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Abstract - One important numerical method for converting Boundary Value Problems 

(BVPs) into Initial Value Problems (IVPs) is the shooting method, which is mostly used as a 

root-finding technique. Until the boundary conditions are met, this approach entails making 

initial-condition predictions and iteratively improving them. Since it guarantees that the initial 

values yield a solution that satisfies the given boundary conditions, root discovery plays a 

critical role. Although the shooting approach works well, it can be sensitive to initial 

estimates, which can sometimes cause convergence problems. Therefore, choosing the right 

root-finding techniques becomes essential. Thus, this study will assess how well the shooting 

method performs when paired with various root-finding algorithms to solve BVPs. The 

effectiveness of these algorithms is compared based on their convergence rate, accuracy, and 

robustness. The results demonstrate the effectiveness of combining the shooting method with 

root-finding algorithms to deliver accurate and efficient solutions to BVPs, making it a 

valuable tool in scientific and engineering applications. 
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1. Introduction 

Boundary value problems (BVPs) are a class of differential equations in which the solution is subject to specified boundary 

conditions at the endpoints of the domain.  BVPs have broad applications in mathematics, physics, fluid mechanics, and 

engineering. As analytical solutions are often impractical, advanced numerical methods are critical for solving BVPs 

effectively [1]. BVPs are integral to advancements in applied science and engineering, particularly in the development of 

essential components such as pivots and bearings [2]. These problems, which involve differential equations with specified 

derivatives at multiple points, often require numerical methods because deriving analytical solutions is challenging. 

Among the most effective methods for solving BVPs are the Shooting Method and Finite Difference Methods [3]. The 

Shooting Method is particularly notable for its ability to convert BVPs into Initial Value Problems, enabling iterative 

adjustments to initial conditions until the specified boundary conditions are satisfied [2-3]. Recently, Victor et al. [4] 

proposed a machine learning workflow for tuning numerical settings in the shooting method. On the other hand, by 

integrating root-finding algorithms, the shooting method achieves greater precision and efficiency by fine-tuning 

parameters to satisfy boundary constraints [5]. 

Table 1. Formula for root-finding algorithm 

Root finding algorithms Formulas 

Bisection method 𝒄 =   
𝒂 + 𝒃

𝟐
 

Secant method 𝒂𝟐 =  𝒂𝟐−𝟏 − 
(𝒚(𝒃, 𝒂𝟐−𝟏) − 𝜷)(𝒂𝟐−𝟏 − 𝒂𝟐−𝟐) 

𝒚(𝒃, 𝒂𝟐−𝟏) − 𝒚(𝒃, 𝒂𝟐−𝟐)
 

Brent's method 

𝒙 =  
𝒇(𝒂)𝒇(𝒃)𝒄

[𝒇(𝒄) − 𝒇(𝒂)][𝒇(𝒄) − (𝒃)]
+ 

𝒇(𝒂)𝒇(𝒄)𝒃

[𝒇(𝒃) − 𝒇(𝒂)][𝒇(𝒃) − (𝒄)]
 

+  
𝒇(𝒃)𝒇(𝒄)𝒂

[𝒇(𝒂) − 𝒇(𝒃)][𝒇(𝒂) − (𝒄)]
 

Ridder's method 
𝒙𝟒  =  𝒙𝟑  ±  (𝒙𝟑 − 𝒙𝟏) 

𝒇𝟑

√𝒇𝟑
𝟐 −  𝒇𝟏𝒇𝟐

 

The effectiveness of root-finding algorithms depends on their unique approaches and efficiencies. In general, 

bracketing methods and iterative approaches are the two categories of root-finding algorithms. An interval is divided into 

two halves using the bisection method, a kind of bracketing technique. When a specific precision is met, the root is then 

found using the intermediate value theorem. However, the Bisection Method is somewhat sluggish despite its reliability 

[6]. Newton's and Secant Methods are iterative approaches that frequently provide faster convergence; the former uses 

derivatives, while the latter does not [7]. Furthermore, hybrid approaches that integrate several methodologies to increase 

accuracy include Brent's and Ridder's methods [8]. Selecting the initial guess for the root-finding process is another 
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important consideration. Since the Bisection technique requires an interval, two initial endpoint predictions are needed. 

Two initial guesses are also necessary for root-finding algorithms such as Secant, Brent, and Ridder. On the other hand, 

root-finding algorithms like Newton's and Ostrowski's require only one initial guess. The approaches of Bisection, Secant, 

Brent, and Ridder, which use two initial guesses in the root-finding process, are the main topic of this study. The complete 

formulas are given in Table 1.  

2. Methodology 

The focus in this study is to solve two order BVPs using shooting methods combined with root-finding algorithms to set 

up the IVPs. Then those IVPs will be solved using the Runge-Kutta method of order 4. The following is the algorithm 

used in this study. 

2.1 Algorithm (Shooting method with root finding to solve second-order BVP) 

Step 1: Initialization 

a. Given a second-order BVP of the form: 

     𝑦′′ = 𝑓(𝑥, 𝑦, 𝑦′),  for 𝑎 ≤ 𝑥 ≤ 𝑏, with boundary conditions  𝑦(𝑎) = 𝛼 𝑎𝑛𝑑 𝑦(𝑏) = 𝛽, 

     where endpoints 𝑎, 𝑏, and boundary conditions 𝛼, 𝛽 are constants. 

b. Set iteration k=0, number of subintervals 𝑁, ℎ = (𝑏 − 𝑎)/𝑁, and maximum number of iterations, M. 

Step 2: Shooting method iteration 

a. Let endpoint𝑎 = 𝑥0. Introduce new variables 𝑤1,𝑖 and 𝑤2,𝑖 for each 𝑖 = 0,1, … , 𝑁 where 𝑤1,0 = 𝑦(𝑥0)  and 

𝑤2,0 = 𝑤′1,0. 

b. Set initial guess for 𝑤2,0 = 𝑠0. The system of first-order IVP is obtained as follows: 

𝐼𝑉𝑃1: 𝑤1,𝑖
′ = 𝑓1(𝑥𝑖 , 𝑤1 , 𝑤2) = 𝑤2 with 𝑎 ≤ 𝑥 ≤ 𝑏,   𝑤1,0  = 𝛼,   

𝐼𝑉𝑃2: 𝑤2,𝑖′ = 𝑓2(𝑥𝑖 , 𝑤1 , 𝑤2), with 𝑎 ≤ 𝑥 ≤ 𝑏,  𝑤2,0 = 𝑠0. 

Step 3: Solve IVP1 and IVP2 using the Fourth Order Runge-Kutta (RK4) Method. 

Set 𝑥𝑖 = 𝑎 + 𝑖ℎ. 

𝐾1,1 = ℎ𝑓1(𝑥𝑖 , 𝑤1,𝑖 , 𝑤2,𝑖)    

𝐾1,2 = ℎ𝑓2(𝑥𝑖 , 𝑤1,𝑖 , 𝑤2,𝑖) 

𝐾2,1 = ℎ𝑓1 (𝑥𝑖 +
ℎ

2
,  𝑤1,𝑖 +

1

2
𝐾1,1,  𝑤2,𝑖 + 𝐾1,2), 

𝐾2,2 = ℎ𝑓2 (𝑥𝑖 +
ℎ

2
,  𝑤1,𝑖 +

1

2
𝐾1,1,  𝑤2,𝑖 + 𝐾1,2), 

𝐾3,1 = ℎ𝑓1 (𝑥𝑖 +
ℎ

2
,  𝑤1,𝑖 +

1

2
𝐾2,1,  𝑤2,𝑖 +

1

2
𝐾2,2) 

𝐾3,2 = ℎ𝑓2 (𝑥𝑖 +
ℎ

2
,  𝑤1,𝑖 +

1

2
𝐾2,1,  𝑤2,𝑖 +

1

2
𝐾2,2) 

𝐾4,1 = ℎ𝑓1(𝑥𝑖 + ℎ,  𝑤1,𝑖 + 𝐾3,1,  𝑤2,𝑖 + 𝐾3,2) 

𝐾4,2 = ℎ𝑓2(𝑥𝑖 + ℎ,  𝑤1,𝑖 + 𝐾3,1,  𝑤2,𝑖 + 𝐾3,2) 

𝑤1,𝑖+1 =  𝑤1,𝑖 +
1

6
(𝐾1,1 + 2𝐾2,1 + 2𝐾3,1 + 𝐾4,1)   

𝑤2,𝑖+1 =  𝑤2,𝑖 +
1

6
(𝐾1,2 + 2𝐾2,2 + 2𝐾3,2 + 𝐾4,2) 

Step 4: Evaluate the boundary condition.  

a. Compute the error function 𝐹(𝑠0) = 𝑤1,4 − 𝛽. 

b. Specify the convergence tolerance,  𝜀 = 10−3. If 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑟𝑟𝑜𝑟 = ‖
𝐹(𝑠0)

𝛽
‖ < 𝜀, then stop. 

 

Step 5: Set k=k+1. Compute initial guess of 𝑤2,0 = 𝑠𝑘  by using a root finding algorithm based on Table 1 and go to Step 3. 

Table 2 lists the test problems for two-order BVPs used in this study. The test problems are used to test the numerical 

performance of root-finding algorithms comprising Bisection, Secant, Brent, and Ridder in solving BVPs with the 

shooting method.  
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Table 2. List of test problems 

No. BVP Exact Solution Boundary Conditions 

1 𝑦′′ =
3

2
𝑦2 𝑦(𝑥) = 4/(1 + 2)2 𝑦(0) = 4, 𝑦(1) = 1 

2 𝑦′′ = −𝑒−2𝑦 𝑦(𝑥) = ln 𝑥 𝑦(1) = 0, 𝑦(2) = 0.6931 

3 𝑦′′ = 𝑦′ cos 𝑥 − 𝑦 ln 𝑦 𝑦(𝑥) = 𝑒sin 𝑥 𝑦(0) = 1, 𝑦(1.5708) = 2.7183 

4 𝑦′′ = 2𝑦3 − 6𝑦 − 2𝑦3 𝑦(𝑥) = 𝑥 + 𝑥−1 𝑦(1) = 2, 𝑦(2) = 2.5 

5 𝑦′′ =
1

2
(1 − (𝑦′)2 − 𝑦 sin 𝑥) 𝑦(𝑥) = 2 + sin 𝑥 𝑦(0) = 2, 𝑦(2) = 1 

6 𝑦′′ = 𝑦′ + 2(𝑦 − ln 𝑥)3 − 𝑥−1 𝑦(𝑥) = 𝑥−1 + ln 𝑥 𝑦(2) = 0.5, 𝑦(3) = 0.3333 

7 𝑦′′ = 𝑦3 − 𝑦𝑦′ 𝑦(𝑥) = (𝑥 + 1)−1 𝑦(1) = 0.5, 𝑦(2) = 0.3333 

8 𝑦′′ =
1

8
(32 + 2𝑥3 − 𝑦𝑦′) 𝑦(𝑥) = 𝑥2 +

16

𝑥
 𝑦(1) = 17, 𝑦(3) =

43

3
 

 

Four distinct initial guesses have been used to examine how the method behaves and how the solution varies with 

different initial guesses. These initial guesses are selected based on trial runs and iteratively refined to find the solution 

that satisfies the boundary conditions. For consistent evaluation, the same step size and tolerance were used for all 

methods: 0.01 and 0.001, respectively. This step size and tolerance were chosen for balance accuracy and computational 

efficiency. All problems in Table 2 are solved using Python.  

3. Results and Discussion 

The performance of all root-finding methods in shooting methods for solving BVPs is then compared and measured based 

on the relative error of ‖
𝐹(𝑠0)

𝛽
‖ < 𝜀  and the computation time (CPU time). The performance profile introduced by Dolan 

and Moré [9] has been used to analyze the efficiency, robustness, and success rates of the compared methods. Figure 1 

and Figure 2 show the performance profile of relative error and CPU time on two guess methods. 

 

 

Figure 1. Performance profile of the relative error on the two-guess method 

Figure 1 displays the performance profile of relative error for methods that require two initial guesses, such as SM 

with Bisection, SM with Secant, SM with Brent, and SM with Ridder methods. Based on the graph, SM with the Ridder 

method shows the highest curve, indicating it is the most accurate and robust method, as it frequently achieves the best 

relative error. The SM with the Brent method follows closely, offering strong performance but slightly less accuracy and 

robustness than the SM with the Ridder method. The SM with the Secant method has a moderate curve, indicating it is 

less accurate and robust but still performs reasonably well. The SM with the Bisection method has the lowest curve, 

making it the least accurate and robust, as it rarely achieves the best error and often fails to converge. Overall, the SM 

with the Ridder method is the best method for solving BVPs, while the SM with the Brent method is a strong alternative. 
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The SM with the Secant method is suitable for simpler problems, and the SM with the Bisection method should only be 

used when robustness is prioritized over speed and accuracy.  

 

Figure 2. Performance profile of CPU time on two guessing methods 

Figure 2 displays the performance profiles of two guessing methods in terms of CPU time. Based on Figure 2, the SM 

with the Ridder method shows the highest curve, indicating it is the most efficient and robust method. The SM with the 

Bisection method shown has the lowest curve, reflecting its poor performance and frequent failures. The SM with 

Secant and Brent methods fall in between, with the SM with Brent method being more robust than the SM with Secant 

method. Overall, the SM with the Ridder method was the most efficient method for minimizing CPU time, followed by 

the SM with the Brent method. 

4. Conclusions 

In conclusion, the SM with the Ridder Method is the best method, as it offers the lowest error and the fastest CPU time, 

making it well-suited for problems where robustness is critical. It is also observed that a combination of shooting method 

with a root-finding algorithm can save time by effectively determining accurate initial values for the associated IVPs, 

compared to manual or uninformed guessing. One potential method for guessing initial points for the shooting method is 

as proposed by Javeed and Hincal [6]. Future work could explore hybrid approaches that combine the strengths of multiple 

algorithms or refine existing methods to enhance their robustness and efficiency in solving BVPs.  
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