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Abstract-In this paper we study some properties of a I" —cancellativity on aI" -AG-groupoid. Finally we study
quasi- I" -cancellativity which is a generalization of a I" -cancellativity.

Keywords I'"-AG-groupoid, I"-cancellativity, quasi- I"-cancellativity

1. Introduction
Defintion 1.1 [1. P.41]. A groupoid (S,-)is called an AG-groupoid, if it satisfies left invertive law

(ab)c = (ch)a forall a,b,ceS.

Lemma 1.2 [1. P.41]. An AG-groupoid S, is called a medial law if it satisfies
(ab)(cd) = (ac)(bd) forall a,b,c,d €S.

Definition 1.3 [8. P.110]. An AG-groupoid S, is called a paramedical if it satisfies
(ab)(cd) = (db)(ca) forall a,b,c,d eS.

Proposition 1.4 [2. P.110]. If S is an AG-groupoid with left identity, then
a(bc) =b(ac) forall a,b,c,deS.

Definition 1.5. [8, p.268] Let Sand I" be any non-empty sets. We call S to be I"-AG-groupoid if
there exists a mapping SxI"'xS — S, written (@, «,b) by aab, such that S satisfies the identity

(aab) fc = (cab)pa forall a,b,ceS and a, feT".

Definition 1.6. [4, p.2]. Let Sand I" be any non-empty sets. If there exists a mapping
SxI'xS — S, written (a,a,b)by aab, S iscalled a I" -medial if it satisfies

(aab) S(cyd) = (aac) S(byd) and called a I" -paramedial if it satisfies
(aab)p(cyd) =(dab)S(cyd) forall a,b,c,d €S and «, B,y €T".

Shan M. was introduced the concepts of cancellativity and quasi-cancellativity of an AG-
groupoids as follows.

Definition 1.7. [7. P2188]. An element a of a AG-groupoid S is called left cancellative if ax = ay
implies that x =y forall X,y €S . Similarly an element a of a AG-groupoid S is called right
cancellative if Xxa = ya impliesthat x =y forall X,y €S . Anelement a of an AG-groupoid S is
called cancellative if it is both left and right cancellative.

Definition 1.8 [6. P2066]. An AG-groupoid S is a quasi-cancellative if forany X,y €S,
(1) x=xy and y* = yx implies that X=,
(2) x=yx and y* =Xy impliesthat x= .
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2. I'-Cancellativity of I"-AG-groupoids
In this paper, we introduce the concept of a I" -cancellativity of I'-AG-groupoids which is
defined analogous to [6.] and investigate its properties.
Definition 2.1. An element a of a I' -AG-groupoid S is called left I" -cancellative if aax =aay

implies that x=1y forall X,y €S and o €I". Similarly an element a of a I" -AG-groupoid S is
called right I" -cancellative if Xxaa = yaa impliesthat x=y forall X,yeS and a€l". An
element a of a I'-AG-groupoid S is called I" -cancellative if it is both left and right I" -cancellative.

Theorem 2.2. The following statements are equivalent for a I" -AG-groupoid S :
(1) S isleft I" -cancellative;

(2) S isright I"-cancellative;

(3) S is I'"-cancellative.

Proof. (1)=(2) Let S be left I"-cancellative. Let @ be an arbitrary element of S and let
xaa=Yyaa.lLet keS and ST forall X,yeS and ¢ €I". Then

(kaa) Bx = (xaa) pk by Definition 1.1
= (yaa) Bk
= (kaa) By by ' -medial.

By left I" -cancellativity, X =Y. Thus S is right I"-cancellative.
(2)=(3) Let S be right I" -cancellative. Let @ be an arbitrary element of S and let aax=aay .
Let keS and g eI forall x,yeS and ¢ I". Then
[(xpK)aalya =(acad)y(xpk) by Definition 1.1

=(aax)y(apk) by I' -medial

= (aay)y(apk)

=(aca)y(ypk) by I' -medial

=[(ypk)aa]ya by Definition 1.1.
By right I"-cancellative, x =Y. Thus S is left I"-cancellative. Hence S is I" -cancellative.
(3)= (1) This is clear. 0

Theorem 2.3. Every right I" -cancellative element of a I"-AG-groupoid S is a left I"-cancellative.

Proof. Let S be a I'-AG-groupoid and let a be an arbitrary right I" -cancellative element of
S .Suppose that aax =aay forall a,x,yeSand ael". For #,y €', we have

[(xpa)aalya =(aca)y(xpa) by Definition 1.1
= (aax)y(apa) by I"-medial
= (aary)y(apa)
=(aca)y(ypa) by I' -medial
=[(ypa)aalya by Definition 1.1.
Thus the right T"-cancellativity implies that X =y . Hence a is left I"-cancellative. Therefore every
right " -cancellative element of S is left I"-cancellative. O

Definition 2.4. [8. p269] An element e € S is called a left identity of a ' -AG-groupoid if
eya=aforall acSand yel .
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The following two theorems are analogously to the in [7, p.2190].

Theorem 2.5. Let S be a I"-AG-groupoid with a left identity e which is right I" -cancellative.
Ifach =cad , then bya=dyc forall a,b,c,d eSand a,y T.

Proof. Let a,b,c,d e Sand «,y € I". Then by Definitions 1.1 and 2.4, we have the following
implication

aab =cad = (eya)ab = (eyc)ad = (bya)ae = (dyc)ae .
Since S isright I" -cancellative, thus bya =dyc. We complete the proof. O

Theorem 2.6. Let S be a I -AG-groupoid with a left identity €. Then every left I" -cancellative
element is also right I"-cancellative.

Proof. Let a be an arbitrary left I" -cancellative element of S and suppose that Xaa = yaa for all
X,y €S anda €I". Then by Theorem 2.5, we have aax =aay . Since S is left I -cancellative,
X =Y. Thus a isright I" -cancellative. Hence every left I"-cancellative element of S isright I"-
cancellative. O

A left invertible property of a I" -AG-groupoid is defined analogously to AG-groupoid as in
[5.p387].

Definition 2.7. Let S be a I"-AG-groupoid with a left identity e. An element a of S is said to be

left invertible if there exists an element @ of S suchthat a ‘aa=¢ forall & €I". In this case a™*
is called a left inverse of a . Dually, an element a of S is said to be right invertible if there exists an

element a'of S suchthat aca™ =e forall a€I", a™ iscalled aright inverse of a. Ifan
element a of S is both left and right invertible, then a is called invertible.

Next, we prove that cancellativity and invertibility are coincident in a finite I" -AG-groupoid
S with a left identity e.

Theorem 2.8. Let S be a finite I -AG-groupoid S with a left identity €, thenforall a€S, a is
invertible if and only if a is I"-cancellative.

Proof. (=) Assume that a is invertible. Then there exists @ € Ssuch that a‘ca=e=aca".
Suppose that Xaa = yaa forall X,yeS andy €I". Then

x=eyx=(a'aa)yx=(xaa)ya"' = (yad)ya =(a'aa)yy =eyy =y
Thus a isright I"-cancellative. By Theorem 2.2, a is I"-cancellative.
(<) Assume that a is I"-cancellative and let S ={s,,S,,...,S,}. Thenforall a €I,

aas,,aas,,...,aas, are al | distinct. Since S is finite, there must exists a positive
integeri €{L,2,...,n} such that acs, =e butthen s,ca=e. By Theorem 2.5, we have
aas, =s,aa=e forall a €I'". Hence a is invertible. O

3. The Quasi-I"-Cancellativity of a I'-AG-groupoid
In section, we study definition of a quasi- I -cancellativity which is defined analogously as in
[6. P2066] and also investigate its properties.

Definition 3.1. A I"-AG-groupoid S is a quasi- " -cancellative if forany X,y €S andy eI,
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(1) Xx=Xyy and y = yyX impliesthat x=1Y,

(2) x=yyxand y=Xyy impliesthat X=.

Definition 3.2. A I"-AG-groupoid S is said to be a I" -idempotent. If Xyx =X forall xe S and
yel.

Definition 3.3. A I"-AG-groupoid S is said to be a I"-AG-band if every element of Sisa I -
idempotent.

The following two theorems are analogously as in [6, p.2067-2068].
Theorem 3.4. Every I'-AG-band is a quasi- " -cancellative.

Proof. Let S bea I'-AG-band and let X,y € S and y, # €I". We shall show that S is a quasi-I"-
cancellative consider the following:
(1) Assume that X =Xy and y=Yyfx.Then x=Xxyy and y = yyX. Now

X=Xy
=(xyx) By by XyX=X
= (yrx) Bx by Definition 1.1
= ypX by Definition 3.2
=Yy by y=ypx.
(2) Assume that X =yfgxand y=XpYy.Then X=yyXand y = Xyy. Now
X =YypX
=(yry)B(xyx) by Definition 3.2
=(Xyy)B(xry) by " -paramedical
=(xyx)B(yry) by I - medial
=Xpy by Definition 3.2
=Y by y =xpBy 0

Theorem 3.5. Let Shbhe a I'-AG-groupoid such that S is quasi- I"-cancellative and Xy X = X for all
xeS andy el If S is I'-medial, then the following statements hold:

(1) xya=xyb ifand only if ayx=byx,

(2) (xyy)Ba=(xyy)pb implies that af(yyx) =bg(yyx), forall x,y,a,beSand y,L el .

Proof. (1) (=) Let xya=Xxyb. Then (xya)s(xya) = (xyb) #(xya) and
(xya) B(xya) = (xyb) B(xyb). So
apx =(aya)px by Definition 3.2
=(xya)pa by Definition 1.1
= (xyb)pa by xya=xyb
= (ayb) Sx by Definition 1.1
=(ayb)B(xyx) by Definition 3.2
=(ayx)p(byx) by I'-medial.
And
bpx = (byb)sx by Definition 3.2
= (xyb)pb by Definition 1.1
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=(xya)pb by xya=xyb
= (bya) Bx by Definition 1.1
= (bya) S(xyx) by Definition 3.2
=(byx)pB(ayx) by I' -medial.
Then afx = (ayx)B(byx) and bpx = (byx)L(ayx). Thus ayx =byx.
(<) This can be proved similarly.
(2.) Let x,y,a,beS and y, S e suchthat (xyy)pa=(xyy)sb. Then a=Db. So we have
ap(xyy) = (aya)B(xyry) = (ayb) B(xyy)
(xyy)Ba=(xyy)B(aya) = (xyy)B(ayb)
(yrx)pa=(yrx)B(aya) = (yrx)B(ayb)
= af(yrx) =[ap(yyx)lalap(yrx)]=Ibs(yyrx)lalas(yrx)] (3.1)
Similarly, if (xyy)Ba=(xyy)pb,then a=b, and so
bB(xyy) = (byb) B(xyy) = (bya) B(xyy)
(xry)Bb = (xyy) B(byb) = (xyy) S(bya)
(yrx) b =(yrx)B(byb) = (yrx) S(bya)
(ayb) B(yrx) = (byb) S(yyx) =bS(yrx)
= bp(yyx) =[bA(yrx)lalbs(yyx)]=[aB(yy)lalbB(yrx)] (3.2)
From (3.1), and (3.2) we have ag(yyx) =bg(yyx). 0
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