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dynamics in various industrial and biomedical fields. This paper presents a Keywords
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to the combined effects of mixed convection and an aligned magnetic over a vertical Dusty viscoelastic fluid
stretching sheet. The velocity and temperature profiles are examined over various Aligned magnetic field
parameters including viscoelastic, aligned angle, magnetic field, fluid-particle RKF45 method
interaction, Prandtl number and buoyancy. The governing boundary layer partial Numerical solution

differential equations (PDEs) are reduced to a system of ordinary differential
equations (ODEs) through the application of suitable similarity transformations. The
resulting ODEs are subsequently solved numerically using RKF45 method
implemented in MAPLE Software. The validity of the present results is confirmed
through favourable agreement with previously published results in the literature.
The results indicate that as the viscoelastic parameter increases the velocity of both
the fluid and dust phases increases, while the temperature profile for both phases
decreases. The novelty of this study lies in the development of a two-phase model
for dusty viscoelastic fluid flow, providing a more realistic mathematical
representation for analysing non-Newtonian flows containing suspended particles.

1. Introduction

Fluid mechanics is a branch of physical seience concerned with the behaviour and characteristics of fluids under stationary
and flowing conditions. Its.theory serves as a fundamental basis for numerous scientific and engineering disciplines [1].
Based on their rheological characteristics, fluids can generally be classified into Newtonian and non-Newtonian fluids.
For Newtonian fluids, the shear stress varies linearly with the rate of shear strain. In contrast, fluids that do not satisfy
this linear stress—strain relationship are classified as non-Newtonian fluids, as their viscosity varies with the magnitude
or duration of the applied shear.

In recent years, considerable research interest has been devoted to viscoelastic fluids because of their unique
rheological characteristics, which cannot be sufficiently represented using conventional Newtonian fluid models.
Consequently, these fluids are encountered in various conventional liquid systems, including oils, certain paints,
polymeric solutions, organic liquids, and a variety of advanced materials with considerable industrial and commercial
relevance [2]. Viscoelasticity is also crucial in a range of fields such as tribology, biomechanics, material science and
engineering because of its distinct mechanical properties and time-dependent nature [3]. Driven by its broad range of
practical applications, this research area has received increasing attention from the scientific community in recent years.
Wahid et al. [4] investigated the flow characteristics of a viscoelastic fluid when subjected to heat radiation, viscous
dissipation, porous medium, magnetohydrodynamic forces over a stretching sheet. In other geometrical surfaces, Singh
and Vishwanath [5] examined buoyancy-induced viscoelastic fluid flow through an inclined porous channel under the
influence of a moving magnetic field. Jafar et al. [6] investigated the hydromagnetic mixed convection flow of a
viscoelastic fluid induced by a vertically stretching surface, taking into account the effects of viscous dissipation and
thermal radiation on the heat transfer process. In a related study, the flow characteristics of a Brinkman viscoelastic fluid
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over a horizontal circular cylinder have been investigated by Kanafiah et al. [7] and they employed the Keller-Box
Method to obtain numerical solutions. Furthermore, a subsequent investigation by Kanafiah et al. [8] focused exclusively
on the fluid flow and the wall shear stress characteristics associated with the same flow model. Several recent studies on
viscoelastic in dissimilar situation have been treasured in literature [9-13].

The incorporation of suspended solid particles into viscoelastic fluids introduces additional complexity to their flow
characteristics, giving rise to what is generally termed dusty viscoelastic fluid. Such fluid systems are relevant to a variety
of industrial and biomedical processes, including polymer manufacturing, food processing, blood-flow applications, and
aerosol transportation. The introduction of solid particles into a fluid, either naturally or deliberately in the form of dust,
ash, or soot, can significantly modify the flow characteristics of the fluid in both the upper and lower flow regions. Owing
to these practical significances, several studies have been carried out to better understand the dynamics of Newtonian and
non-Newtonian fluids with the presence of solid particles under dissimilar conditions. Arifin et al. [13] numerically
examined the flow behaviour of a dusty fluid past a stretching sheet in the presence of an aligned magnetic field. In the
same year, Sharena et al. [14] investigated a dusty viscous quiescent fluid and concluded that the fluid—particle interaction
parameters significantly influence the flow characteristics. Extending this work, a more recent study by Sharena et al.
[15] incorporated the effects of thermal radiation and the Hall current on dusty fluid flow. Meanwhile; for.non-Newtonian
dusty fluid, Bilal et al. [16] focused on how free convection and a transversely applied uniform magnetic field affect the
behaviour of a viscoelastic dusty fluid in a rotating frame. Kumar and Gupta [17] scrutinized the stability and behaviour
of the system that are influenced by the combination of viscoelastic properties, suspended particles and fluctuations in
the magnetic field. The study found that dusty particle addition affects the Nusselt number and skin friction, where these
two parameters that are essential for comprehending the system's shear stresses and heat transfer rates. Furthermore,
Shanthi and Hemamalini [18] studied viscoelastic conducting dusty fluid with free convection, influenced by an angled
magnetic field and radiation, confined within a horizontal channel. Meanwhile, in the geometry of parallel plates, Ali et
al. [19] studied the influence of heat generation and Newtonian heating on dusty Newtonian fluid flow. Recent studies on
dusty viscoelastic fluids under magnetic field effects have been reported in the literature [21-23].

Although numerous studies have been reported, the influence of an aligned:magnetic field has received comparatively
limited attention, particularly in the context of two-phase mixed convection flow over a stretching surface. Motivated by
these considerations, the present investigation examines the behaviour of a dusty-viscoelastic fluid subjected to an aligned
magnetic field, in which the magnetic field is applied at an acute angle relative to the stretching surface. To better represent
practical engineering systems, a two-phase model.is-developed in which the fluid and dust particle phases are modelled
independently and solved numerically to obtain'the flow and thermal characteristics of the system. This approach extends
previous studies that primarily considered atransverse magnetic field and single-phase formulation. The findings provide
further insight into the fluid dynamics<and heat transfer characteristics of complex dusty viscoelastic flows, while
contributing to the advancement of numerical modelling techniques for non-Newtonian fluids containing suspended
particles and supporting the design and optimisation of engineering systems.

2. Mathematical Formulation

The steady, incompressible, two-dimensional flow of a viscoelastic fluid containing suspended dust particles is induced
by a stretching sheet, where the linear velacity is given by u,,(x) = ax. Figure 1 shows the physical configuration where
an angle varies 0° — 90° denoted as «; is introduced between the magnetic field and the flow. The particulate phase is
assumed to consist of spherical particles of uniform size that remain continuously and uniformly distributed throughout
the flow domain. For fluid phase, the governing equations are given in Eq. (1) to Eg. (3), respectively. Meanwhile, similar

type of equations in‘dusty. phase are displayed in Eqgs. (4) - (6). The boundary conditions in Eq. (7) serve to define the
system of governing equations, which are expressed as PDEs [24-25].
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Fig. 1. The Dusty Viscoelastic fluid's flow structure
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The boundary conditions and similarity transformation that suit the considered model are shown in Eqg. (7) and Eq. (8),
respectively

T (7)
u=u,x)=ax, v=0,-—=—-hTaty =0,
dy
u—>0,up—>0,vp—>v,T—>Tooaty—>oo.
, 1 ag T-T, ®)
w=axf'(), v=—@@)fm), n=(5)y om=—=7,

T 1o

Te

' 1 Tp
u, = axk'(m), v, = —(av)2E(), 6,(n) =

Where u = dop/dy and v = —d¢ /dx in'which ¢ signifies stream function, n is non-dimensional similarity variables.
The velocities and temperature components of fluid and dust particles along x and y axes are denoted by u, v, up, v,, T

, T, respectively while p and p, are density for fluid and dust particles. y; and 7, are thermal relaxation time and
relaxation time of particles phase, h, represents heat transfer parameter, B, is magnetic field and o is aligned angle.
By substituting Eq. (8).into’Egs. (1) — (6), the governing equations are transformed and take the following form:

Fluid Phase:
KQf'f" = f"2 = ff¥) 4+ BN(F' — f') — Msin?a,f' + 160 =0 )
2
0" +Prfo’ +=pN(6, —0) = 0. (10)
Dust Phase:

journal.ump.edu.my/daam 3



Nur Syamilah Arifin et al. | Data Analytics and Applied Mathematics | Vol. 7, Issue 2 (2026)
F'*—FF"+B(F'—f") =0, (11)

2P _
6 F+§W(9 -6,)=0. (12)

Transformed boundary conditions can be expressed as follows

f(0)=0,f(0)=1, 8'(0) =—-b(1+6(0)) atn =0, (13)
f'm-0,f"(m) > 0,F@) -~ 0,F() - f(m),6() - 0,6,(n) > 0atn - .

The dimensionless parameters appearing in Egs. (9) — (13), namely the buoyancy parameter A, Grashof number Gr,,
Reynold number Re,, magnetic field M, conjugate parameter for Newtonian Heating (NH) b, viscoelastic K, mass
concentration of particle phase N, specific heat ratio of mixture y, Prandtl number Pr and fluid-particle interaction 8, are
defined as follows:

1
Gr, gB Toox? ax? oBy° v\ koa
A= GR=Tr— Ree=— - M=k, b——hs(a), K==,
c v(pc 1 (14)
N:p_p’ y=_s’ Pr:ﬁ’ ﬁ=__
D Cp k art,

The dimensionless of skin friction coefficient, C;Re,’* and Nusselt-number, Nu,Re*/? are given as [11, 26]

1
CRey’* = (1+K)f"(0),  NuyRe;’*=b (— + 1)

6.(0) (15)

where Cr = u(0u/dy)y—o/pUs (x) and Nu, = —kx (T /0y)y=o/k(T,y = T,).

3. Numerical Procedure

The resulting ODEs (9) to (12) are solved numerically using the RKF45 method implemented in Maple software and
subjected to the boundary conditions in Eg. (13). The numerical results are illustrated graphically, focusing on the velocity
f'(m) and temperature 6 (n) profiles for viscoelastic fluid and dust particles, respectively. These resulting graphs are then
analysed across the considered parameters.

The results obtained in this study are‘validated by comparison with those from the previously published studies, as
shown in Table 1. Hence, the.computed values from the present investigation under the limiting conditions without
considering the dust, as the variables connecting the fluid and dust equations are assumed to be zero are compared with
those from three published papers: Salleh et al. [26] applied the Keller-Box technique to obtain numerical solutions for a
Newtonian fluid in the absence of dust particles. Turkyilmazoglu [28] derived an analytical solution for micropolar fluid
flow without incorporating the material and wall permeability parameters, whereas Arifin et al. [27] adopted the RKF45
numerical scheme. The strong agreement between the current and previous analytical and numerical results is a
noteworthy observation, thereby validating the numerical algorithm and graphical outputs.

Table 1. Surface temperature, 6(0) whenM =8 =N=0,y 2 o and b = 0.1
Turkyilmazoglu

pr Salleh et al. [26] 28] Arifin et al. [27] Current Study
(Keller-Box) (Exact values) (RKF45) (RKF45)

3 6.02577 6.05158546 6.05158577 6.0516393

7 1.76594 1.76039543 1.76039543 1.7605837

10 1.13511 1.11681524 1.11681523 1.1168217

100 0.76531 0.76452369 0.76455236 0.7646136

4. Research and Discussion
The computational analysis continues by considering specific values for several parameters, including M = 0.2,8 = A =
N=05K=1,a=mn/6 and b =y = 0.1. These parameters remain constant throughout the study, except for those
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deliberately varied to examine their effects. A detailed discussion of their influence on the velocity and temperature
profiles is presented in the corresponding figures.

Figures 2 and 3 illustrate the influence of viscoelastic parameter, K on velocity and temperature distributions of fluid
and dust phases, respectively. As shown in Figure 2, an increase in the values of K leads to a corresponding enhancement
in the velocity profiles of both the viscoelastic fluid and dust particle phases throughout the boundary layer. The dust
phase responds more gradually to variations in K than the fluid phase, owing to the drag interaction between the fluid and
dust particles. Physically, a larger value of K strengthens the fluid's elastic behaviour, enabling it to store and release
elastic energy during deformation. As a result, the fluid accelerates, and the drag interaction subsequently transfers
momentum to the dust particles, causing their velocity to increase as well. The dust particles exhibit a slower response
owing to their inertia. In contrast, Figure 3 shows that increasing K reduces the temperature profiles of both the fluid and
dust phases. The accelerated flow enhances convective heat transfer from the stretching sheet, resulting in a thinner
thermal boundary layer and lower temperatures in both phases. Accordingly, the temperature profile approaches its
asymptotic value at a smaller similarity variable, indicating a thinner thermal boundary layer as compared to momentum
boundary layer.

11
———  Fluid Phase 0.107
0.8 — = Dust Phase
0.08 1 Fluid Phase
4 — — Dust Phase
0.6 /
A : ). 8 0.06
S (n).F* (n) ' &(n). 8,(n) K=0.25.0.5.0.75. 1
044 K =0.25.0.5.0.75.1
\ 0.044
\
024 ¥
0.02
0 T
0 1 2 3 4 5 6 00 1 2 3 4 5 6
n n
Figure 2. Effect of K on f'(#®) Figure 3. Effect of K on 68(n)

Figures 4 and 5 depict the effect of the fluid-particle interaction parameter, § on the velocity and temperature
distributions for fluid and dust phases, respectively. As B increases, the velocity of dust particles rises. This can be
explained by the associated reduction in the particle velocity relaxation time, which enables the particles to respond more
quickly to variations in the velocity of the surrounding fluid. Consequently, the dust particles accelerate and progressively
approach the velocity of the fluid phase.<This enhanced momentum exchange between the two phases causes a slight
deceleration of the fluid motion. Additionally, the influence of £ is more significant on dust phase as it exhibits noticeable
changes. For temperature profile, a trend similar to that of the dust particles velocity is detected as 8 increases. Physically,
a larger B strengthens the thermal coupling between the two phases, allowing heat to be transferred more efficiently from
the warmer fluid to the cooler dust particles. resulting in higher temperature. Consequently, the dust temperature increases,
while the enhanced thermal interaction also elevates the fluid temperature, indicating improved interphase heat exchange.

17
008
0.81 Fluid Phase 007 ~—— Fluid Phase
\\ — — Dust Phase — — Dust Phase
\\ 0.06
\
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044
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Figure 4. Effect of 8 on f'(n) Figure 5. Effect of 8 on (1)
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Figures 6 and 7 depict the effect of the magnetic field parameter, M on the distributions of velocity and temperature
of the fluid and dust phases. An increase in M reduces the velocity profiles of both phases due to the enhanced Lorentz
force, which opposes the fluid motion. Conversely, the temperature profiles increase with increasing M. The strengthening
of M intensifies the Lorentz force, which resists the fluid flow and causes a deceleration of the fluid motion. Physically,
the stronger magnetic field generates greater resistance to the flow, causing kinetic energy to be transformed into thermal
energy. Consequently, the temperature of both the fluid and dust phases rise. The figures clearly demonstrate that the
influence of M is more significant on the velocity profile than on the temperature profile, as it appears explicitly in the
momentum equation only. Therefore, changes in M affect the flow field more significantly, while the temperature field
is influenced indirectly. Figures 8 and 9 portray the influence of the aligned angle, a on the velocity and temperature
distributions for viscoelastic fluid and dust particles, respectively. A similar trend to that observed in Figures 6 and 7 can
be identified. This behaviour can be explained mathematically through the relationship between a and M, where the
changes in « indirectly enhance the magnetic field effect. Thus, influencing both velocity and temperature distributions.

The magnitude skin friction coefficient —C;Re,’? and Nusselt number Nu,Re;'/* varies with viscoelastic

parameter, K are presented in Figures 10 and 11, respectively. As K increases from 0.25 to 1.00, —CfRe,i/2 increases

from 1.2105 to 1.5508, representing an increase of approximately 28.1%. This trend suggests that the-wall shear stress
becomes more pronounced as a result of the increased elastic effects within the fluid. Consequently, accelerates the fluid
motion as illustrated in Figure 2. In contrast, Figure 11 shows that NuxRe;1/2 decreases from 0.9684 to 0.7754,
corresponding to a reduction of approximately 19.9%. This reduction is attributed to the thickening of the thermal
boundary layer, which decreases the wall temperature.
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5. Conclusion

The study investigates the fluid-particle interaction of viscoelastic fluid with the magnetic.field'and mixed convection
impacts. The findings of this study are applicable in engineering processes such 'as polymer processing, coating
technology, electromagnetic flow control, and thermal management systems.-The main findings of this study are:

e For viscoelastic parameter, K, the results show that the velocity for the fluid and dust phases is increased and the
temperature profile for both phases are decreased.

e The magnetic field parameter, M exhibits an opposite trend, where increasing its value results in a reduction of the
velocity profiles for both the viscoelastic fluid and dust particle phases, while enhancing the temperature profiles of
both phases.

e The fluid-particle interaction, g and_ aligned angle, e influence the two phases differently. An increase in these
parameters leads to a reduction in the velocity of the fluid phase but an enhancement in the velocity of the dust phase.
In contrast, the temperature profiles of both phases increase as these parameters are increased.

The present study is limited to steady, two-dimensional boundary layer flow of dusty viscoelastic fluid. Future studies

may consider other types of non-Newtonian fluid such.as Erying Powell fluid, as well as additional effects including

thermal radiation, porous media and nanoparticles to improve the applicability of the model.
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