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point variable step-size superclass of block BDF by introducing a positive
corrective term that enhances both accuracy and stability. The MVSBBDF
computes two solution values simultaneously at each integration step while
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dynamically adjusting the step size based on local truncation error control. A \Ijzmb(i;ﬁep size
predictor formula is incorporated to provide starting values for the corrector phase, Superclass of BBDF
ensuring robust and efficient convergence. Theoretical analyses establish that the Stiffness

method is of order four, zero-stable, A-stable, and convergent. The step-size Oscillatory problem
selection strategy allows the algorithm to adapt efficiently to stiffness variations Convergence

within the solution domain. The effectiveness of the proposed method is
demonstrated through several stiff and oscillatory test problems. Numerical results
confirm that the MVSBBDF delivers improved accuracy, stable convergence, and
minimal step rejections while maintaining competitive computational efficiency.
Overall, the method provides an effective and robust framework for the numerical
solution of stiff systems of ordinary differential equations with adaptive step-size
control.

1. Introduction

Stiff and oscillatory differential systems are pervasive in various fields of science and engineering, such as chemical
reaction kinetics with widely varying reaction rates, electrical circuits and power systems, mechanical vibrations with
damping and external forces, as well as wave propagation phenomena [1-2]. These equations pose significant numerical
challenges due to the coexistence of rapid<temporal oscillations and multiple scales of decay or growth rates, which
characterize stiffness. Consequently, achieving efficient and accurate numerical integration of such systems demands
methods that can effectively. balance stability, precision (particularly in preserving oscillatory behaviour), and
computational efficiency [3]. Stiffness is generally described by the wide variation in the eigenvalues of the system’s
Jacobian matrix, where the presence of eigenvalues with large negative real parts compels explicit numerical methods to
adopt very small step sizes to maintain stability [4-5]. In contrast, implicit methods possess better stability
characteristics, allowing them to use larger step sizes, which make them more suitable for stiff systems [6]. The
foundational understanding of stiffness and the justification for using implicit solvers can be traced to the pioneering
work of Curtiss and Hirschfelder [7], which later inspired the development of stiffly stable numerical techniques such as
the Backward Differentiation Formulas (BDF), Extended Backward Differentiation Formulas (EBDF), Superclass of
Extended Backward Differentiation Formulas (SEBDF) and their modified versions [8-10]. These approaches continue
to form the core of many modern stiff problem solvers. Oscillatory behaviour presents a unique challenge because
numerical methods must accurately maintain both the phase and amplitude of oscillations over extended time intervals.
If this is not achieved, the computed solution may experience phase errors and amplitude attenuation, leading to a
significant loss of accuracy [11]. For problems that are purely oscillatory and not stiff, specialized numerical
approaches such as trigonometrically fitted integrators, and exponential integrators, have been developed to minimize
phase errors while allowing relatively large time steps. When oscillations occur together with stiff decay modes,
however, the numerical method must simultaneously ensure stability for stiffness and precision for oscillatory
behaviour, making the construction of efficient algorithms considerably more difficult [3].

A practical strategy for addressing problems that exhibit both stiffness and oscillatory behaviour involves the use of
implicit or semi-implicit integration techniques that maintain A-stability or possess wide stability regions. These
approaches are often enhanced with adaptive mechanisms or corrections designed to better handle oscillatory dynamics.
Implicit multistep and block-based methods, such as block backward differentiation formulas (BBDF) and their
superclass extensions, provide the advantage of computing multiple solution points within a single integration step
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while reusing Jacobian and linear system computations [12-16]. This feature improves both stability and computational
efficiency when solving stiff or oscillatory systems. The superclass formulation, in particular, introduces additional
parameters that define a family of related numerical schemes, enabling researchers to adjust coefficients to achieve a
suitable balance between stability and accuracy. Suleiman et al. [17] and Musa et al. [18] developed the class of fully
implicit superclass of block backward differentiation methods (SBBDF) and showed that they offer greater accuracy for
stiff initial value problems, although they require more function evaluations per step. However, these studies developed
diagonally implicit and off-step extensions to reduce computational costs while maintaining the robust stability
characteristics of the superclass framework [19-22].A general first order stiff oscillatory initial value problem (IVP) can
be expressed as [3]:

v =fxy), y&)=y, as<x<bh. 1)

where the function f satisfies the Lipschitz continuity condition with respect to y. The existence and uniqueness of the
solution to equation (1) are ensured by the Lipschitz condition. Specifically, there exists a constant L > 0 such that

If (1) = FQ6 vl < llyn = yell, Vx € [a,bl, y1,y, € R™

This condition guarantees that the function f(x,y)does not vary too rapidly with respect to y, thereby-ensuring the
well-posedness of the IVP and the uniqueness of its solution.

Adaptivity, often implemented through variable step-size control, plays a vital role in the efficient numerical
integration of stiff and oscillatory differential equations. By adjusting the step size dynamically, the integrator can take
larger steps in regions where the solution changes gradually and smaller steps /in regions-characterized by rapid
oscillations or transient behaviour. This flexibility enhances computational efficiency while maintaining the desired
level of local accuracy [23]. However, applying variable step sizes in multistep and block methods introduces additional
complexity, since non-uniform time grids alter the recurrence coefficients and may affect both O-stability and the
overall order and error constant of the scheme. To overcome these challenges, researchers have developed robust step-
size ratio controls and coefficient update procedures to preserve convergence and stability. Different studies found in
the literature have contributed significantly to this area by proposing variable step-size block backward differentiation
formulas and adaptive algorithms that enforce safe step-ratio limits and employ embedded error estimation for step-size
adjustment [24-29]. These approaches have demonstrated /improved accuracy and efficiency in solving stiff and
oscillatory 1VPs. From a theoretical standpoint,-ensuring zero-stability, consistency, and A-stability for variable-step
block and superclass methods requires:

i) Satisfying the usual order conditions via Taylor expansions for the desired order,

ii) Controlling step-ratio variation so that the root condition for the associated characteristic polynomials remains
satisfied on non-uniform grids, and

iii) Analysing the method’s stability polynomial against.the standard first order linear test equation y' = Ay.

The objective of this paper is to construct a modified fully implicit, stiffly stable, adaptive step-size superclass of
block numerical scheme for stiff and oscillatory differential systems. This development is based on the variable step-
size two-point superclass of BBDF introduced by [26], expressed as:

Z?:o @ irYntj-2 = Wit favk = Pfark-1), k=12 (2

where y,,;_, are the previous and current approximations, fy,,x = f(Xn+ks Yn+x), h denotes the block step size, and
@;ir Prir are coefficients that depend on the block index i and step-size ratio r. To improve the stability, accuracy,
and .computational performance of equation (2), modification is proposed by replacing the term —pf, . x_1 With
+0fnik—1- The resulting modified scheme is expressed as

2?:0 ®jirVn+j—2 = hﬂk,i,r(f‘rwk + pfask-1)» k=i=12. (3)

This formulation, referred to as the adaptive step-size modified superclass block backward differentiation
method (MVSBBDEF), retains the block property of computing two solution values per step while introducing a
structural adjustment that aims to expand the stability region and enhance numerical efficiency. It is noteworthy that the
proposed method simplifies to the conventional variable step-size Block BDF (VSBBDF) introduced by Ibrahim et al.
[24, 25] when the parameter p is set to zero, provided that p lies in the stiff-stability range p € (—1,1).

2. Methodology

Given three previous values at y,,_,, y,—, and y,, the objective is to derive a block formula capable of simultaneously
generating the next two approximations y, ., and y,,,. This formulation defines the next block of solutions within the
framework of the variable step-size superclass approach. To maintain zero stability while achieving high accuracy and
computational efficiency, the variation of the step size between successive blocks is carefully controlled. The step size
associated with the current block is denoted by 2h, while that of the preceding block is 2rh, where r represents the
step-size ratio between two consecutive blocks, as illustrated in Figure 1. In this study, the parameter r is taken to be

r=1,r=2andr = Z corresponding, respectively, to a constant step size, halving of the step size, and an increase of
the step size by a factor of 1.6.
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Figure 1. Interpolation points involved in the MVSBBDF method.

2.1 Derivation of the Method
Equation (3) is derived by applying a Taylor series expansion about x,, as follows:
Definition 1: The Linear operator L; associated with first and second points of the MVSBBDF method is defined as:

Li[y(xy), h]: gy (xp — 2rh) + a1,y (X, — Th) + a3, y(x,) + a3,y (%, + h) + g ;y(xn + 2R) — Wy f (x, + kh) —
hpﬁk,if(xn + (k - 1)h) =0, k=i=1,2. (4)

To derive the first point, the linear operator corresponding to the first point in (4) becomes

Ly[y(xp), hl: a’o,13’(xn —2rh) + al,ly(xn —rh) + 0‘2,13’(9511) + a3,1}’(xn +h) + a4,13’(xn + 2h) _hﬁ1,1y’(xn +h) —

hpBy,1y'(xn) =0, (5)
Expanding the functions in equation (5) using a Taylor series and collecting like terms yields:

Co1y(xp) + Cy1hy' (x) + Cy1h?y" () + C31R%y" (%) + -+ = 0. (6)
where,

Cop= 1+ a1 +az1taz;+a,, =0

Ciqp=—=2rapg; —rays +az; +2a,; = P11 (1+p) =0
1 1
C2'1 = 27"26(0]1 + E?"Z(lel + E a3‘1 + 2“4‘1 - ﬁl,l = 0 (7)

4 1 1 4 1
C31=—-T3ap; —-13a;,+> g, +-a,, —= =
3,1 3 0,1 6 1,1 6 3,1 3 4,1 2 1,1

2 1 1 2 1
Coi=-rag, +—1*aA; 1 +— 31 +-Q41 — = =0
4,1 3 0,1 24 1,1 24 3,1 3 4,1 6'81'1 )

In deriving the first point y, ., the coefficient.a; , is normalized to 1. By solving equation (7) in the Maple 18
software environment, the values of a;; and §;; are obtained as follows:

o 1 2rp-r-1 o = 8r2p—4r2+4rp—4ar—1
01 ™ gr2(4r2p43r+42)’ L1 T 12(4r3p+8r2p+3r2+8r+4)
o 112r4p+4art+erdp+12r3-12r2p+13r2—6rp+6r+i
217y r2(4r2p+3r+2) !
14r3p—4r3+2r2p—8r2—5r—1 2r243r+1
Ag1 = —7 as1=1.p11 =

4 (4r3p+8r2p+3r2+8r+4) ’ (4r2p+3r+2)
Substituting these values into equation (5) yields the first point as

1 2rp—-r—1 8r2p—4r2+4rp—4r—1
412(412p+37+2) Yn-2 r2(413p+8r2p+3r2+8r+4)” M1

Yny1 = —

112r¢p+art+6rdp+12r3-12r2p+13r2—6rp+6r+1 14r3p-ar3+2r2p—8r2-5r-1
4 72(41r2p+3142) n T4 (ar3p+8r2p+3r2+8r+4) 0 N2

+

2r2+43r+1 hfyoy + 2r2+3r+1
(4r2p+3r+2) 1 T (4r2p+3r+2)

hofp ®)
Similarly, to derive the second point y,,, ,, the linear operator corresponding to this point is defined as

Lo[y(xn), h] = a9 (xy — 21h) + a1,y (% — Th) + a3,y () + a3,y (X, + h) + g,y (x, + 2h)

—hB22(¥' (% + 2h) — py'(xn + h) = 0. )
Expanding equation (9) as a Taylor series about x,, and collecting like terms yields:
Co2Y(xn) + C1ohy' (xn) + Coph?y" () + C32h°y"" () + -+ = 0, (10)

where,
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Cop= Qo+ a1+t az; +a,, =0
Cip=—2rag,; —Ta15+ a3+ 204, — Pr,(1+p)=0
1 1
G2 = 27'2“0,2 + 57'20»’1,2 + 7 %32 + 204, — B2(2 + p)=0 (11)

4 3 1 3 1 4 1.
C32 = 3T o2 T T 2 +g a3 +§a4,2 = B2 (2 +§P) =0

2 1 1 2 4 1
Cop = §T4a0,2 + Z’AQLZ o, Xty — BT op) = 0)
In deriving the second point y, ., the coefficient a,, is normalized to 1. By solving the simultaneous system in
equation (11), the values of @;; and f8;; are obtained as follows:

r2p—2r2+3rp-8r+2p—8 4(2rp—4r+p—4)

Qo2 = 72 2 M2 = 55,2 2 ’ Az2 =
, (2r+1)(2r p+6r +3rp+24-r+p+20) r2(2r2p+612+43rp+24r+p+20) ,
2rtp—2rt+or3p—12r3+14r2p—26r2+9rp—24r+2p-8 _ _ 4(4r3p-3r2p+20r2—8rp+32r—4p+16) _

- 72212 pt6r2 o e =1 0 ag = 21602 o B =

p+612431rp+241+p+20) (2r+1)(2r2p+6r?+4+3rp+24r+p+20)
4(r?+3r+2)

(2r2p+612+31p+241+p+20)

Substituting these values into equation (9) yields:

r2p—2r2+3rp-8r+2p-8 4(2rp—4r+p—4)
yn+2 2(2T+1)(21" yn 2 r2 yn 1
p+6T2+37rp+241+p+20) (2r2p+672+31rp+241+p+20)
2rtp—2r*+9r3p—12r3+14r2p—26r2+9rp—24r+2p-8 4(4r3p-3r2p+20r2-8rp+32r—4p+16)
+ 2 2 2 n 2 2 n+1
r2(2r2p+612+3rp+24r+p+20) (r+1)(2r2p+6r?+4+3rp+24r+p+20)
4(r2+3r+2) 4(r2+3r+2)
hfniz + hpfoia (12)

(2r2p+612+31p+241+p+20) (2r2p+612+37rp+24T+p+20)

For stability considerations, the free parameter p is chosen within the interval (—1,1) as in [5,6,10,17,18,19,23,26].
In this study, the value p = —% is adopted. By substitutingr =1, r =2 and-r =§ into equations (8) and (12), the

corresponding coefficients of the proposed method are obtained and subsequently stored for use in the computational
implementation. These specific values of r are selected to ensure that the MVSBBDF method preserves its zero-
stability property:

Forr=1
5 9 13 3 3
Yn+1 = 53’11—2 —Yn-1t Zyn - gyn+2 + _hfn+1 - ghfn
PN, IV (13)
Yn+2 = 97 Yn-2 97 Yn-1 97 Yn+1 fn+2 fn+1
Forr =2
1 35 45 85 15 15
Vn+1 =Ey __yn—l +Ryn__Yn+2 +_hfn+1 _Ehfn (14)
333 640
Yn+2 = 353yn -2 + 353}/ -1 QYn + 353Yn+1 + 353 hfn+2 353 hfn+1
Forr = >
8
1984 70656 60021 1479 117
Yn+l T 5a7s V-2 ~ 0078901 T 50300V T gpaa Ynv2 T o3 hf"“ 4Tehf"
_ 162176 n 231424 330057 + 32312 2184 2184 ) hf (15)
Yn+2 = T 3ue75 V=2 T Te575 Yn-1 T 1165757 T 3089 Ynar + 4663 INt2 T 4ge3  Intl
The derived coefficients in equations (13)-(15) correspond to the different step-size ratios r =1, r =2 and r = g

representing constant, halved, and increased step sizes respectively. These parameter choices are carefully selected to
maintain the zero-stability and convergence of the proposed Modified Variable Step-Size Superclass Block BDF
(MVSBBDF) method while ensuring flexibility in adaptive step-size control. Furthermore, the consistency of the
coefficients across varying step-size ratios indicates that the method remains robust and stable under moderate step-size
variations, which is essential for the efficient numerical integration of stiff and oscillatory I\VPs.

Since the proposed method functions as a corrector-type scheme that can be implemented within the PECE
(Predict-Evaluate-Correct-Evaluate) framework, it is necessary to derive a corresponding predictor formula. The
subsequent subsection presents the derivation of an explicit predictor expression that aligns with the block structure and
order of the MVSBBDF method, providing suitable initial approximations for the corrector stage and enhancing the
overall computational efficiency of the algorithm.

2.2 Derivation of Predictor Formulae
The initial approximation is predicted using the explicit variable step-size predictor (EVSP) method, which is derived
by applying Taylor’s expansion to the following formula:
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Z?:O jirYn+j-2 = 0 k=i=12 (16)

The derivation of equation (16) involves setting the coefficient S, ;,- = 0 in the right-hand side of the general K-step
linear multistep method (LMM). To determine the coefficient of the first and second points for the predictor method
(16), we introduce the linear operator associated with (16) as:

Lily(xn), hl = 00,y (xy, — 2Th) + 01,y (x = Th) + 0,y (x) + 03,y (X + h) + 04,y (x, + 2h) = 0, (17)
FirstPoint: k =i =1

By setting the coefficient o, ; = 0 in (17), the linear operator (17) becomes:

Ly [y(xen), h] = 00,1y (xn — 2rh) + 03,y (xn —Th) + 051¥ (%) + 03,y (xn + h) =0, (18)

By expanding equation (18) in a Taylor series about the point x,,, the following system of simultaneous linear equations
is obtained:

€01 = Op1 + 011+ 0,1 +03, =0
61’1 = _27'0_0’1 - r0-1’1 + 0_3’1 = 0 i (19)

6211 = 21‘20'0,1 + %TZO'Ll +%O‘3'1 = 0
By setting 031 = 1 and solving the resulting system of equations using the Maple 18 environment, the.coefficients
corresponding to the first point were obtained, as presented in Table 1 below:

Table 1. The Coefficient of First Point for Predictor formulae

0p,1 011 021 031
1r+1 2r+1 12r2 4 3r+1 1
2 12 = T

Upon substituting the obtained coefficients into equation (18), the formula corresponding to the first point is
obtained as follows:

17+1 2r+1 12r2+3r+1
_E 2 yn—2 2 yn—l _E

Yn + Vg1 =10, (20)

r2
which is equivalent to

17r+1 2r+1 12r243r+1

T I e R LT €2y
Second Point: k =i =2
In a similar manner, setting the coefficient o3, = 0"in equation (17) transforms the linear operator into the following
form:
Ly(y(xp), h) = 002y (xn — 27h) + 01,9060 — Th) + 055y (%) + 042y (%, + 2R) = 0, (22)
Expanding (22) into Taylor series about the point x,, yields the following system of simultaneous linear equations:

€02 = Op2 + 012+ 025+ 045=0

61'2 = _27"0-0'2 - T‘O'LZ + 0-4_12 = 0 . (23)
Ez‘z = 27"20'0,2 + %TZO'LZ + %0‘4,2 = 0
Setting 04, = 1 and solving the resulting system of equations in Maple 18 environment yields the coefficients for the

second point, as presented in Table 2 below:
Table 2. The Coefficient of Second Point for Predictor Formulae

002 012 022 O42
r+ 2 4(r+1) r2+3r+2 1
o o R
The substitution of the obtained coefficients into equation (22) results in the following formula for the second point:
r+1 4(r+1) r243r+2

_.r_zyn—z + .r_z.Vn—l - Yn+ VYne2 =0, (24)
which is equivalent to

+1 4(r+1) 243742
Yn+2 = rr_z:Vn—Z - :.z Yn-1 . rZT Yn- (25)
Hence, the 2-point EVSP method is therefore given by

17+1 2r+1 12r243r+1

r2

= - Y= — 1+ -
yn+1 2 72 yn 2 r2 yn 1 2 r2 n (26)
! 4(r+1) r24+3r+2
Ynt+2 = 72 Yn-2— 72 n—-1 r2 n

Considering the step-size ratiosr =1, r =2 and r = % which correspond to constant, halving, and increasing the step

size by a factor of 1.6 in equation (26), we obtain:
Forr=1
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Yn+1 = Yn-2 — 33711—1 + 33711 } (27)
Yn+z2 = 3Vn—2 — 8Yn_1 + 6y,
Forr =2
3 5 15
Yn+1 = Eyn—z - Zyn—l + ?yn} (28)
Yn+z2 = Yn-2 — 3¥n-1+ 3
Forr = 2
8
Va1 = 22¥n-z = oe -1+ =¥
n+1 — 25 n-2 25 JN— 25 /N
168 416 273 (29)
Ynt+2 = Yn 27 o5 St Yn-1 Eyn

Itis noteworthy that the predictor formulae presented in equations (27)-(29) were previously reported in ljam et al. [23],
ensuring compatibility and reliability when coupled with the proposed MVSBBDF corrector formulation.

2.3 Order and Error Constant of the MVSBBDF Method
This section presents the derivation of the order and error constant of the method corresponding to-equations (13), (14),
and (15). Initially, the order of the method is examined. For r = 1, equation (13) can be rewritten in the following form:

5 9 13 3 3
_Eyn—z + Yn-1— Zyn + Yn+1 t+ Eyn+2 = Ehfn+1 - ghfn

13 70 162 202 48 12 * (30)
;}’n-z _9_7yn—1 + ?yn - ?yn+1 t Vniz = ;hfn+2 - ;hfn+1
The general matrix form of (30) is defined and expressed as follows:
Z?:oA;Ymﬂ—z = hzjz'=0 B;Fm+j—2: @31
where Ag, A3, A3, B, By, and B, are two by two square matrices defined by:
_5 _2 B 0 0 0 3 300
A=y w4 e e B =g o]’sz[o 08]'352 iz a
97 97 97 97 97 97
and Y,,_,, Y1, Yo, Fnes, Fm—q and E,,are column vectors defined by
_ [Yn-3 Yn-1 Yn+1 _ [fn- 3] fa- 1] fn+1]
Yoz = [ 2] s =[] Yin ym],Fm_z =17 Fnca = B = |
The matrix formulation of (31) is given as:
5 9
0 32 Yn—3]+ 1 4| [Yn- 1] 32 Yn+1]:h 0 0] fn—3]+h 0 —3|[fa- 1]
0 2 Vn-2 _2 ﬁ 1 Yn+2 0 0 fn_z 0 fn
97 97
3
= 0
+h 212 fn+1] (32)

48
_— — fn+2
97 97

Let Ay, A7, A3, Bg, Bi, and B; block matrices defined'by:
Ay = (4o A1), Al = (4 A3), Ay =(4, As),
By = (By By), Bf = (By B3), B; = (B, Bs),

where,
— A _2
4g = [8]*‘41 _ 1_:2 4= [_1;_2],143 i | [ 197] Ag = FE] By = [0] B, = [0] - [8], By = [_Oz]
97
g

Definition 2 (Order). The order of the block method (13) and its associated linear difference operator
Lly(x); k] = Xi-o[4jy(x + jh) — hB;y' (x + jh)] (33)
is defined as the unique integer p such that the difference operator (33) and the associated method (13) are said to be of
order p if
Co=0C,=Cy,=--=Cp=0and Cp,sqy # 0[30].
where,
5

_ 2 1 _ 2 0
CO = Z?:OA] = A1 + Az + A3 + A4 + AS = 1_;2 + [_ %] + 162 [ 202] [ ] [
97 97

» o
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5 9
JR— 1 J—

€, =Y5-0(JA; — B;) = (A, + 24, + 345 + 44, + 545) — (Bs + B, + Bs) = 1_32 +2[_£]+2 1_6;* +
97 97

5

oL - [+ 2] -

1 1 1 1 1
C, = Y50 (ZJZA, - EJB/) = = (Ay +2%A; + 3245 + 424, + 52A5) — T (3B5 + 4B, + 5B5) = || 32|+

97

1 -2 1 £ I O ; o1l 1o
22| _ 70| + 3% | 5| + 4% _202| + 5% 32| [ —=|3| 8|+ 4| °,|+5[48]| = ]
~o = A il Lo - al| 10

1 1 1 1 1
Cs=Y5- (5]3,4, - z]219,) = (A +2%4; + 3345 + 4°4, + 5°45) — . (3%Bs + 4°B, + 5°Be) = _ || 37| +
9 3
1 -2 1 1 3 :
23 [_ 7_0] +3% | or| + 43 [_202] +53 [32] -2 32[ 8] +47| %[+ 5 [48] [0]
2! 0 _

97 s 97 1 >

Cy=Y50 (i]“A, - 5133,) = 2 (A; +2%A; + 3%A; + 4* 4, + 5*Ag) = 2(3°B; + 438, + 5°Bs) = || 32|+
97

97

97 97

1 -2 1 > 0
2% | _ 70|+ 3% [ o+ 4% _202 +54 32 +43 b +53 48 [
Co = Nioo (374, = 2J*B)) = = (A{ + 254, +3°45 + 454, + 5°4) — = (3*Bs + 4B, + 5*B;) = = || 32|+
5= Lj=0\5 AT 1)~ 5\ 2 3 4 5 2 3 4 5/ 7 g 13

97

9

1 E—— —
2° [_Q]+35 or| +4 [ 202 +55 H]—— 34[ ]+44 212 54 48” # o]
97 _

97

In accordance with'the previously stated definition 2, it is demonstrated that the MVSBBDEF is derived to be of
order four and its corresponding error. constant is expressed as:

7
_ | so
Cs = = |k

485

Using the same procedure employed to establish the order of method (13), it can be verified that methods (14) and (15)
also achieve fourth-orderaccuracy.

2.4 Stability Analysis of the Method

In this section, the stability characteristics of the MVSBBDF method are examined, with particular focus on zero- and
A-stability. This analysis highlights the method’s suitability for solving stiff oscillatory problems. For practical
applicability in such problems, the MVSBBDF method should ideally exhibit, at a minimum almost A-stability
properties.

Definition 3 (Zero-Stability). A linear multistep method (LMM) is said to be zero-stable if all the roots of its first
characteristic polynomial lie within or on the unit circle, and any root on the unit circle is simple [31]. This condition
guarantees that small perturbations or rounding errors introduced at any step do not grow unboundedly as the
computation proceeds, thereby ensuring the method’s long-term numerical stability.

Definition 4 (A-Stability). A linear multistep method (LMM) is said to be A-stable if its region of absolute stability
contains the entire left half of the complex plane [32].
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The linear stability properties of the methods are analyzed using the standard first-order linear test equation.
Specifically, the stability of methods (13), (14), and (15) is assessed by applying the Dahlquist linear test equation for
first-order ordinary differential equations:

y' =1y,1<0 (34)
To examine the stability of the MVSBBDF method for r = 1, the substitution of equation (34) into the expressions
defined in (13) results in:

5 9 13 3 3
Yn+1 = 5 ¥Yn-2 " Yn-1 T ZYn - _Yn+2 + _hﬂ-.’Yn+1 - _h/lyn

32

13 70 162 202 - (35)
Ynt+2 = _EJ’n—z + ;J/n—l - ?yn + yn+1 + hlyn+2 hAYn+1
After rearranging and combining like terms, the resultlng expressmn is
3 13 5 9 3
(1 _Ehl) Vn+1 +§.Vn+2 = EYn—z —Yn-1t (Z_ghﬂ-) Yn (36)
202 12 48 13 70 162
(_? _hl).’Vn+1+( __hﬂ-).’Yn+2 = __Yn 2 +_Yn 1 _;yn
The matrix form correspondrng to equation (36) can be written as:
5
( 2 hl) yn+1] ) yn—l] + 0 32 yn—3] (37)
(_&4_2}1/1) (1 Yn+2 62 In 0 —5 Yn-2
Letting hA = hin (37) glves
3 9 3 5
(1 - Eh) yn+1] -1 (Z - gh) yn—l] + 0 32 yn—3] (38)
(_ﬂ_l_z}_l) (1 Vn+2 70 _lez n 0 _ B n-—2
B 97 97 97 97 97

Definition 5. If m is the number of block and r is the number of points in the block, then n = mr. Herer =2 and n =
2m. By [33], we let

_ [Yn+1] _ [Yom+1 _ [n-11 _ [Y2m-1 V2(m-1D+1 _ [Yn-3] _ V2(m-2)+1

Y = [}’n+2] - [}’2m+2]’ V-1 = Yn ] 1 Yom ] [yZ(m 1)+2] m-z — }’n_z] - }’2(m—2)+2]’
Equation (38) is equivalently written as
DY, = EYp_y + FY,_, (39)
where

37 13 9 3+ 5
| (=3%) eI I e 0| I L

202 12 - 48 =\ |’ 70 162 ! 13|°
(-5Z+58) (1-58) o e 0 ~5

By evaluating the determinant of the quadratic equation Dt? — Et — F = 0, the stability polynomial lpl(t, 71) is

obtained as:

(6 h) = — 22424 2 ¢ D2 2 p2gs  Zp2es DV ppa TRy 207343 28944 g, (40)
1552 1552 776 94 97 _ 776 388 1552 1552

The zero-stability of the method-is verlfled by substituting h = 0 into equation (40), which gives the following first

characteristic polynomial:

_ 22842 B 207843 | 28504 gy (41)
1552 1552 1552 1552

By solving equation (41) with respect to t, the following roots are obtained:

t=0,t=1,t=—0.1459405037, t = 0.07892479690.

These root values.confirm that the method is zero-stable, since no root has magnitude greater than one and the root ¢t =

1 is simple and unique.

Applying the same procedure the stability polynomial of method (14) for r = 2 is given by:
33 423 720 3159 - E— 3 _ 19257 3 1203

W, (t,h) = ——1t2 + 22 Re? - R34+ o pPtt - S 2Rt =0. (42
22592 22592 564—8 53 1412 5648 353
substituting h = 0 into equation (42) the flrst characterlstlcs polynomlal of the method (14) becomes:
3 2 33 19257 3 1203
+5t =0 (43)
22592 22592 5648
The roots of equation (43) with respect to t are given by:
t=0,t=1,t=-0.020470571178, t = 0.02093815282.
Hence, the method (14) is zero-stable.
Similarly, the stability polynomial of method (15) associated with r = g is expressed as
l/)s(t, E) _ _ 74784384 ., | 17301504 t+ 394368 nt? — 31941 R2t3 + 511056 R2t4 — 3214029 4 150666087 7 3
B 129981125 129981125 5199245 1039849 1039849 2079698 51992450
_ 28722699 3 1608771 4
25996225 103984—9 =0. _ (44)
The first characteristics polynomial of the method is determined by substituting 2 = 0 in (44) to obtain
_ 74784384 tz + 17301504 ¢ _28722699 t3 + 1608771 4 =0 (45)
129981125 129981125 25996225 103984-9

By solving the above fourth degree polynomial for t, we have the following roots
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t=0,t=1,t=-0.4692104995, t = 0.1833630793.
Again, it is shown that the method is zero-stable since no magnitude of the roots is greater than one and the root
t =1 is simple. The absolute stability region of the MVSBBDF method is analyzed in the hA complex plane. The
boundary of the stability region is defined by the locus of points
t=e =cos@ +isinh, 0<6<2m. (46)
To determine this boundary, the root condition of the corresponding stability polynomial is evaluated over a
suitably fine grid in the stability space. The absolute stability region is then identified as the set of all points satisfying |
t I< 1. The resulting stability region associated with MVSBBDF method for r = 1, r = 2 and r = 5/8 is illustrated
below, as generated using the Maple 18 computation environment.

Stable Region Unstable Region Stable Region

Stable Region Unstable Region Stable Region

Figure 2. Stability Region for MVSBBDF method when r = 1

Thus, the region of absolute stability of the stability polynomial (40) lies outside the circle, indicating that method (13)
is A-stable, as the stability region covers the entire left half of the complex plane.

Stable Region Unstable Region Stable Region

Stable Region ~ Unstable Region Stable Region

Figure 3. Stability Region for MVSBBDF method when r = 2

The stability plot of polynomial (42), presented in Figure 3, is also A-stable because its absolute stability region is
exterior to the circle and encompasses the whole left half-plane.
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Stable Region 1 Unstable Region Stable Region
2
- 5 a 2 H & g 10
_2d
Stable Region 1 Unstable Region Stable Region

Figure 4. Stability Region for MVSBBDF method when r =.5/8

It is observed that the absolute stability region lies outside the circle, indicating that equation(15)-is nearly A-stable, as
the region covers almost the entire left half of the complex plane. A-stability is one of the key properties desired for the
numerical solution of stiff problems. Therefore, the developed methods are suitable for the numerical integration of stiff
and oscillatory differential equations. Figure 5 provides a visual representation of the MVVSBBDF method for r = 1,
r =2 and r = 5/8, allowing a direct comparison of their respective stability regions

8 10

Figure 5. Comparison of the stability region for MVSBBDF method whenr =1,r =2andr = 5/8

Table 1 provides a comprehensive comparison of the methods depicted in Figure 5, detailing their absolute
stability characteristics along with the corresponding intervals of instability.
Table 1. Comparison of absolute stability and Interval of instability

Step-Size Ratio Interval of Instability Colour of the Graph Status of the Method
r=1 (—0.056,4.6) Green Absolutely Stable
r=2 (0,3.218) Red Absolutely Stable

r=25/8 (—1.884,9.479) Yellow Absolutely Stable
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The stability region of the MVSBBDF method depends on the step-size ratio, as the coefficients of the adaptive
step-size method vary with r. When r becomes very small, the large variation between consecutive step sizes
significantly alters the stability polynomial, potentially reducing the absolute stability region and enlarging the unstable
region. The data in Table 1 indicate that the MVSBBDF method for r = 2 has the narrowest interval of instability,
corresponding to the widest stability region. Conversely, for r = 5/8, the method exhibits the largest interval of
instability, implying the smallest stability region.

2.5 Convergence of the Method
The MVSBBDF method must be convergent before it can be considered suitable for the numerical approximation of
any stiff system, as a method that does not converge lacks practical utility. This section is dedicated to establishing the
necessary and sufficient conditions for the convergence of the MVSBBDF method. According to [34], consistency and
zero-stability are both necessary and sufficient for the convergence of any linear multistep scheme. To demonstrate that
the method (13) satisfies these criteria, we first present definition of consistency and a Dahlquist equivalence theorem
pertaining to the convergence of linear multistep methods, followed by a detailed verification of its consistency and
zero-stability properties.
Definition 6 (Consistency): A linear multistep method (LMM) is said to be consistent if it has‘order p > 1. It follows
that a LMM is consistent if the following conditions are satisfied:

i Y504, =0,

i X5_0j4; =250 B,

Based on definition 2, from section 2.3, we deduced that the order of the MVSBBDF method in (13) is four which is
greater than 1. Hence, in accordance with the definition 6, the method is consistent.
Let Ay, A1, Ay, A, Ay, As, By, By, By, B3, B,, and Bs be column matrices as previously defined-by, then
p
—_—— 1 —
Yi0A;=Ag+ A + A+ As+ A+ As = [8] + 1_§2 + [_Q] +|1ea| F [ 202] [32] [0]

97

97 | 97
Thus, the first consistency condition in (i) is satisfied.
Similarly,
-2 1 -2 11 o |2
Y5_0jA; = (0Ag + 14; + 24, + 343 + 44, + 545) = 1| 2?|+2 [_Q] +2|,65]+3 [_@] + [32] =[]l
— 97 — 97 1 -
97 97 97

2oty = @+ e = | (0 2]+ [ | 2] +[2]] -

SEEE

97
Hence, it is clear that Y.7_o jA; = X7, By
Therefore, the second consistency condition in (ii) is satisfied, indicating that all required consistency criteria are
fulfilled. Consequently, the MVVSBBDF method is confirmed to be consistent.
Theorem 1. A linear multistep method (LMM) is convergent if and only if it is both consistent and zero-stable.
Theorem 2. The MVSBBDF method is convergent
Proof:

From the preceding analysis, the MVSBBDF method is of order four, which satisfies the condition for
consistency. Additionally, the roots of the first characteristic polynomial of the method lie within or on the unit circle,
with any root on the unit circle being simple, confirming that the method is zero-stable for all considered step-size ratios
r=1,r=2andr =5/8.

Since the MVSBBDF method satisfies both consistency and zero-stability, it meets the necessary and sufficient criteria
for convergence. Therefore, the method is convergent, ensuring that the numerical solution produced by the MVSBBDF
method reliably approximates the exact solution of stiff and oscillatory initial value problems as the step size decreases.

2.6 Implementation of the Method
Newton’s iteration serves as the basis for implementing the method. The procedure is outlined below, with formulae
(13)-(15) expressed in the following form:

Y1 = 01Yn42 + a1hfy + aohfni + 14 }
Yn+z = OaVni1 + ashfpin + auhfps + 72)
where 7; and t, are the back values.
Equation (47) can be reformulated as:

yn+1 61 Yn+1 0 aq fﬁ 1 0 fﬁ+1 (51

[ yn+2] [92 0] [yn+2] th [ [ ] + h[ Ay [fn+2] + [Tz:ll (48)
WhICh can be represented as
(I = G)Y = h(H,F, + H,F,) + ¥, (49)

(47)
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where,

=y tho=l, Ghm=lo Glm=[ o]v=[)

» = [2] y = [yn+1]’ F, = fa- 1] F, = fn+1]_

Yn+2 frsz
Let
Newton’s iteration applied to the MVSBBDF method is expressed as:
(i+1) 6} ' (@ - @
Yn-L}-In+2 Yn-l}-ln+2 - (Kj(ynz-ln+2 ) (K (ynf}-ln+2 ) (51)
Equation (51) is equivalent to
1
(i+1) @ _ OF; @ OF @
Yn-LH n+2 Yn-l+1 n+2 — ((1 - G) - hHl ; (ynl+1 n+2) - hHZ e (ynl+1 n+2 )
(a- G)(y,&?mz) hHyFy — hH,Fy = ). (52)
Let v\ denote the (i + 1)th iterate and
(i+1) _ (i+1) )
L1,2 Yn+1 n+2 Yn-Ll-l,n+2‘ (53)
The equation (53) can be written as
L(llzl) = A 1B (54)
which equivalent to
;0 =, 9
where
-1
_ JdF; JF.
_ ® 2 (@D
A= (U -6) - hHIW(yan n+2) - hHZ (Ynl+1 n+2 )
and
— (U= Y ¥ ns2) — RHLFy = RH,F, = W)
Consequently, system (55) is solved using Newton’s iteration for each specified value of r.
Ofn+1
1 - zh _61
A= OYn+1
0fn+1 Ofn+2 |
1-—
—02 93h33’n+1 @h3 Oyny2/
5= ( _Yn+1 + 91}_’n+2 + “1hfn + a2hfr;+'2 + ¥ )
—Vnsz + 02Vn1 + ashfpi + ashfo, +9
For r=1
1— Eh g§n+1 ;_z
T n+1 5 _
A= Ofn+1 1_£hafn+z B =
0Yn+1 353 9¥n+2
i 3 i 3 i 5 9
yn+1 32yn+2 __hfn +_hfn+2 +§Yn—2 —Yn-1 +Zyn
70 162
yn+2 + 53yn+1 + 53 hfn+1 + 53 hfn+2 J’n—z + EYn—l - 9_7yn
Forr =2
1 + Ofns1 85
A= ayn+1 64
_ 640 | 48 ; Ofn+ 192, Ofnyz |
353 353 0ynii 353 Ytz
i 85 1 .15, 4 1 35 45
B _y‘rll+1 _6_4YYLL+2 __hfnl +_hfr:+1 +_yn—2 _ayn—l +1_6yn
= ; 640 ; 192 7 53 333
_yrlz+2 += 353 le1+1 353 hfn+1 + 353 hfn+2 EYn—Z + Eyn—l - EYn
Forr ==
_ 234y Ofnus 1479
i= 223 Oyn41 6244 B =
T\ _32812 546 ) Ofnss 4 _ 2184 Ofuea | -
13989 = 4663 aynJ,1 4663 Oyniz
_ 1479 f n ﬁhf 4 Loss 70656 60021
Yn+1 6244y"+2 4-4-6 noT g3 Jntl 5575y T 2607571 T 5530000
_ 32312 hf 4 218 hfi 162176 231424 330057
Yn+2 T 3089 Ynt1 = ae3 Wnt1 T gz Mnvz = 3ag755 Yn-2 T 15575 Yn-1 7 Tigs75 In

A computer algorithm written in the C- programming language is designed to implement the methods.
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2.7 Estimating the Local Truncation Error (LTE) and Maximum absolute error (MAXE) of the Method

When implementing an algorithm with finite-precision computations, error analysis is essential to assess the
effectiveness of a numerical method. The MVSBBDF method is no exception, as it introduces approximation, rounding,
and truncation errors each time it is applied. In this section, the concepts of local truncation error and maximum error
are presented. The local truncation error is defined as the difference between two consecutive formulas of orders p + 1
and p.

(p+1) (»)
LTE = Ynﬁz - yn22|' (56)
For the MVSBBDF Method, the LTEs are given by
Forr=1
@ _ 162 202 48
Vni2 = yn 2 + Yn 1 97 o In +;yn+1 + ;hfn+2 hfn+1 \|
(3) 3 4 1
yn+2 y —Yn + _yn+1 + _hfn+2 - _hfn+1 } (57)
403
LTE, = hfn+2 + 679 hfn+1 + 1358yn+1 yn 2t 1358y 9 ynJ
Forr =2
@ _ 7 53 333 640 1
Yniz = —g)’n—z t s Vn-1 735300 3 Vet H o ez — 5 s )
3) 38 88 32 8
Yni2 = yn 1= _yn + _3yn+1 + ghfn+2 - 5_3hfn+1 } (58)
1120 2856 7 1750 4235
LTE, ] " 18709 Toros Wiz t 18709 hf’“'l 18709 Yn+1 T 353 Yn-2 + 18700771 ~ Tg709 y"}
Forr ==
8
(4) _ 162176 231424 330057 32312 2184
Yn+2 = T 359725 Yn-2 T 16575 /n-1 T~ T1es75 00 13989 Y+ ¥ 4663 2063 n+2 = 4663 hf"“
(3) _ 3072 679 2464
Yni2 = goga Yn-1 " 55 Yn T 33 ¥ner T 101hfn+2 1mhfnﬂ (59)
40544 10136 7956760 162176 232236032 17504—872
LTE% T T 470963 hfnvz + o0es 470963 hfnes + 18367557 V"1 320725 Y0=2 T 15306207591 11774075 /1

To estimate the maximum absolute error of the-method, ‘we define the absolute error, as the difference between
approximate and exact solution in absolute value which is given by:

@)e = |30 = (GGD), | (60)
where (9;), is the tt"* — component of the approximate y .
Then, the maximum error is defined by:

MAXE = max w((éi)t) . (61)

1<iss \ 1stss

2.8 Step Size Selection Strategy
In the implementation of the MV SBBDF method, the step size is adjusted adaptively based on the success or failure of
each integration step. Two possibilities exist for adjusting the step size following a successful step, and one possibility
applies in the case of a failed step.
Accordingly, the step size ratio » may take one of the following values:

o r = 1: the step size remains:unchanged,

e 1 = 2:the step size is halved,

e r =5/8:the step size is increased by a factor of 1.6.
For each successful step, the step size is either maintained (r = 1) or increased by the factor 1.6 (r = 5/8). Conversely,
for a failed step, the step size is reduced to half its current value (r = 2).

The approximations y,,,.,; and y, ., are accepted if the current step is successful; otherwise, they are rejected.

The success or failure of a step is determined by comparing the local truncation error (LTE) with the user-defined
tolerance (TOL). Specifically, if LTE < TOL, the step is considered successful; otherwise, it is deemed a failure. The
selected test problems are solved using error tolerance limit of 1072, 10™* and 107°.
Basically, there are two possibilities in choosing the appropriate step size.
Case 1: Successful step (LTE < TOL)
In this case, the computed values y,, ., and y,,,, are accepted. There are two possibilities for the next step size:

= Maintain the current step size (r = 1), if the previous step is failed, or

= Increase the step size by a factor of 1.6 (r = 5/8), if the previous step was successful.
The step size increment is computed using

LTE
and if hy,,, > 1.6 X hyy then by, = 1.6 X hyyy -

TOL
hnew =cX hold X ( ) . (62)
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where c is safety factor which is set to be 0.8, p is the order of the method, h,,4 is previous step size and h,,,,, is the
current step size.

Case 2: Failure step (LTE > TOL)

In this situation, the approximations y, ., and y,,, are rejected, and the current step is repeated with a reduced step
size:

hnew = %hold- (63)
This reduction enhances the accuracy of the next iteration and ensures the error remains within the specified tolerance
limits.

3. Test Problems and Numerical Results

The effectiveness and efficiency of the MVSBBDF method are assessed by applying it to the following first-order linear
and nonlinear systems exhibiting stiff and oscillatory behavior:

Problem 1: This oscillatory problem is taken from [26, 36]:

y’l = _21y1 + 19y2 - 20y3, yl(O) = 1, 0 S X S 10,
y', =19y — 21y, + 20y3, ¥2(0) =0,
y', = 40y, — 40y, — 40ys, y3(0) =1,

The analytical (exact) solution is given by

y1(x) = 0.5(e™* + e~*%%*(cos40x + sin40x)),

y2(x) = 0.5(e™%* — e*0%(cos40x + sin40x)),

y3(x) = 2e740% (—%cos40x + %sin40x).

The eigenvalues of the coefficient matrix of the system are 4, = —2, 4, = =40 + 40i and.1; = =40 — 40i.

Problem 2: This problem considers a well-known nonlinear stiff reaction kinetics system as presented in [23,26,36]

y', = —(€+2)y; —€71 y3, y.(0) =1, 0<x <20,
Y=y =y(1+y,), y2(0) =1,

The analytical (exact) solution is independent of € and is given by

yl(x) = e_le

y2(x) =e™*.

The eigenvalues of the Jacobian matrix-of the system are A, = —1 and 1, = —(€~!+ 2), which indicates that the
degree of stiffness in the system can be‘controlled through the parameter €= 1075,

Problem 3: The second order non-normal oscillator problem is taken from [26]
y'(x) +2 €y'™ +€e” y(x) =€ f(x),
Subject to the following initial conditions

e2(e-1) 2e3

— ! —
y(0) = €22’ y'(0) = =y
This differential equation can be rewritten as the following first-order linear system:
' €?(e-1)
Y=Y 1) =G 0<x<m,
2e3

y', =€ cos(x) — 2 €y, —€* y;, ¥,(0) = @t
The exact solution of the system is given by:

.V1 (x) = eex’
Y2 (x) = xe.
The eigenvalues of .the Jacobian matrix are 1, = —€ and A, = —€ confirming the system’s stiff behaviour. The

stiffness is controlled by-the parameter e= 103.

Problem 4: The Oscillatory stiff cosine problem, adopted from [23,26,36,37] is given by
y' = —2msin(2mx) —é(y —cos(2mx)), y(0) =1, 0<x <10.

The problem exhibits increasing stiffness as €— 0. For this test, the stiffness parameter is chosen as €= 1073, The
exact solution is
y(x) = cos(2mx).

The previously defined test problems were solved using four distinct numerical approaches: the Non-Block
Backward Differentiation Formula (NBDF) [8], the fourth order 2-Point Variable Step-Size Block Backward
Differentiation Formula (VSBBDF) [24,25], the fourth order 2-Point Variable Step-Size Superclass of Block Backward
Differentiation Formula (NVSBBDF) [26], and the Modified Variable Step-Size Superclass of Block Backward
Differentiation Formula (MVSBBDF).

The accuracy and computational efficiency of the methods are evaluated and compared using the maximum
absolute errors corresponding to different tolerance values (TOL) for each test problem. Furthermore, the numbers of
failed steps, successful steps, and total integration steps used in solving each problem are also reported.
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Table 2. The notations used in the subsequent tables

SYMBOL DESCRIPTION
TOL Tolerance value Used
METHOD Numerical method used
TRS Number of failed steps
TAS Number of successful steps
TS Total number of steps
MAXE Maximum absolute error
NBDF Non-Block Backward Differentiation Formula [8]
VSBBDF Fourth Order 2-Point Variable Step-Size Block Backward Differentiation Formula [24,25]

NVSBBDF Fourth order 2-Point Variable Step-Size Superclass of Block Backward Differentiation Formula [26]
MVSBBDF Modified 2-Point Variable Step-Size Superclass of Block Backward Differentiation Formula

Table 3. Numerical Result for Problem 1

TOL METHOD TRS TAS TS MAXE
1072 NBDF 8 48 56 4.92270E-002
VSBBDF 0 46 46 4.09523E-003
NVSBBDF 0 48 48 5.56533E-005
MVSBBDF 0 49 49 1.46981E-005
107* NBDF 15 100 115 5.96300E-004
VSBBDF 0 66 66 4.10262E-004
NVSBBDF 0 73 73 6.47609E-007
MVSBBDF 0 84 84 1.51782E-007
107 NBDF 19 167 186 1.04720E-005
VSBBDF 1 117 118 2.31132E-006
NVSBBDF 0 142 142 6.61553E-009
MVSBBDF 0 177 177 1.70621E-009

Table 4. Numerical -Result for Problem 2

TOL METHOD TRS TAS TS MAXE
1072 NBDF 4 65 69 9.38499E—-002
VSBBDFE 0 45 45 6.48394E-004
NVSBBDF 1 48 49 3.53673E-004
MVSBBDF 0 47 47 3.14542E-004
107* NBDF 7 107 114 1.02574E—-004
VSBBDF 0 63 63 6.48780E—005
NVSBBDF 4 70 74 1.59269E—-005
MVSBBDF 0 72 72 1.59364E-005
107 NBDF 10 134 144 1.03536E—005
VSBBDF 0 99 99 6.48812E—006
NVSBBDF 8 110 118 8.11971E—-007
MVSBBDF 0 127 127 7.22671E-007

Table 5. Numerical Result for Problem 3

TOL METHOD TRS TAS TS MAXE
1072 NBDF 3 187 190 1.04075E—-002
VSBBDF 1 79 80 2.58273E-002
NVSBBDF 0 83 83 4.57917E-004
MVSBBDF 0 92 92 3.48216E-004
107* NBDF 3 255 258 2.39815E-004
VSBBDF 5 141 146 1.61427E-004
NVSBBDF 0 152 152 1.37209E-005
MVSBBDF 0 198 198 2.20712E-006
107 NBDF 4 390 394 3.28943E-006
VSBBDF 9 180 189 2.01784E—-006
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NVSBBDF 3 187 190 2.45230E-007
MVSBBDF 6 189 195 2.31866E-007
Table 6: Numerical Result for Problem 4

TOL METHOD TRS TAS TS MAXE
1072 NBDF 38 126 164 8.46687E-005
VSBBDF 4 72 76 5.24918E-005
NVSBBDF 1 65 66 5.16437E-005
MVSBBDF 0 66 66 4.47900E-005
1074 NBDF 70 249 319 3.42565E-006
VSBBDF 7 159 166 2.12255E-006
NVSBBDF 0 116 116 1.54385E-006
MVSBBDF 1 178 179 9.48730E-007
106 NBDF 100 474 574 1.33439E—-007
VSBBDF 19 457 476 4.32393E-008
NVSBBDF 4 398 402 3.11839E-008
MVSBBDF 2 400 402 1.95286E-008

To visually demonstrate the performance of the MVSBBDF method, the accuracy graphs of Log(MAXE) against TOL
are plotted in Figures 6-9.
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Figure 6. Graph of Log(MAXE) against TOL for Problem 1
-4 . : .
-6 _,_..-—"ie
-—-'—'-'
e
=1 -----"""-—-——- 7]
A —-"*———-—-
o B e _....--——:7-'—'3"'"#¢1
g e SRETE i RO L
L T e R T .
-16% e A )
g TN I L — NBDF
el R PN e —VSBBDF ]
;.- " ~l — NVSBBDF ||
- —p— rvSBBDF
= N . 1 1 | n T n ramn
10° 10° 107 10° 107
TOL

Figure 7. Graph of Log(MAXE) against TOL for Problem 2
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Figure 9. Graph of Log(MAXE) against TOL for Problem 4

4. Discussion on the Results

The numerical results presented in Tables 3-6 and illustrated in Figures 6-9 demonstrate the accuracy, efficiency,
and stability of the MVSBBDF method when applied to-a range of stiff and oscillatory problems. Across all test
problems and tolerance levels, the method consistently produced very low maximum absolute errors (MAXE), which
decreased proportionally as the tolerance’ (TOL) was reduced, confirming the strong convergence property of the
proposed scheme. This consistent reduction in error highlights the method’s ability to maintain stable and predictable
error behavior even for highly stiff problems. Moreover, the MVSBBDF method exhibited an excellent stability profile,
as reflected by the zero or near-zero failed steps (TRS) recorded across all problems and tolerance levels, indicating
robust control of the adaptive step-size. mechanism. Regarding computational efficiency, the total number of integration
steps (TS) required by the MVSBBDF method increases moderately as the tolerance is tightened, reflecting the natural
trade-off between accuracy and computational effort. This increase is primarily due to the positive term (+pf,1x-1)
introduced in the MVSBBDF. modification, which replaces the corresponding term in the existing NVSBBDF
formulation. While this adjustment slightly increases the number of steps, it significantly enhances both stability and
accuracy. The adaptive step-size mechanism further optimizes performance by dynamically adjusting the step length
based on local error estimates, ensuring precise and stable integration with minimal step rejections. The graphs behavior
observed in the accuracy graphs of Log(MAXE) versus TOL plots (Figures 6-9) confirm the method’s convergence
properties and demonstrates that the MVVSBBDF method reliably delivers accurate, stable, and efficient solutions across
a wide range of stiff and oscillatory 1\VPs.
5. Conclusion
In this study, the MVVSBBDF was developed for the numerical solution of first-order stiff and oscillatory 1\VPs. The
method extends the two-point variable step-size superclass of block BDF by introducing a positive corrective term,
which enhances stability and accuracy while maintaining computational efficiency. Theoretical analysis confirmed that
the MVSBBDF method is fourth-order accurate, consistent, zero-stable, A-stable, and therefore convergent. The
adaptive step-size mechanism, combined with a predictor—corrector implementation, allows the method to adjust
dynamically to variations in stiffness and solution behavior, reducing step rejections and ensuring accurate
approximations. Numerical experiments on a range of stiff and oscillatory test problems demonstrated that the
MVSBBDF method achieves superior accuracy compared to existing block BDF methods, with minimal additional
computational cost.

Overall, the MVSBBDF method provides a robust, accurate, and efficient framework for solving stiff systems of
ordinary differential equations, making it a valuable tool for both theoretical and applied computations in scientific and
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engineering applications. Future work may explore higher-order extensions and the application of the method to large-
scale stiff systems.
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