat’s Little Theorem  

Suppose q is a prime number, and let a be an integer such that q does not divide a. Then, 𝑎𝑞−1 ≡ 1 𝑚𝑜𝑑 𝑞. 

The findings and discussion on generators, presented in the specific order for the 2-power group, were built upon 

these preliminary results and are presented in the following section. 

3. Results and Discussion 

Assume that 𝑛 ≥ 2, where 𝑈𝑛 is cyclic if and only if it has one of the following forms:  2, 4, 𝑞𝑟, or  2𝑞𝑟 where q is an odd 

prime and 𝑟 ∈ ℕ. This study considers only the case in which the generator is 2. Moreover, if an integer z modulo m has 

order l and ℎ > 0, 𝑧ℎ has order (
1

gcd(ℎ,𝑙)
)  modulo m. Therefore, the corresponding generators of specific order are 

presented below. 

 



Fatin Hanani Hasan et al. │ Data Analytics and Applied Mathematics │ Vol. 7, Issue 2 (2026) 

journal.ump.edu.my/daam   3 

Table 1. Classification of automorphism group generators by order 

Result Generator Order 

Proposition 3.1 𝜌: 𝑔 → 𝑔𝑞𝑟−1 2 

Theorem 3.1 𝜌: 𝑔 → 𝑔𝑞−1 2𝑞𝑟−1 

Theorem 3.2 𝜌: 𝑔 → 𝑔2𝑞𝑟−1 𝑞 − 1 

Proposition 3.2 𝜌: 𝑔 → 𝑔2 (𝑞 − 1)(𝑞𝑟−1) 

Proposition 3.3 𝜌: 𝑔 → 𝑔𝑑 𝑑𝑞 

 

In order to prove the preceding statement, we explore various statements, lemmas, and theorems. 

 

Proposition 3.1  

Suppose 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩ is a finite cyclic group with q-power order, where q denotes an odd prime and  𝑟 ≥ 2. 

Then, 𝜌: 𝑔 → 𝑔𝑞𝑟−1 is an automorphism of Aut(𝐶𝑞𝑟) with order 2. 

 

Proof  

Consider the automorphism 𝜌: 𝑔 → 𝑔𝑞𝑟−1 of 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩, where 𝑟 ≥ 2. Then,  

(𝑞𝑟 − 1)2 = 𝑞2𝑟 − 2𝑞𝑟 + 1 ≡ 1(𝑚𝑜𝑑 𝑞𝑟). 

 

Therefore, 𝜌: 𝑔 → 𝑔𝑞𝑟−1  is an automorphism of order 2.∎    

                                                          

The following lemma is required  to determine the automorphisms of order  

2𝑞𝑟−1, where q is an odd prime and 𝑟 ≥ 2.  

 

Lemma 3.1  

Assume that q is an odd prime. Then, 

 

(𝑞 − 1)2𝑞𝑛−2
≡ 𝑠𝑛𝑞𝑛 + 1 − 2𝑞𝑛−1, 

 

for some integer 𝑠𝑛 , where 𝑛 ≥ 2. 

 

Proof  

Proceed by mathematical induction on n. For the base case, let  𝑛 = 2,  

 

(𝑞 − 1)2𝑞2−2
= (𝑞 − 1)2 = 𝑞2 − 2𝑞 + 1. 

 

the statement is true by letting 𝑠2 = 1. 

 

Assume the statement holds for some 𝑛 ≥ 2. Consider: 

 

(𝑞 − 1)2𝑞𝑛−2+1
= ((𝑞 − 1)2𝑞𝑛−2

)𝑞. 

 

Applying the inductive hypothesis yields 

 

(𝑠𝑛𝑞𝑛 + 1 − 2𝑞𝑛−1)𝑞 . 
 

By Theorem 2.4, 

(𝑠𝑛𝑞𝑛 + 1 − 2𝑞𝑛−1)𝑞 = ((𝑠𝑛𝑞 − 2)𝑞𝑛−1 + 1)𝑞 

                                   = ((𝑠𝑛𝑞 − 2)𝑞𝑛−1)𝑞 + (
𝑞
1

) ((𝑠𝑛𝑞 − 2)𝑞𝑛−1)𝑞−1+. . . + (
𝑞

𝑞 − 1) (𝑠𝑛𝑞 − 2)𝑞𝑛−1 + 1 

                                                 = 𝑅𝑞𝑛+1 + 𝑠𝑛𝑞𝑛+1 + 1 − 2𝑞𝑛 

                                           = 𝑠𝑛+1𝑞𝑛+1 + 1 − 2𝑞𝑛 

where 𝑠𝑛+1 = 𝑅 + 𝑠𝑛 for some integer R . Thus, the statement holds for 𝑛 + 1. Hence, the statement is valid for every  

𝑛 ≥ 2.∎       

The following lemma is required to determine the automorphisms of order 2𝑞𝑟−1 where q is an odd prime and           

𝑟 ≥ 2.  
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Lemma 3.2  

Let q is an odd prime. Then 

 

(𝑞 − 1)𝑞𝑛−2
≡ 𝑠𝑛𝑞𝑛 + 𝑞𝑛−1 − 1 

 

 

for some integer, 𝑠𝑛 where 𝑛 ≥ 2. 

 

Proof  

Proceed by mathematical induction on n. For the base case, let  𝑛 = 2,  

 

(𝑞 − 1)𝑞2−2
= 𝑞 − 1 

 

the statement is true by letting 𝑠2 = 0. 

 

Assuming the statement is true for some 𝑛 ≥ 2. Consider: 

 

(𝑞 − 1)𝑞𝑛−1+1
= ((𝑞 − 1)𝑞𝑛−1

)𝑞 . 
 

 

Applying the inductive hypothesis yields 

 

(𝑠𝑛𝑞𝑛 + 𝑞𝑛−1 − 1)𝑞 . 
 

 

Through the application of Theorem 2.4, 

 

(𝑠𝑛𝑞𝑛 + 𝑞𝑛−1 − 1)𝑞 = ((𝑠𝑛𝑞 + 1)𝑞𝑛−1 − 1)𝑞 

                                              = ((𝑠𝑛𝑞 + 1)𝑞𝑛−1)𝑞 + (
𝑞
1

) ((𝑠𝑛𝑞 + 1)𝑞𝑛−1)𝑞−1+. . . + (
𝑞

𝑞 − 1) (𝑠𝑛𝑞 + 1)𝑞𝑛−1 − 1 

                                              = 𝑅𝑞𝑛+1 + 𝑠𝑛𝑞𝑛+1 + 𝑞𝑛 − 1 

                                              = 𝑠𝑛+1𝑞𝑛+1 + 𝑞𝑛 − 1 

 

where 𝑠𝑛+1 = 𝑅 + 𝑠𝑛 and R is some integer. Thus, for 𝑛 + 1 > 2, the assertion is true. Hence, the statement is valid for 

every 𝑛 ≥ 2.∎           

The following theorem states the automorphisms of order 2𝑞𝑟−1 where q denotes an odd prime and 𝑟 ≥ 2.  

 

Theorem 3.1  

Let 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩ where q is an odd prime and 𝑟 ≥ 2. Then, 𝜌: 𝑔 → 𝑔𝑞−1 is an automorphism of Aut(𝐶𝑞𝑟)  with 

order 2𝑞𝑟−1. 

 

Proof  

By Theorem 2.1, G is a cyclic group of order 𝑞𝑟 where q represents an odd prime and 𝑟 ≥ 2. Hence,                             

Aut(𝐺) ≅ 𝐶𝑞−1 × 𝐶𝑞𝑟−1 ≅ 𝐶(𝑞−1)(𝑞𝑟−1), and |𝐴𝑢𝑡(𝐺)| = (𝑞 − 1)𝑞𝑟−1. In determining the claim, where 𝜌 is an 

automorphism of order 2𝑞𝑟−1, the following condition holds: 

i. (𝑞 − 1)2𝑞𝑟−1
≡ 1 𝑚𝑜𝑑 𝑞𝑟, 

ii. (𝑞 − 1)𝑞𝑟−1
≢ 1 𝑚𝑜𝑑 𝑞𝑟. 

 

Lemma 3.1 implies that 

(𝑞 − 1)2𝑞𝑟−1
≡ 𝑠𝑟+1𝑞𝑟+1 + 1 − 2𝑞𝑟 ≡ 1 𝑚𝑜𝑑 𝑞𝑟 

 

holds for all 𝑟 ≥ 2 Hence, Lemma 3.2 shows that condition (ii) contradicts the existence of a subgroup of order 2𝑞𝑟−1. 

Therefore, 𝜌 is an automorphism of order 2𝑞𝑟−1.∎ 

 

The ensuing theorem shows the automorphisms of order 𝑞 − 1 where q represents an odd prime.  

 

Theorem 3.2  

Let 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩ where q is an odd prime and 𝑟 ≥ 2. Then, 𝜌: 𝑔 → 𝑔2𝑞𝑟−1

 is an automorphism with an order of 

𝑞 − 1 in Aut(𝐶𝑞𝑟). 
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Proof  

Theorem 2.1 gives Aut(𝐺) ≅ 𝐶𝑞−1 × 𝐶𝑞𝑟−1 ≅ 𝐶(𝑞−1)(𝑞𝑟−1), and |𝐴𝑢𝑡(𝐺)| = (𝑞 − 1)𝑞𝑟−1. Since 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩, 

the element 2 serves as a generator of the automorphism group with (𝑞 − 1)𝑞𝑟−1 being the largest possible order of an 

automorphism. To establish the order of 𝜌, it is sufficient to show that: 

 

i. 2(𝑞−1)(𝑞𝑟−1) ≡ 1 𝑚𝑜𝑑 𝑞𝑟, 

ii. 2
1

2
(𝑞−1)(𝑞𝑟−1) ≢ 1 𝑚𝑜𝑑 𝑞𝑟. 

 

Condition (i) shows that 𝜌𝑞−1(𝑔) = 𝑔 which verifies that applying 𝜌  exactly  𝑞 − 1 times returns g to itself. For 

condition (ii), the exponent in the expression is half of the maximum order of the automorphism, which contradicts the 

subgroup of order 𝑞 − 1. Therefore, 𝜌 is an automorphism of order 𝑞 − 1.∎ 

The automorphism of the order (𝑞 − 1)𝑞𝑟−1 is established in the following proposition, where q denotes an odd 

prime number and 𝑟 ≥ 2.  

 

Proposition 3.2  

Let 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩ where q is an odd prime and 𝑟 ≥ 2. Hence, 𝜌: 𝑔 → 𝑔2 is an automorphism with an order of 

(𝑞 − 1)𝑞𝑟−1 in Aut(𝐶𝑞𝑟). 

Proof  

To determine the order of the automorphism 𝜌: 𝑔 → 𝑔2  for the cyclic group 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩, where q is an odd 

prime number and 𝑟 ≥ 2, the smallest positive integer n needs to be found first, such that (𝑔2)𝑛 ≡ 𝑔(𝑚𝑜𝑑 𝑞𝑟), which 

implies that 2𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟) or similarly, if G is cyclic of order 𝑞𝑟, for 𝜌𝑛(𝑔) = 𝑔  to hold, it needs 2𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟) to 

be satisfied. 

By Theorem 2.5, 2𝑞−1 ≡ 1(𝑚𝑜𝑑 𝑞). As q is an odd prime, 𝑞𝑟 has an order 𝜙(𝑞𝛼) = (𝑞 − 1)𝑞𝑟−1. For the higher 

power 𝑞𝑟, the results need to be extended. Therefore, the order of 2 modulo 𝑞𝑟 is multiplied by a factor of 𝑞𝑟−1 due to 

the additional structure introduced by the higher powers of q. Hence, 2(𝑞−1)𝑞𝑟−1
≡ 1(𝑚𝑜𝑑 𝑞𝑟). 

Since the automorphism 𝜌: 𝑔 → 𝑔2, the smallest n such that 𝜌𝑛(𝑔) = 𝑔 corresponds to finding the smallest n for 

which 2𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟). Thus, the order of the automorphism 𝜌 is (𝑞 − 1)𝑞𝑟−1.∎ 

The following proposition shows the automorphism of order dq, where d represents a unique odd prime divisor of 

𝑞 − 1, q denotes an odd prime number, and 𝑑 < 𝑞. 

 

Proposition 3.3  

Let 𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩ where q denotes an odd prime number and 𝑟 ≥ 2. Then,  𝜌: 𝑔 → 𝑔𝑑 is an automorphism with 

an order of dq in Aut(𝐶𝑞𝑟), where d represents a unique odd prime divisor of 𝑞 − 1, and 𝑑 < 𝑞. 

Proof  

To determine the order of the automorphism 𝜌: 𝑔 → 𝑔𝑑 for the cyclic group                                                                                                                                                                                           

𝐺 = ⟨𝑔⟩ ≅ 𝐶𝑞𝑟 = ⟨2⟩, where q is an odd prime number, 𝑟 ≥ 2 and d represents a unique odd prime divisor of 𝑞 − 1, and 

𝑑 < 𝑞, the smallest positive integer n needs to be found first, such that (𝑔𝑑)𝑛 ≡ 𝑔(𝑚𝑜𝑑 𝑞𝑟), which implies that                             

𝑑𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟) or similarly, if G is cyclic of order 𝑞𝑟, for 𝜌𝑛(𝑔) = 𝑔 to hold, it needs 𝑑𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟) to be satisfied. 

Consider d as a unique odd prime divisor of 𝑞 − 1, and 𝑑 < 𝑞. Given that 𝑑𝑑 ≡ 1(𝑚𝑜𝑑 𝑞). For the higher power 

𝑞𝑟, the results need to be extended. Therefore, the order of d modulo 𝑞𝑟 is multiplied by a factor of 𝑞𝑟−1 due to the 

additional structure introduced by the higher powers of q. Hence, 𝑑𝑑(𝑞𝑟−1) ≡ 1(𝑚𝑜𝑑 𝑞𝑟). While 𝑞𝑟−1 represents the 

refined congruence conditions associated with 𝑞𝑟, in the context of automorphisms, this condition simplifies into a linear 

relationship proportional to q. Thus, 𝑑𝑑𝑞 ≡ 1(𝑚𝑜𝑑 𝑞𝑟). 

Since the automorphism 𝜌: 𝑔 → 𝑔𝑑, the smallest n such that 𝜌𝑛(𝑔) = 𝑔 corresponds to finding the smallest n for 

which 𝑑𝑛 ≡ 1(𝑚𝑜𝑑 𝑞𝑟). Thus, the order of the automorphism 𝜌 is dq.∎        

The following section provides a synopsis of this paper. 

4. Conclusions 

This paper presents the generators of automorphisms for finite cyclic groups of 2-power orders. It expands previous 

classifications by offering specific order-based findings, enabling clearer group compatibility analysis. The results 

contribute to group theory and open avenues for further research in cryptographic structures and cyclic group 

isomorphisms. 
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