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Abstract— Combined effects of geometric and material non-
linearities on a wuniform column subjected to an axial
compressive load are presented in the present note. A simple,
direct iterative numerical method has been proposed to study
the geometric and material non-linear behavior of columns
subjected to varying boundary conditions. Introduction of
material non-linearity in the large deflection analysis of
columns subjected to an axial compressive load reveals a
reduction in Euler stress obtained when compared to the effect
of geometric non-linear analysis and increase in the same when
compared to the effect of material non-linear analysis. A
convergence study has been carried out for the results obtained
from the proposed iterative method to prove the efficacy.

Index Terms—Geometric and Material Nonlinearities,
Combined effect, Structural Members

1. INTRODUCTION

Structural members like columns find their application in
many components of structural assemblies. Generally
slender cantilever columns are widely used as struts
carrying compressive loads. Analysis of the structural
members as close to reality as possible will serve the
purpose in attaining meaningful results. The elastic
analysis of the columns subjected to compressive loads has
been studied by many researchers and reported in Ref. [1].
The analysis of columns of uniform cross section subjected
to tip concentrated loads has been investigated by in the
study [1] by using elliptical integrals. An approximate
solution of the problem with exponentially varying
flexural rigidity has been studied Bhandari [2]. A
numerical solution of the large deflection analysis of
uniform columns uniformly distributed load has been
investigated in the studies of Holden [3]. Rao and Raju[4],
have made an attempt by using the Galerkin finite element
method to obtain the solution for elastic buckling behavior
of uniform column. It is clear from the analysis that the
effect of geometric non-linearity is one of hardening type.

The stresses and strains in column subjected to axial
loads are high and make the stress-strain relationship non-
linear, hence this effect on the stress- strain relationship
has to be taken into account. Similar studies have been
reported in Olden and Childs [5], where the inelastic post
buckling of columns has been studied by considering the
effect of a hyperbolic moment — curvature relationship for
the cross section of the column. The unloading that occurs
at the convex face of the straight column when it bends has
been neglected in this study. With an assumption that the
axial stress is negligible compared to the bending stress
[6], Monasa studied the elasto-plastic buckling of bars
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using moment — curvature nonlinear relations. In the study
of large deflection analysis of elastic columns to an
uniformly distributed load by Nageswara Rao and GV Rao
[7], the combined effects of geometric and material non-
linearities have been considered. A uniform column
subjected to a uniform compressive load is considered and
the solution is obtained by a simple and accurate numerical
scheme. Similar study on large deflection analysis of
elasto-plastic columns subjected to uniform compressive
loads has been reported in Ref.[8]. However, in all the
studies reported earlier, the solution procedure by higher
mathematics or solution by elliptical integrals. Hence, an
attempt has been made in the present note to study the
combined effects of the geometric and material non-
linearities by using a Galerkin method and Ramberg-
Osgood type formula [9] for geometric and material non-
linearities respectively. The results were obtained in the
present study by a simple iterative method. The
convergence study of the results has been carried out to
prove the accuracy of the results from the present
investigation.

II. FORMULATION OF THE PROBLEM

A cantilever column as shown in Fig.1, of length / is
subjected to an uniform compressive load P. Due to this
compressive load, the column undergoes large deflections
as shown. It is required to determine Euler buckling stress
of the column for a given tip deflection a.
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Fig 1 Shows the rectangular cross section of cantilever,
simply supported and clamped column subjected to
uniform Compressive load
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III. PROPOSED ITERATIVE METHOD

The present investigation aims in proposing a simple,
direct and completely analytical iterative method. The
governing non-linear differential equation for the
geometric nonlinear behavior of the column is obtained
from the moment curvature relationship as

"+ Asnf =0 1
By Galerkin method, Eq.(1) becomes
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where ” denotes double differentiation with respect to &
and @ = asin(%{’tj, 0= aSil‘lQﬂ'gE: and

0= acos(z'f _for cantilever, clamped and simply

supported columns respectively. & = s// , represents the
coordinate transformation, and / is the length of the
column.

From Eq.(1), we can write
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Expanding the sine series we have
sin & r{H—EJrOi—O;Jr—————————} 4
38 7
2 4 6
e |
3! 5! 7
:9F€: 5

Substituting value ‘0’ for cantilever we have
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From Eq.(6), A = . 7
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where 2, is the critical load parameter ie. where E is

the Young’s modulus , / is the length of the column I is the
moment of inertia and P, is the critical load.

Similarly, critical load parameters for the other two
boundary conditions of the beam/column could be
obtained as
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to clamped and simply supported boundary conditions
respectively.
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To account for the material non-linearity,
Ramberg-Osgood Type [9] formulation, has been used in
many researches [10].  However, for the sake of
completeness the formula representing the stress — strain
curve is represented by

10

where ¢ is the strain, o is the stress, E is the Young’s
modulus, K is a constant and n is an integer which are
obtained by a least squares curve fitting technique.

The critical buckling load parameter of the column
subjected to both geometric and material non-linearities is
given by

E
2
[
r
where, y is the value obtained from integrating the
geometric non-linear behavior of column for each tip

deflection parameter. I/ is the slenderness ratio of the
column with / as length and r as radius of gyration.

=7 1

The value of y are given by Eqgs.(7), (8) and (9) for
cantilever, clamped and simply supported boundary
conditions respectively.

The tangent modulus is obtained by differentiating the
Eq.(10) with respect to o, as

(o ¢
E =E/ {1+7K| =
E
12

A direct iterative procedure is applied to evaluate the
values of E, is given as follows
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1. For the column configuration considered find the
Euler buckling stress due to the effect geometric
and material non-linearity by Eq.(11).

2. From the stress obtained in step (1) find the value
of E; from Eq.(12).

3. Replace E by E, and evaluate new o, stress for
specific value of a, tip deflection angle for the
boundary condition considered.

4. Repeat steps 1 to 3 till the converged value of
Estress is obtained.

Update the tip deflection angle o in the geometric non-
linear term 7y, and repeat the procedure for converged
Estress as in steps 1 to 4, for different slenderness ratios
and tip angles.

IV. NUMERICAL RESULTS

The proposed iterative method is used to study the
combined effects of geometric and material non-linear
behavior of columns to an axial compressive load. The
material of the column is taken as 24ST aluminium alloy
as in previous studies. The empirical results for the three
boundary conditions considered are presented in the form
of tabular columns. The results for a cantilever column
subjected to an axial compressive load for various tip
deflection angles and slenderness ratios are presented in
table 1. It can be seen that columns with high slenderness
ratios the effect of non-linear effects is not much felt due
to the boundary condition of the column considered.
However, when the slenderness ratio decreases and the tip
angle increases, the effect of the elasto-plastic buckling is
clearly seen. The effect of geometric non-linearity and
material non-linearity itself are also presented in this table
for the better understanding.

In table 2 and 3, the results obtained from the present
investigation to simply supported and clamped boundary
conditions of the column are presented. The effect of non-
linearities is clearly seen in these tables for the other
slenderness ratios. A convergence study has been carried
out by the proposed iterative method to prove the efficacy
of the proposed simple formulation.

Table 1 Values of Euler Stress in kpa for a Cantilever
Column for Varying Tip Deflections and Slenderness

Ratios
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Table 2 Values of Euler Stress in kpa for a Simply
Supported Column for Varying Tip Deflections and
Slenderness Ratios
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Table 3 Values of Euler Stress in kpa for a Clamped
Column for Varying Tip Deflections and Slenderness

Ratios
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s
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V. CONCLUSIONS

In the present paper a simple, direct iterative numerical
method has been proposed to investigate the combined
effects of geometric and material non-linearities for the
columns of various boundary conditions subjected to an
axial compressive load. The effect of non-linearities is
clearly presented in the present note for various
slenderness ratios and tip deflection angles of the column.
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