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a four-point, fixed-coefficient, diagonally implicit block backward differentiation formula
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stiffness. The formulation incorporates a diagonal matrix into the Lagrange interpolation KEYWORDS
polynomial and is constructed using Maple to ensure accuracy and stability. Newton’s method BBDF

is used to handle the nonlinear systems that arise. The proposed 4BBDF method is Stiffness
mathematically verified to be consistent, zero-stable, A-stable, and of second-order accuracy. Diagonally Implicit
Its implementation in C++ shows improved computational efficiency, reducing the number of First order ODEs

steps required by approximately 50% when compared to existing methods. These results
indicate that the proposed scheme is a reliable and effective tool for solving stiffness in ODE.

1. INTRODUCTION

Stiff problems frequently arise in scientific and engineering applications and are known to be particularly challenging
to analyse and solve due to their complex structure and dynamic behaviour [1-5]. We consider stiff initial value problems
for first-order systems of ordinary differential equations (ODEs), posed in the general form in (1):

Y =AY +F(x,Y), Y(a)=o, (D

where Y (x) = (v1, .. ,¥)T, @ = (@4, ... ,®,)T, and A is an s X s matrix with eigenvalues having large negative real
parts. The interval of integration is x € [a, b] [6].

Although the concept of stiffness is widely acknowledged, a single, universally accepted definition remains elusive.
As a result, multiple characterizations have been proposed in the literature. One common feature is that the system is
stable, with no eigenvalues whose real parts are significantly positive, and at least one eigenvalue has a strongly negative
real part, leading to rapid decay in some components [6]. Another indicator is that the time step is dictated more by
stability constraints than by accuracy requirements [7]. This variation in time scales creates significant challenges for
numerical methods, especially explicit ones, which typically require small step sizes to ensure stability [8]. Additionally,
stiff systems tend to have eigenvalues with negative real parts and a large ratio between the highest and smallest
magnitudes of those values [7]. In this study, we adopt the definition of stiffness presented in reference [9].

Definition 1.1 The linear system (1) is said to be stiff if (i) Red, < 0,t = 1,2,...,m, and (ii) max;=1 , _n|Red,| >
ming_q 5. mlRed,| where A, t = 1,2, ..., m, are the eigenvalues of A. The ratio

[maxt=1,2,...,m |ReA, |] [mint=1,2,...,m |ReA, |] (2)

is called stiffness ratio.

One of the most effective methods for solving stiff systems is the Backward Differentiation Formula (BDF). The
method was introduced in [10] and belongs to the class of implicit multistep methods. It is particularly well-suited for
stiff problems due to its strong stability properties. Unlike explicit approaches, BDF uses several previous time steps to
estimate the current value, requiring the solution of an algebraic system at each step. Although this increases
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computational effort, the method’s stability makes it a preferred choice for many stiff applications. Comprehensive
discussions on BDF, including its derivation, stability, and applications to stiff systems, are provided in [6-8].

Rosser [11] first introduced the concept of block computation through the Runge—Kutta framework, which was
extended and adapted to various other numerical methods. A version of the implicit BDF scheme that incorporates block
approaches was introduced in [12]. These methods compute solution values at multiple time points simultaneously,
reducing overhead from step-by-step evaluations and improving overall efficiency. In an r-point block method, the values
Vna1s-++» Yner, are obtained concurrently at the time steps X, 41,..., Xp47, based on prior solutions and their derivatives
[12-15]. Collectively, these methods show that block techniques can effectively solve stiff problems by calculating
multiple solution values at once, while still maintaining both stability and accuracy [16-19].

Recent developments in time integration strategies include diagonally implicit formulations and stability-oriented
methods for solving stiff ODEs. Fully implicit schemes are known for their robustness and precision but are limited by
the computational burden of solving large, coupled nonlinear systems. Therefore, diagonally implicit structures such as
the Diagonally Implicit Runge—Kutta (DIRK) methods [20] and the Diagonally Implicit BBDF introduced in [21] have
gained significant attention. The Diagonally scheme employs a lower triangular coefficient matrix with identical diagonal
entries, often referred to as singly diagonally implicit. This structure enables each stage to require only one nonlinear
solve, significantly reducing computational effort. As a result, such methods strike an effective balance between stability,
accuracy, and efficiency, making them well-suited for stiff problems. For the BBDF framework, methods are developed
to incorporate diagonally implicit schemes differing in the number of solution points and the use of previous values [21-
24].

Most block BDF methods described in the literature are limited to two or three points due to concerns about
computational cost and implementation difficulty. Previous studies have demonstrated that increasing the block size can
significantly reduce the total number of integration steps. For example, Ismail et al. [25] observed that 3-point block
methods consistently required fewer steps than comparable 2-point approaches, as they compute more solution values
within each block. Building on this concept, the present work proposes a four-point implicit Diagonal Block Backward
Differentiation Formula (4BBDF) as an advancement in this method class. By progressing four solution values per block,
the proposed formulation aims to maintain both the accuracy and stability necessary for solving stiff problems, while also
reducing the required integration steps. To keep the scheme feasible, the diagonally implicit structure introduced in [21-
22] is retained. The resulting method delivers an efficient and practical alternative to current multistep techniques, seeking
to address a gap in numerical approaches for stiff ordinary differential equations.

The subsequent sections outline the detailed formulation of the proposed method, followed by its theoretical analysis
and application to selected test problems, along with a discussion of the corresponding results.

2. METHODOLOGY

Before implementing any new numerical method, a rigorous theoretical examination is necessary to ensure its validity
and practical effectiveness. The 4BBDF method, like other multistep schemes, must be analysed in terms of its
formulation, order of accuracy, convergence behaviour, and stability characteristics. Without such analysis, the method
risks producing unreliable results, particularly when applied to stiff systems or long-term simulations. This study follows
established numerical analysis principles by systematically evaluating these key properties in Sections 2.1 to 2.5 to
confirm the robustness of the proposed method.

Section 2.1 introduces the derivation of the 4BBDF formula. Section 2.2 discusses the method’s order, which reflects
its level of approximation accuracy. Section 2.3 addresses the convergence analysis to ensure that the numerical solution
approaches the exact solution as the step size decreases. Section 2.4 investigates the absolute stability region by plotting
the characteristic polynomial in the complex plane, assessing the method’s performance for stiff problems. Finally,
Section 2.5 outlines the implementation process, including the computational procedures required to apply the method
effectively.

2.1 Derivation of the Formula

The formulation of the 4-point Block Backward Differentiation Formula (4BBDF) is derived using Lagrange
interpolation, starting from the general polynomial form:

k
PeG) = ) Ly GOf (i), )
j=0
where the Lagrange basis polynomial is defined as:
T - x)
X —Xx;
Lk,'(x)ZH—L,jZO,l,...,k A
/ =0 (x] — xi) ( )
i#j
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The scheme simultaneously computes the four solution values Y, 1, Vni2, Vna3 and Y, 44 , using two previous values
and interpolating through a growing set of nodes, as illustrated in Figure 1.

h h h h h
-«—>

Xn-1 Xn Xn+1 Xn+2 Xn+3 Xn+4

Figure 1. Interpolation points of 4BBDF

X—Xn+1
h
displacement from x,,,, in units of the step size h. This scalar variable simplifies the interpolation by rescaling the nodes

to a dimensionless form centred at x,,,;. Using this transformation, we construct a second-degree Lagrange interpolating
polynomial to approximate y,,,; based on the values at (y,,_1, Xp—1), (Vn, Xn) and (Vp 41, Xps1):

Following the method described in [21] and [22], we define scalar quantity s = , which represents the localised

(x - xn)(x - xn+1) (X - xn—l)(x - xn)

P. (x) = e+
2 (xn—l - xn)(xn—l - xn+1) Yn-1 (xn+1 - xn—l)(xn+1 - xn)

Vn+1 (%)

The process is extended for ¥,,12, Yn+3 and y, .4 by increasing the number of interpolation points accordingly.
For y,, ., (4-point interpolation):

(X - xn)(x - xn+1)(x - xn+2)

PS(X) N (xn—l - xn)(xn—l - xn+1)(xn—1 - xn+2)
(x = - (x — ) (x — X 41)

(xTH'Z - xn—l)(xn+2 - xn)(xn+2 — xn+1) Yn+2 (6)

Yno1 o

For y, 43 (5-point interpolation):

(= x) (x = Xy 1) (X — X 42) (X — Xpp43)

(xn—l - xn)(xn—l - xn+1)(xn—1 - xn+2)(xn—1 - xn+3)
(x = X)) (0 = 2) (X = Xy 1) (X — Xp42)

+ Y
(xn+3 - xn—l)(xn+3 - xn)(xn+3 - xn+1)(xn+3 - xn+2) s (7)

Py(x) = Yn-1t

For y,, .4 (6-point interpolation):

(x = 2x0) (X = X 1) (X = Xy 42) (X — Xpp43) (X — Xppg)

(-1 = %) o1 = X 1) (K—1 = Xns2) (Knoq — X43) (g
(x = X)) (0 = 2) (X = X4 1) (X — Xp42) (X — X43)

+ y
(xn+4- - xn—l)(xn+4 - xn)(xml - xn+1)(xn+4 - xn+2)(xn+4 - xn+3) e (8)

Ps(x) =

y _ +...
_xn+4-) nt

Let the grid points be x,,_; = 0, x,, = h, X471 = 2h, X412 = 3R, X, 43 = 4h and x,,,, = 5h. Then set x = x,,, +
sh, and differentiate each interpolation polynomial with respect to s, then evaluate s = 0,1,2, 3 to obtain the 4BBDF
scheme:

1 4 2
Vn+1 = _§Yn—1 + §Yn + ghfn+1
2 9 18
VYn+2 = HYn—I - HYn + HYn+1 + thn+2
3 16 36 48 12
VYn+3s = _gyn—l + gyn - £Yn+1 + EYVHZ + Ehfn+3
12 75 200 300 300 60
Ynts = T37Yn-1 7 g7 Yn t 5o Ve = g7 Ve T 3o Vnes 3o s 9)

This scheme employs a Predict-Evaluate-Correct-Evaluate (PECE) approach. The predictor step uses interpolation at
earlier points x,,_,, X,_; and x,, to estimate initial guesses for y, ,, through y, ,,. The general predictor formula is
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(x = xp_2) (x — xp_4)
(xn - xn—z)(xn - xn—l) "

(x = xp—p)(x — xp)
(xn—l - xn—z)(xn—l - xn) Yn-1

(x - xn—l)(x - xn)
(xn—z - xn—l)(xn—z - xn)

P(x) = Vn-2 + (10)

Set x,_, =0, x,_1 = h, x, = 2h, X471 = 3h, X4 = 4h,x,,3 = 5h and x,, ., = 6h. Substitute x = x,,,; + sh
and evaluate for s = 0,1,2, 3 to yield the predictor values:

»)

Yn¥1 = Yn-2— 3Yn_1+ 3y

W = 3Yn_y — 8y + 63
Y = 6Yp_y — 15y, + 10y, (11)
VB = 10yn, — 24y,_1 + 15y,

2.2 Order of Method

The order of the 4BBDF method can be determined by expressing the linear multistep method (LMM) in matrix form,
as outlined in [26]. The general form k-step LMM is:

k k
Z Ajynij = hz Bj fn+
j=0 j=0

where A; and B; are real-valued coefficient matrices of size 4 X 4, and k denotes the number of steps. By organizing
Equation (9) into its coefficient matrices, we obtain:

(12)

17 —4 1 -
3 3 0
0 0 —32 3 _—18 1 [ 0 1
0 0 — — 11 —48 0
Ay = VA = LA, = 11 LAy = 11 VA, = 36 |, Ag =|—=—|,46=]| 1 |
0 0 3 —16 oE 25 ~300
0 0 25 25 —200 ﬂ 137
—12 75 —_— 137
— — 137
137 137 5 0
0 0 3 6 0 0
0 0 3 = ° (13)
A; = | |,Bi =B, =B;=| |,B.=|0|,Bs = |11, Bs = [12|,B; =| 0
0 0 — 60
1 0 0 0 25 >
0 0- 0 137
Definition 2.1 A linear multistep method as given in Equation (12), along with its associated linear operator
LIy(); bl = ool 4y Cx + jh) — hB;y'(x + jh)] (14)
is said to be of order q if the coefficients satisfy the following order conditions:
Co=C=C=-=C=0andC4q #0 (15)
The constant (g, is referred to as the error constant [9].
To verify the order of the method, the constants C; are computed by applying the following formula [9-10]:
€= la -8 i=01.2 16
i~ j=0 l_l j (i-1)! ]]7 t=04,l1,4,.. ( )
To determine the order, substitute j = 0,1,2, ... and let k = 7 into the coefficient expression as follows:
7 0 17
COZZA}=A0+A1+A2+A3+A4+A5+A6+A7: 8
Jj=0 0
journal.ump.edu.my/daam 19
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7

C1=Z(jAj—Bj)=0-A0+1-A1+2-A2+3-A3+4-A4+5-A5+6-A6+7-A7

Jj=0
0
—(By+ B, +Bs +B, +Bs + B + B,) = g (18)
0
7
-1 ,
=) (S -i8)
1 =
ZE(OZ'A0+12'A1+22'A2+32'A3+4‘2'A4+52'A5+62'A6+72'A7)
0
_(1.Bl+2.BZ+3'B3+4.B4+5.BS+6'B6+7.B7):g
0 (19)
7, .
c =Z 4 PTE
. 3 3-1)!
1 =0
=€(03-A0+13-A1+23-A2+33-A3+43-A4+53-A5+63-A6+73-A7)
-2
1 9
—5(12-31+22-32+32-B3+42-B4+52-BS+62-B6+72-B7)= 0
0
20
0 (20)

Since Cy = C; = C, = 0 and C5 # 0, we can conclude that the 4BBDF is of order 2.

2.3 Convergence

According to Hall and Watt [27], a linear multistep method (LMM) is convergent if only if it satisfies the following
definition:

Definition 2.2 A linear multistep method is convergent if it is both consistent and zero-stable.
We begin by verifying the consistency of the 4BBDF method.

Definition 2.3 A linear multistep method (12) is said to be consistent if it has order g = 1. Equivalently, the method is
consistent if the following two conditions are satisfied: [9]

k k k
ZAJ': 0; ZJ'AJ=ZBJ= (21)

() Y Aj= Ao+ Ay+ A+ Ayt A+ A5+ Ao+ Ay = )

o O OO
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7 7
(ll) ZjA}'ZZB7=0'A0+1'Al+2'A2+3'A3+4'A4+5'A5+6'A6+7'A7
j=0 j=0
2
3
6 (23)
=B, +B, +B; +B, + B + By + B, = | 11

Conditions (i) and (ii) ensure that the local truncation error vanishes to at least order one, thereby confirming that the
method is consistent.

Next, we verify the zero-stability of the method. The following definition is used to determine this property:

Definition 2.4 The linear multistep method defined by Equation (9) is said to be zero-stable if no root of its first
characteristic polynomial has modulus greater than one, and if every root with modulus one is simple. [28]

To assess this, we express Equation (9) in matrix form:
AY,, = BY,,_; (24)

Letting h = Ah, the matrices are defined as:

1 - 24 0 0 0
3
—-18 6 .
L 0 0 Yn+1
A= 11 11 v o [P
36 —48 1 12}A1 0 rom Yn+s|
25 25 25 Yn+a
—200 300 —-300 1 60 6
- 137 137 137 137 -
0 0 1 —4 7
3 3
-2 9 -
00 7§ 1 s
= =|""" 25
B s o 3 -lff Ll A 2
25 25 Yn
0 0 -12 75
137 137-
The first characteristic polynomial is given by p(t, fl) = det (tA — B). Substituting i = 0, we obtain:
113602 577
— ¢4 _ 3 2 26
PE0) =t~ 133025t T 13025 (26)
Solving p(t) = 0 yields the characteristic roots:
t=0,t=1,t =0.005105 ... 27

Since all roots lie within or on the unit circle |t| < 1 and the root t = 1 is simple, the method satisfies the zero-stability
condition. As both consistency and zero-stability are achieved, we conclude that the 4BBDF method is convergent.

2.4 Stability region of 4BBDF

The stability region of the 4BBDF method is investigated graphically using Maple software, in accordance with the
following definitions as described in [8]:

journal.ump.edu.my/daam 21



Nur Anis lzwany Azhari et al. | Data Analytics and Applied Mathematics | Vol. 6, Issue 2 (2025)

Definition 2.5 A linear multistep method (LMM) is said to be absolutely stable in a region of the complex plane R
(real part) such that for all h € R, all roots of the stability polynomial p(¢, h) related to the method, |t < 1, s =
1,2,.., k.

Definition 2.6 A method is said to be A-stable if the region of absolute stability R includes the entire left half of the
complex plane, that is, for all Re(hAd) < 0 where h is the step size and A is a characteristic value of the differential
equation.

To analyse this, the substitution, t = e is applied to the stability polynomial and related functions. The resulting plot
reveals the boundary of the stability region in the complex plane.

stable

Im(h2)

unstable

Figure 2. Stability region of 4BBDF
Figure 2 illustrates that the modulus condition |t| < 1 is satisfied for certain values of hA lying in the left half-plane.
This demonstrates that the method is unstable in the region where Re(hA) > 0 and stable where Im(hA) dominates with

Re(hA) < 0. Therefore, the 4BBDF method satisfies the condition for A-stability, as its absolute stability region include
the entire left half of the complex plane.

2.5 Implementation of Method

This section outlines the implementation of the 4BBDF method using Newton’s iteration, adapted from the approach
described by [12]. The Newton iteration formula for solving the nonlinear system associated with the 4BBDF method is
given by:

. . . . . . -1
v =~ FP GO i=1234 (28)

Here, y,ﬁ‘j ; denoted thei-th iterative approximation of the unknowns Y,i1, ¥niz Ynizand Yny,, for j=
1,2,3,4, respectively. The absolute error between successive iterations is defined as:

i+1 i+1 j .
e =yl =y, j=1234 (29)
Using this notation, Equation (28) can be rewritten as a linearized system:

[F,j(yrsgj ]‘er(li:jl) = _[F}(yr(ll-zj)] J=1234. (30)

The nonlinear function Fj, derived from the 4BBDF formula in Equation (9) are written as follows:

2
Fi = Yn41 — §hfn+1 - Y

18 6
F2=3’n+2_ﬁ_ﬁhfn+2_ 9, (31)
36 48 12

F3 = Yn.43 +£3’n+1 - E)’nn - Ehfn+3 = Y3
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200 300 300
Fy=Ynqa— 137 Y+ + 137 Yn+2 T 137 Y3 T

60

ﬁhfnﬂ — U,

where 9;, J,, U3, 9, represent known combinations of previous values from the method.y. These functions are
substituted into the Newton update in Equation (31), resulting the following linear system:

2 9
1—=h fus1 0 0 0
3 ayn+1 (i+1)
18 6  0fpiz 0 0 €nt1
11 11" 0yn+2 91(1L++21)
E _ @ 1 _ 2 6fn+3 0 eg_:—;')
25 25 25 0yn43 pUHD
200 300 300 60 hafn+4 ntd
137 137 137 137 0yp44 (32)
,2 -
-1 0 0 07 -0 0 o0 o] .
18 (O] 3 f(l).
— -1 0 0] 6 Y,
11 0) 0 — 0 0 Off® 9
— 36 48 yn+2 +h 11 n+j + 2
= = 1 oll.o 12 FO O3
25 25 Yn+3 0 0 — 0 O0f/n+i 9
200 300 300 0} 25 @ 4
_ - — 1 yn+4 60 fn+j
L 137 137 137 i 0 0 0 37 0

This linear system is solved at each Newton iteration to obtain the correction vector e“*1). The updated values of the
solution are then computed as:

i1 _ i1 )
yED =y 1 elD i =1234 (33)
The iterative process is repeated until a predefined convergence criterion is satisfied. This ensures that the 4BBDF

method yields sufficiently accurate results and is effectively applied at each step of the numerical approximation.

3. NUMERICAL EXPERIMENT

To evaluate the performance of the proposed 4BBDF method, a set of established benchmark problems consisting of
linear stiff ordinary differential equations is employed. These test cases are widely used in numerical analysis to assess
the accuracy and robustness of numerical solvers for stiff initial value problems. The problems selected include both
single equations and systems of first-order ODEs, each with known exact solutions for comparison.

Problem 1
y' = 100(sinx — y), y(0) = 0, 0<x<3
Exact solution:
sinx — 0.01 cosx + 0.01e~100x
y&) = 1.0001
Eigenvalue:
A=-100
Source: [28]
Problem 2
y' = =20y + 20sinx + cos x, y(0) = 1, 0<x<2

Exact solution:
y(x) = sinx + e 20*
Eigenvalue:

A=-20

Source: [29]
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Problem 3
y1, = _20y1 _19y2' yl(O) = 2, 0 S X S 5
y.' = —19y; — 20y,, y2(0) = 0,

Exact solution:
@) = e heE, y,(0) =e T — e
Eigenvalue:
A =-1,4, =-39

Source: [30]

Problem 4
2 2 1
yi=-32y1+66y, +3x+3 »0)=50<x<5
1 1
Yz = —66y; =133y, —sx -2 ¥2(0) =7
Exact solution:

y1(x) =zx+ze"‘+le‘1°°" v, (x) = —lx—le‘x+—e
! 373 3 ’ 2 37 3 3

Eigenvalue:
Source [29]

Problem 5
, 1 . 4
y1=—9y1+24y2+5cosx—§smx, y1(0)=§, 0 <x<10

1 2
yy = —24y, — 51y, + 9cosx + §sinx, v,(0) = 3

Exact solution:

1 1
yi(x) = 2e73% — g739% 4 FC0s %, v, (x) = 273% — 73 —gcosx

Eigenvalue:
/’{1 = _3,/’{2 = -39
Source: [30]

4. RESULTS AND DISCUSSION

The performance of the proposed 4BBDF method is evaluated through comparison with established methods of similar
class. The numerical results are assessed based on the maximum global error (MAXE) and the total number of steps
(STEPs) required for each test case. The computations are conducted using fixed step sizes h = 1072,1073,107%,107°
and 1076,

To provide a visual comparison of the accuracy, log—log plots of MAXE versus h are presented in Figures 3 to 7.
These graphs illustrate the error behaviour of the tested methods across different problems and highlight the convergence
trend as the step size decreases.

The notations used in the tables are defined as follows:

h : Step size
MAXE : Maximum error
STEPs : Overall steps taken
BBDF : Implicit 2-point BBDF of proposed in [12]
DOBBDF(2) : Diagonal Implicit BBDF with Off-step Points in [22]
4BBDF : Derived method

The error at each step is calculated as

€rT; = Yexact,i — Yapprox,i (34)

where Yexqce,i 15 the exact value and Y,ppr0x,; is the numerical approximation at the i-th grid point.
The maximum error (MAXE) is the defined by

MAXE = maXlsisNSb’exuct,i - yapprox,i| (35)
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where NS denotes the total numbers of computed steps [12].

journal.ump.edu.my/daam

Table 1. Numerical Result for Problem 1

h Methods MAXE STEPs
BBDF 1.82733e—004 150
1072 DOBBDF(2) 7.85138e—004 151
4BBDF 1.82771e—004 76
BBDF 1.15700e—004 1500
1073 DOBBDF(2) 3.50485e—005 1501
4BBDF 1.21950e—004 751
BBDF 1.55714e—006 15000
107* DOBBDF(2) 4.03031e—007 15001
4BBDF 1.61643e—006 7501
BBDF 1.60347¢—008 150000
1075 DOBBDF(2) 4.09940¢—009 150001
4BBDF 1.67517¢—008 75001
BBDF 1.60817e—010 1500000
107¢ DOBBDF(2) 4.10637¢-011 1500001
4BBDF 1.68115¢-010 750001
—4 /.' /- V_-'/'— B
'y
— 5 ./'/ 4.2
7’ //
o o
— 6 2
E‘U /./'4/ /
—81 /"'/,/
./. '.
4 &
—9 i /,/
~10] %
—6 =5 g -3 )
Log(h)
[--- BBDF -- - DOBBDF(2) —*— 4BBDF|

Figure 3. Graph of log(MAXE) vs log(h) for Problem 1

Table 2. Numerical Result for Problem 2

h Methods MAXE STEPs
BBDF 3.29311e-002 100
1072 DOBBDF(2) 1.20640e—002 101
4BBDF 3.52096e—-002 51
BBDF 6.02846e—-004 1000
1073 DOBBDF(2) 1.58193e—004 1001
4BBDF 6.26871e-004 501
BBDF 6.39304e—-006 10000
1074 DOBBDF(2) 1.63667¢—006 10001
4BBDF 6.67419e-006 5001
BBDF 6.43060e—008 100000
1075 DOBBDF(2) 1.64224¢—008 100001
4BBDF 6.72195e-008 50001
BBDF 6.43436e-010 1000000
10°° DOBBDF(2) 1.64279¢—010 1000001
4BBDF 6.72674e—010 500001
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Figure 4. Graph of log(MAXE) vs log(h) for Problem 2

Table 3. Numerical Result for Problem 3
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h Methods MAXE STEPs
BBDF 6.29433e—-002 250
1072 DOBBDF(2) 3.42431e—002 251
4BBDF 6.85453e—002 126
BBDF 2.15556e—003 2500
1073 DOBBDF(2) 5.83901e—004 2501
4BBDF 2.24905¢—003 1251
BBDF 2.41757¢-005 25000
107* DOBBDF(2) 6.20525¢-006 25001
4BBDF 2.52050e—005 12501
BBDF 2.44533e-007 250000
1075 DOBBDF(2) 6.24648¢—008 250001
4BBDF 2.55578e—007 125001
BBDF 2.44812e—009 2500000
107° DOBBDF(2) 6.25061e—010 2500001
4BBDF 2.55933e—009 1250001
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Figure 5. Graph of log(MAXE) vs log(h) for Problem 3
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Table 4. Numerical Result for Problem 4

h Methods MAXE STEPs
BBDF 1.21585e—-002 50
1072 DOBBDF(2) 5.23314¢-002 51
4BBDF 1.21566e—002 26
BBDF 7.71283e—003 500
1073 DOBBDF(2) 2.33643e—003 501
4BBDF 8.12948e—-003 251
BBDF 1.03804e-004 5000
1074 DOBBDF(2) 2.68674e—005 5001
4BBDF 1.07756e—-004 2501
BBDF 1.06893e-006 50000
1073 DOBBDF(2) 2.73280e—007 50001
4BBDF 1.11672e-006 25001
BBDF 1.07206e—008 500000
106 DOBBDF(2) 2.73744¢—009 500001
4BBDF 1.12071e—008 250001
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Figure 6. Graph of log(MAXE) vs log(h) for Problem 4

Table 5. Numerical Result for Problem 5

h Methods MAXE STEPs
BBDF 1.24297e-001 500
1072 DOBBDF(2) 6.80670e—002 501
4BBDF 1.35436e-001 251
BBDF 4.29409¢-003 5000
1073 DOBBDF(2) 1.16348¢-003 5001
4BBDF 4.48045e—003 2501
BBDF 4.81799¢-005 50000
1074 DOBBDF(2) 1.23667¢—005 50001
4BBDF 5.02308¢—005 25001
BBDF 4.87351e—007 500000
1073 DOBBDF(2) 1.24491e-007 500001
4BBDF 5.09362¢-007 250001
BBDF 4.87909¢—-009 5000000
107° DOBBDF(2) 1.24574e-009 5000001
4BBDF 5.10073e-009 2500001
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Figure 7. Graph of log(MAXE) vs log(h) for Problem 2

Tables 1-5 and Figures 3—7 present the numerical results demonstrating the performance of the tested methods across
a range of step sizes h. As h decreases, the maximum error (MAXE) consistently reduces, reflecting the convergence
behavior noted by [12]. Figures 3—7 further show that the 4BBDF method yields error trends that closely align with those
of the BBDF method at smaller step sizes, though its accuracy remains slightly lower than that of DOBBDF(2). Notably,
the 4BBDF method achieves competitive MAXE values while requiring significantly fewer computational steps than the
fully implicit BBDF method.

The enhanced accuracy observed in DOBBDF(2) can be attributed to the use of off-step points, which improve
approximation quality. However, this improvement comes at the cost of a substantially higher number of time steps. In
contrast, the 4BBDF method offers an efficient compromise between accuracy and computational effort, reducing the
number of steps by approximately half while maintaining acceptable error levels benefiting from its diagonally implicit
structure and the use of additional points, as highlighted in [21], [22] and [25]. This feature makes 4BBDF a practical and
computationally efficient approach for solving stiff ordinary differential equations (ODEs).

Overall, all methods show improved accuracy with decreasing step size, confirming the expected convergence trend.
Among them, 4BBDF is distinguished by its ability to significantly reduce computational overhead without compromising
reliability, underscoring its effectiveness for stiff ODE problems.

5. CONCLUSIONS

In this study, a 4-point Diagonally Implicit Block Backward Differentiation Formula (4BBDF) of order two was
formulated for the efficient numerical solution of stiff first-order ordinary differential equations (ODEs). The method
incorporates a diagonal coefficient matrix and is implemented using Maple software, which facilitates numerical stability,
simplifies the algorithmic structure, and enhances computational efficiency through improved Newton iteration schemes.

Theoretical analysis confirms that the 4BBDF method satisfies the essential criteria of consistency, zero-stability, and
A-stability, making it well-suited for stiff problems. Numerical experiments further support its reliability, demonstrating
competitive accuracy while requiring approximately half the computational steps compared to conventional fully implicit
methods.

Overall, the 4BBDF scheme, developed within the Block BDF framework, offers a robust and efficient numerical tool
with significant potential for application in scientific and engineering problems involving stiff systems.
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