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ABSTRACT

This paper investigates the compliance of a new 3PUS-PU hybrid mechanism with three
degrees of freedom, including translation along the Z axis and rotations about the X and
Y axes. Firstly, the kinematic analysis of the mechanism is analysed and the compliance
model of the mechanism derived. Secondly, the effects the geometric parameters and
position and orientation parameters on the compliance of the mechanism in each
direction are investigated, and the genetic algorithm is used to optimise the global
compliance by simultaneously adjusting design variables. Finally, the compliance of
two similar kinds of 3PUS-PU mechanism in each direction is reviewed.

Keywords: Parallel mechanism; compliance; global compliance optimisation;
compliance comparison.

INTRODUCTION

Over the past decade, parallel mechanisms have been widely used in various
applications (Patel and George, 2012), such as in machine tools (Hu et al., 2006; Tsai
and Joshi, 2002; Xi et al., 2004; Zhang et al., 2005), sensor devices (Zhang et al., 2009),
automotive industries (Yu, 2010), medical devices (Li and Xu, 2008; Pan, 2011), mining
industries (Wu et al., 2011), etc. This is largely due to the fact that parallel mechanisms
possess several advantages compared to their serial counterparts, such as a high stiffness,
high precision, high payload capacity, good acceleration, etc. These attributes all
contribute to the structure of parallel mechanisms, in which the moving platform is
connected to the base by several parallel limbs. Stiffness or compliance is a vital factor
in evaluating the performance of parallel manipulators, since a high stiffness can lead to
high precision (Zhang, 2009). Here a new 3-DOF hybrid mechanism is proposed, where
the moving platform is connected to the base by three active legs and a central passive
leg. The compliance matrix of the new mechanism is derived based on the kinetostatic
model and principle of virtual work. The effects the geometric parameters and position
and orientation parameters on the compliance of the mechanism in each direction are
analysed. The leading diagonal element of the compliance matrix is the manipulator’s
pure compliance in each direction, and the sum of the leading diagonal elements of the
compliance matrix is defined as the global compliance. Global compliance is related to
system rigidity; subsequently we optimise the global compliance by adjusting the design
variables. Finally we compared the new mechanism with a mechanism in which the
guide-ways are intersecting each other, and we found that under very small structural
parameters the compliance of the mechanism with intersecting guide-ways in each
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direction are greater than those of the new mechanism with parallel guide-ways, while
under larger structural parameters the compliance of the mechanism with intersecting
guide-ways in each direction are smaller than those of the new mechanism with parallel
guide-ways.

KINEMATIC ANALYSIS OF THE 3PUS-PU MECHANISM

This new 3PUS-PU has three degrees of freedom, which are a translation along the Z
axis and rotations around the X and Y axes. There are three identical active legs and one
central passive leg. The active leg connects the moving platform by a spherical joint,
and the other end connects to the universal joint that is actuated in the guide-way. The
guide-ways are parallel to each other. The central passive leg is fixed on the base, and
consists of a prismatic joint, another moving link and a universal joint attached to the
centre of the moving platform. Fig. 1 provides a schematic representation of the new
3PUS-PU mechanism. For the purpose of analysis, the fixed coordinate frame
0,(X)Y,Z) is attached to the centre of the base, and the moving coordinate frame

O,(x,y,z) is attached to the centre of the moving platform. The radius of the base is R,

the radius of the moving platformis r,and | is the length of the active legs.
The position vector of B, with respect to the fixed frame can be expressed as

P.’; the position vector of E, with respect to the moving frame can be expressed as
P,*; the position vector of O, with respect to the fixed frame can be expressed as P".
«, 1s the angle between the X axis and the attachment point B, on the base, and /.

is the angle between the Z axis and the attachment point E, on the moving platform.
Then one can obtain the following:

R-cos¢; 0 0 a 60° B 60°
P’ =|R:sing, |, P°=|-rsing |, P°=(0 |, |a,|=|180"|, |pB, |=|180°
0 rcos f3 z, a, 300° B 300°
The position vector of E, with respect to the fixed frame can be expressed as:
rcosé,siné, sin 5, +rsing, cos S, X
Peib :Q'Peie+Peb =|rcosd,sin j = yet;i 1)

rsin . siné, sin@, —r cos f. cosé, +z, z°

where Q is the rotation matrix of the moving frame with respect to the fixed frame.
Equation (1) can be differentiated as follows:

00,

b . : . ) 00,
OXej —rsin@,sinég,sin S, +rcosé,cos 5, rcosd,cosdsing 0 0 0 O S0
SY> |= 0 —rsing,sing 0 0 0 O 5):
52! rsin g, cos@,sing,+rcos g sind, rsingsing,cosd, 0 0 0 1 521
_528_
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Figure 1. Schematic representation of the new 3PUS-PU mechanism.

Since the active legs have a fixed length, it can be shown that
|O,E,~0,B,-BD|=|DE|  (i=1,2,3) @)
The above equation yields:
ki +k,” +k” =17 )

where k, =X’ —Rcose,, k,=Y)—Rsing,, k,=2,"-u,
u, (1=1,2,3) is the joint motion, which can be expressed as follows:

u=R’GD-(’-(R CY-R LY - (R D-R D))" 4
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Equation (3) can be differentiated as:

{m}: Ko ki kg ,5;;_

Ris || 5x®

ol k. k, K, °
oo e
where k;, =—k,
The twist in the moving platform is expressed
t=[s6, &0, &0, 6%, &y, 6z,]
and
by Ky k_}J 4, ]
Ll I, 1, 00,
% Ky Ky Ky | 5
,0=5|2 :Jp.t: 221 22 A.JZ. z
A e OX,
ol, - - 5
Ky ke kel [| OV
1|0z
I R R

KINETOSTATIC MODEL

The kinematic chain of the passive leg can be considered as a serial manipulator. The
kinematic structure of the passive leg is illustrated in Figure 2. From Figure 2 one can

obtain the D-H parameters of the passive leg, as shown in Table 1.

Z
X3
%2 2
zSX2
1A
Y
O
X
X

Figure 2. Kinematic structure of the passive le
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Table 1. D-H parameters for the central passive leg.

g, Jji o b
0O 0 O 0 0
1 0 z, 900 O
2 0 0 90 6,
3 0 O 0 6,

The Cartesian coordinate frame is used as frame 0, so that «,=0",6,=0", then
one obtains:

o -
= O
o O

Q4o = (1)

o
o
H

where Q, is the rotation matrix from the fixed reference frame to the first frame of the
passive leg, and

100 cosd, 0 sing, cosd, -sing, 0
Q.=|0 0 -1| Q,=|sind, 0 -cosh,| Q,=|sing, cosd, 0
010 0 1 0 0 0 1

The rotation matrix can be written as: Q =Q,,Q,,Q,,Q4s

Q,, s the rotation matrix from the first frame to the second frame of the passive leg;
Q,, is the rotation matrix from the second frame to the third frame of the passive leg;
and Q,, is the rotation matrix from the third frame to the final frame of the passive leg;

By multiplying equation (7) in each equation by e, and r,, one obtains the
following:

€n= Q4084o v €= Q40Q41e40; €3 = Q40Q41Q42840
where e, =[0 0 1]

The position vectors are expressed as:

I’.41 = Q4Oa41 + Q40Q4la42 + Q4OQ41Q42a43

I, = Q40Q41a42 + Q40Q41Q42a43 v I = Q40Q41Q42a43 (8)

where a, =[a cosg asing d ]
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For the central passive leg, one has the following equation:

‘]4 é4 =t (9)

L] L] L] L] T
where 6’4:[,0 o, 03}

The Jacobian matrix of the central passive leg can be expressed as follows:

|: 0 €1 €43 }
J, = (10)

€ Cp Xy €3 X0,

According to the principle of virtual work, the Cartesian compliance matrix of the
3PUS-PU mechanism can be derived as follows (Zhang, 2000):

C. = J4(JpJ4)_1C(Jp‘]4)_T JI (11)
is the compliance of the i actuator, here we set

where C =diagl[c,¢c,,c,], ¢
¢, =0.001.

EFFECTS OF POSITION AND ORIENTATION PARAMETERS ON
COMPLIANCE

We fixed &, =90°, and used the design kinematic parameters which are as follows:
R=0.4m; r=0.25m; 1=0.5m; &, €[-50°,50°], 2z, €[0.3,0.7]m

Then, compliance mapping is obtained in each direction as shown in Figure 3. From
Figure 3 one can see that when 6,=0, i.e. the moving platform is parallel to the base, a

minimum compliance exists in the 6, direction, which means a maximum stiffness
exists in the @, direction. The value of z,, which is the height of the moving platform,
does not impose a fundamental influence on the compliance in the 6, direction. As 6,
increases, the compliance in the 6, direction increases.
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Figure 3. Compliance in the @, direction along with 4, and z,.
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From Figure 4 one can see that when 6, =—-17°, a minimum compliance exists
inthe @, direction, which means a maximum stiffness exists in the ¢, direction. The
value of z,, which is the height of the moving platform, does not impose a fundamental
influence on the compliance in the ¢, direction. As &, increases, the compliance in
the &, direction increases.
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Figure 5. Compliance in Z direction along with 6, and z,

From Figure 5 one can see that when 6,=0", i.e. the moving platform is
parallel to the base, a minimum compliance exists in the Z direction, which means a
maximum stiffness exists in the Z direction. The value of z, does not impose a

fundamental influence on the compliance in the Z direction. As 6, increases, the
compliance in the Z direction increases.
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EFFECTS OF GEOMETRIC PARAMETERS ON COMPLIANCE
The effectsof R and r on compliance

In addition we fixed &, =90°, and use the following design kinematic parameters:
[=0.5m; 6,=0", z,=0.5m, Re[0.3,0.6]m,r €[0.15,0.25]m

The compliance mapping along with the change in R and r can be obtained in
Figure 5. It can be seen that when R=0.3 m, r=0.25m, a minimum compliance exists

in the @, direction, which means a maximum stiffness exists in that direction. From
Figure 7 one can see that the effects of R and r on the compliance in the 6,

direction is the same as in the &, direction. From Figure 8 one can see that when

R=0.3m, r=0.25m, the compliance in the Z direction achieves the minimum value.
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Figure 6. Compliance in the &  direction along with R and r.
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The effects of | on compliance

We fixed &, =90°, and used the design kinematic parameters which are as follows:

6,=0", z,=05m, r=0.25m, R=0.4m, |<[0.450.65]m, then we can obtain the

trends in the compliance in each direction, along with the change in the length of the
active legs as follows.
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Figure 9. Compliance inthe 6,, 6, , Z directions along with |

From Figure 9 one can see that the compliance in the 6,, 6, and Z directions reduces

as | becomes longer. When setting €, =-17°, z,=0.5m, r=0.25m, R=0.4m,
| €[0.45,0.65]m one has the following trends. From Figure 10 one can see that the
compliance in the 6, and Z directions reduces as | becomes longer, and the
compliance in the @, direction increases as | becomes longer. After many

experiments, we conclude that these geometric parameters and the position and
orientation parameters all affect the compliance of the mechanism in each direction. The
leading diagonal element of the compliance matrix is the manipulator’s pure compliance
in each direction. The sum of the leading diagonal elements of the compliance matrix is
defined as the global compliance. The global compliance is related to system rigidity,
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and we want the global compliance to be as small as possible. Next, we need to
determine these geometric parameters and the position and orientation parameters
simultaneously to obtain the minimum summation of the leading diagonal elements of
the compliance matrix of the mechanism.
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Figure 10. Compliance inthe 6,, 6,, Z directions along with |

OPTIMISATION

Traditional optimisation methods use a local search by a convergent stepwise procedure,
which compares the values of the following points and then moves to the optimal points.
Global optima can only be found if the problem has certain convexity properties which
guarantee any local optima is a global optimum It faces the danger of falling in local
optima. However, genetic algorithms are based on the population-to-population rule;
which can escape from local optima Genetic algorithms have the advantages of good
convergence and robustness properties: such as the following,

(i) They require no knowledge or gradient information about the optimisation
problems; they can solve any kind of objective functions and any kind of
constraints defined on discrete, continuous or mixed search spaces;

(i) Discontinuities present on optimisation problems have little effect on the
overall optimisation performance;

(iii) Itis effective at performing global search instead of local optima;

(iv) It performs very well on large-scale optimisation problems;

(v) They can be employed on a wide variety of optimisation problems.
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Since global compliance is related to system rigidity, and the geometric
parameters and position and orientation parameters all affect the compliance of the
mechanism in each direction as stated in sections 4 and 5, we will use the genetic
algorithm (GA) to optimise the global compliance by adjusting the geometric
parameters and position and orientation parameters simultaneously. The objective
function for optimisation is as follows:

y=C.(L1)+C,(2,2)+C,(3,3)+C,(4,4)+C,(55)+C,(6,6) (12)

Design variablesare R,r, |, 6,, 6, and z,

Constraints are set as follows:

R e[0.3,0.6]m, r €[0.15,0.25]m, |<[0.45,0.65]m, 6, €[40°,140°], 6, €[-50°,50°],
z, €[0.3,0.7Im

Run the GA solver, and the following result is obtained:

Best: 0.0208705 Mean: 0.0208748

30¢
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g ° Mean fitness
= 20+
>
1]
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_ 2 T T T T T T
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p=}
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=
2 1r i
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Ke)
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5
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Optimization terminated: average change in the fitness walue less than options. TelFun
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Figure 11. Optimisation results.
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After optimisation, when R=0.303m, r=025m, 1=0594m ,6 6,=89" ,
6,=-8.7", z,=0.527m, the compliance sum which is the global compliance reaches
the minimum value of 0.02087.

COMPLIANCE COMPARISON BETWEEN TWO 3PUS-PU MECHANISMS

The guide-ways of the new 3PUS-PU mechanism are parallel to each other. However, if
the guide-ways are not parallel to each other, but rather intersecting each other as shown
in Figure 12(b), here we compare these two mechanisms’ compliance in each direction.
The angle between the guide-ways and the base is ¢ .

EZ
> A
e
E, E,
VA | A
Z
D, B D,
—]
u, Y[y
/ !
X
B, B,
(@) Parallel guide-ways (b) Intersecting guide-ways

Figure 12. Two kinds of 3PUS-PU mechanism

Whenp=50"°, R=0.05m, r=0.025m, |=0.12m, 6,=90", &, [-50°,50°],
z, €[0.03,0.06]m, the compliances in each direction for the two mechanisms are shown

in Figure 13, the upper plot figure presents the compliance for the mechanism with
intersecting guide-ways, and the lower figure presents the compliance for the new
mechanism with parallel guide-ways. One can clearly see that when the structural
parameters are very small, the compliance of the mechanism with intersecting
guide-ways is larger than that of the new mechanism with parallel guide-ways, which
means that the stiffness of the new mechanism is better than that of one with
intersecting guide-ways.
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Figure 13. Compliance comparison between two mechanisms when the structural
parameters are small.

When ¢=50° , R=037m , r=0075m , 1=0.353m , 6&,=90" ,
6, €[-50°,50°], 1z, <[0.45,0.6]m, the compliance in each direction of those two

mechanisms are presented in Figure 14. One can also see that the compliance in each
direction for the mechanism with intersecting guide-ways is smaller than those of the
new mechanism with parallel guide-ways, which means the stiffness for the system with
intersecting guide-ways is better than that of the new mechanism with parallel
guide-ways when the structural parameters are large.
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Figure 14. Compliance comparison between two mechanisms when the structural
parameters are large.

CONCLUSION

The article investigates the compliance of a new 3PUS-PU mechanism, and compares
the compliance of two similar 3PUS-PU mechanisms. The effects the geometric
parameters and position and orientation parameters on the compliance of the new
3PUS-PU mechanism in each direction is analysed, and the genetic algorithm is used to
optimise the global compliance by adjusting the design variables. It is found that the
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global compliance reaches the minimum value when R=0.303 m, r = 0.25 m, | = 0.594
m, &= 89° &=-8.7° z. = 0.527 m. Secondly, the compliance of two similar kinds of
3PUS-PU mechanism in each direction are compared, and it is shown that the stiffness
of the mechanism with intersecting guide-ways in each direction is smaller than that of
the new mechanism with parallel guide-ways when the structural parameters are very
small. However the stiffness of the mechanism with intersecting guide-ways in each
direction is larger than that of the new mechanism with parallel guide-ways when the
structural parameters are relatively large, which provides engineers with a guide to
selecting the correct mechanism type according to their different practical requirements
and scenarios, such as whether it is to be used in machine tools or micromanipulation.
For future work, a prototype should be fabricated based on the proposed model to test
the theoretical results.
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