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ABSTRACT - Nonlinear structural dynamic analysis is required for mechanical structures 
experiencing nonlinearity through large force-vibration response ranges. Nonlinearities can be 
caused by large vibration displacements, material properties, or joints. Experimental modal 
analysis for nonlinear detection is achieved using conventional force-controlled stepped sine 
testing. However, this approach often encounters premature jumps in frequency response 
curves before reaching actual resonance peaks. In recent years, response-controlled stepped 
sine testing (RCT) has been introduced to quantify resonant peaks precisely. This approach, 
however, has only been limitedly utilised to detect and analyse nonlinearity in jointed 
structures and structures experiencing large displacement. In this paper, the reliability of the 
RCT approach is assessed for detecting nonlinearity from different sources. The experimental 
setup involves placing two magnets on opposite sides of a plate’s free end to induce localised 
nonlinearity through magnet attraction. A low force magnitude of random excitation is 
employed to identify the frequency range of the first vibration mode using an electromagnetic 
shaker. Subsequently, RCT is performed within this range to measure the nonlinear forced 
response. Frequency response functions are measured at ten different controlled 
displacement amplitudes at the driving point. The analysis observed a symmetry curve of 
response in the measured FRFs. The results indicate that nonlinear hardening is detected at 
structures with localised magnet attraction. In conclusion, the reliability of applying the RCT 
approach for detecting nonlinearity from magnet attraction is achieved due to the absence of 
a jump issue in FRFs. 
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1.0 INTRODUCTION 
The nonlinear dynamic characteristic should be considered in the design and analysis of engineering structures [1] to 

obtain more realistic predictions and to prevent catastrophic collapses when these structures operate in nonlinear zones 
[2]. This concern becomes particularly significant for aerospace structures, which operate in a nonlinear regime under 
various designs, extreme loads, and varying environmental conditions. As a result, the effects of nonlinear dynamic 
characteristics are of primary importance and have attracted the interest of researchers for many years. Numerous 
nonlinearity effects can occur from a variety of sources, including jointed interfaces in assembled structures [3], [4], 
variations in material parameters [5], geometric effects [6], boundary conditions, impacts [7] and contact phenomena [8]. 

In vibration testing, nonlinear experimental modal analysis (EMA) is used to detect and characterise nonlinear 
properties of structures. Much research has been carried out in the field of nonlinear detection to identify the types and 
parameters of nonlinearity using vibration test data [9] – [11]. It is well known that the availability of nonlinear dynamic 
responses of a structure is highly dependent on the type of input dynamic excitation [12]. Investigating the reliability of 
the various dynamic excitations is crucial for effectively detecting nonlinearity in structures. Moreover, nonlinear 
structures respond differently in different ways to different types of input excitations. Therefore, it is necessary to evaluate 
the ability of the different excitation approaches to detect nonlinearity. 

In random vibration tests, all frequencies of a defined spectrum are excited simultaneously at a given time of 
excitation. The total power in the excitation of the input spectrum is distributed over the defined frequency band. The 
structural resonances can be excited simultaneously due to the numerous forcing frequencies. However, the random 
excitation may not always be able to sufficiently excite the structural nonlinearity, as averages are used to improve FRF 
coherence. The amplitude and phase of the random excitation signal often produce undistorted FRFs [11]. 

To overcome this problem, researchers in the field of structural dynamics use sine sweep testing to detect nonlinearity. 
The frequency of sinusoidal harmonic excitation changes as a function of time with an equal input power level over a 
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prescribed frequency range of interest [13]. During the sweep sine run test, the load level depends on the input force and 
the sweep rate, which can be either linear or logarithmic. This well-established broad-band excitation technique is 
relatively fast and widely used for measuring FRFs [14] –[16].  

In nonlinear EMA, force-controlled stepped sine testing is widely used for nonlinear investigations [17]. Nonlinear 
detection is achieved by varying the input force to determine the frequency response of structures [14]. However, the 
limitation of this classical approach is that it does not give satisfactory results for structures with strong nonlinearity. A 
premature jump in the frequency response curves can be detected before the actual resonant peak is reached. In addition, 
unstable branches and turning points of nonlinear frequency response curves are often overlooked in constant force and 
stepped sine testing frequently due to the limitations of the test algorithms available in commercial equipment to measure 
unstable branches.  

In contrast, an alternative approach known as response-controlled stepped sine testing (RCT) is proposed in EMA for 
nonlinear structures. It is a systematic extension of nonlinear phase resonance testing. In this experimental technique, the 
amplitude of the displacement response of a structure at the driving point is constantly controlled during stepped sine 
sinusoidal excitation. The magnitude of harmonic force excitation at the driving point is adjusted. The displacement 
amplitude is constant at each discrete frequency within the frequency range of the vibration mode. In modal analysis, the 
equation of motion for the dynamic response of a linear model describing structural motion is a second-order differential 
equation [18]-[20], as in Eq. (1). 

[𝑀𝑀]{�̈�𝑥} + [𝐶𝐶]{�̇�𝑥} + [𝐾𝐾]{𝑥𝑥} = {𝐹𝐹} (1) 

where [M], [C] and [K] are the mass, damping and stiffness matrices. {�̈�𝑥}, {�̇�𝑥} and {𝑥𝑥} are the n×1 acceleration, velocity 
and displacement vectors, respectively. {F} is an external excitation force vector in harmonic characteristic as in Eq. (2).  

{𝐹𝐹} = 𝑓𝑓 sin(𝜔𝜔𝜔𝜔) (2) 

where f is force magnitude, ω is frequency, and t is time. For a nonlinear structure, the equation of motion [10] consists 
of nonlinear parameters, as shown in Eq. (3). 

[𝑀𝑀]{�̈�𝑥} + [𝐶𝐶]{�̇�𝑥} + [𝐾𝐾]{𝑥𝑥} + [𝐹𝐹𝑁𝑁𝑁𝑁]{𝑥𝑥, �̇�𝑥} = {𝐹𝐹} (3) 

where FNL is a nonlinear force in a function of displacement and velocity. Equation of motion of a nonlinear structure 
subjected to a harmonic excitation ω in the form of frequency domain as in Eq. (4) where {X} is the vector of 
displacement. 

−𝜔𝜔2[𝑀𝑀]{𝑋𝑋} + 𝑖𝑖𝜔𝜔[𝐶𝐶]{𝑋𝑋} + [𝐾𝐾]{𝑋𝑋} + [𝐹𝐹𝑁𝑁𝑁𝑁]{𝑋𝑋} = {𝐹𝐹} (4) 

The nonlinear eigenvalue problem is associated with the conservative part, as in Eq. (5). 

([𝐾𝐾] + [𝐹𝐹𝑁𝑁𝑁𝑁]𝑟𝑟𝑟𝑟){𝜑𝜑�}𝑟𝑟 = 𝜔𝜔�2𝑟𝑟[𝑀𝑀]{𝜑𝜑�}𝑟𝑟 (5) 

where {𝜑𝜑�}𝑟𝑟 is the rth real-valued nonlinear normal mode and 𝜔𝜔�𝑟𝑟 is the natural frequency. The vectors of displacement 
amplitude can be calculated using Eq. (6), where �∅��

𝑟𝑟
 is calculated as in Eq. (7). 

{𝑋𝑋} =
�∅��𝑟𝑟�∅

��𝑟𝑟
𝑇𝑇{𝐹𝐹}

𝜔𝜔�𝑟𝑟2 − 𝜔𝜔2 + 𝑖𝑖𝜏𝜏𝑟𝑟𝜔𝜔�𝑟𝑟2
 (6) 

  

�∅��𝑟𝑟 =
{𝜑𝜑�}𝑟𝑟
�𝑚𝑚�𝑟𝑟

 (7) 

The near-resonant receptance 𝛼𝛼�𝑗𝑗𝑗𝑗 at point j for a given excitation at point k can be calculated as in Eq. (8). 

𝛼𝛼�𝑗𝑗𝑗𝑗 =
∅�𝑗𝑗𝑟𝑟∅�𝑗𝑗𝑟𝑟

𝜔𝜔�𝑟𝑟2 − 𝜔𝜔2 + 𝑖𝑖ƞ�𝑟𝑟𝜔𝜔�𝑟𝑟2
 (8) 

where ƞ�𝑟𝑟 is nonlinear hysteretic modal damping. Using RCT, the near-resonant receptance 𝛼𝛼�𝑗𝑗𝑗𝑗 can be determined as in 
Eq. (9) where �̅�𝐴𝑗𝑗𝑗𝑗𝑟𝑟 is a complex valued modal constant. 

𝛼𝛼�𝑗𝑗𝑗𝑗 =
�̅�𝐴𝑗𝑗𝑗𝑗𝑟𝑟

𝜔𝜔�𝑟𝑟2 − 𝜔𝜔2 + 𝑖𝑖ƞ�𝑟𝑟𝜔𝜔�𝑟𝑟2
 (9) 

The measured constant-response FRFs are in quasi-linearised form due to the constant modal amplitude during the 
RCT strategy [22]. Therefore, the modal parameters in the mode of interest are extracted as a function of modal amplitude 
by applying standard linear modal analysis techniques. Several researches have used this approach to experimentally 
detect nonlinearities from various nonlinear sources. Using this approach, [21] discovered the geometrical nonlinearity 
of a double-clamped thin beam structure due to large amplitude oscillations. [22] used the RCT method to find damping 
nonlinearity caused by microslip in the beam-base connections. 
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This article focuses on evaluating the reliability of applying RCT to detect structural nonlinearity, with specific 
attention to a structure featuring magnet attraction. Initially, linear EMA is conducted to determine the linear natural 
frequency of the first mode. Subsequently, nonlinear EMA is performed to measure the linear dynamic response of the 
structure. The measured FRFs are analysed to gain insight into the frequency response curves and resonant frequencies. 
Through a detailed analysis of the FRF characteristics, the reliability of the RCT approach in detecting nonlinearity in 
structures with magnet attraction is thoroughly assessed. 

2.0 TEST SETUP AND PROCEDURES 
A thin steel plate 190.0 mm long with a rectangular cross-section 25.0 mm wide and 1.0 mm thick was used in the 

nonlinear investigation. Figure 1 shows the experimental setup for linear and nonlinear modal analysis. The plate was 
held vertically with fixed-free conditions. One end of the plate was fixed in y-direction and z-direction by a rigid and stiff 
clamp. The other end of the plate was free in the x-direction for bending modes.  

 
Figure 1. Experimental setup for linear and nonlinear modal analysis 

A schematic diagram for the EMA is illustrated in Figure 2. Two magnets were symmetrically positioned on either 
side of the plate tip. The magnetic attraction was introduced at the free end of the plate tip. A careful and precise setup 
ensured that there was a consistent distance of 60.0 mm between the two magnets in the equilibrium position, with equal 
distances of 30.0 mm on each side of the plate.  

 
Figure 2. Magnets located at the plate tip 

EMA was performed with a dynamic excitation source consisting of an electromagnetic shaker powered by an 
amplifier. The shaker was fixed to a rigid steel module. This permanent shaker was placed near the clamp. A force 
transducer was attached to the plate with strong adhesive to measure the excitation force exerted by the shaker via a 
stinger. It is worth noting that the position of the excitation point near the fixed clamp was chosen to minimise the 
interaction at large vibration amplitudes. The interaction between the shaker and the plate was carefully adjusted to 
minimise external bias and misalignment. Two accelerometers were used to measure the fundamental frequency. 
Accelerometer 1 was located at the driving point and served as a reference channel for control purposes. Accelerometer 
2 was positioned 30.0 mm below the driving point to measure the vibration response where the fundamental mode shape 
has a large deflection. Accelerometer 2 was not placed at the plate tip to ensure accurate measurements while avoiding 
any interference with the magnet attraction.  

The EMA was carried out according to the steps in the schematic flow chart in Figure 3. In the first work, random 
excitation testing was performed to obtain the linear frequency response function of the plate. The result was a 
fundamental frequency for the first mode in large deflection in the x-axis. The EMA continued with nonlinear dynamic 

+z  

+z 
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testing. The frequency range of the first mode was decided based on the linear dynamic testing results. In the RCT 
technique, several displacement amplitudes were chosen as the control parameter. A comparison between all the measured 
FRFs was conducted to identify the nonlinearity due to magnetic attraction.  

 
Figure 3. Flow chart of proposed assessment for RCT reliability 

3.0 LINEAR EXPERIMENTAL MODAL ANALYSIS 
The investigation started with a conventional experimental modal analysis (EMA) to determine the first mode of the 

plate. In this work, only the fundamental linear dynamic characteristic is considered in the analysis. A burst random of 
white noise characteristic was used for the input excitation. This test is known as a linear EMA due to the low force 
magnitude of excitation. The FRFs were measured and analysed to identify the linear dynamic characteristic. The linear 
natural frequency and modal damping ratios were estimated using the LMS Test.Lab Polymax identification algorithm. 
Figure 4 shows the receptance FRFs measured at points 1 and 2.  

 
(a) 

Figure 4. Measured FRFs using burst random excitation (a) point 1 
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(b) 

Figure 4. (cont.) Measured FRFs using burst random excitation (b) point 2 

The frequency range of the first mode, as determined from the linear EMA, ranges between 21.0 Hz and 31.0 Hz. 
Further details about the resonant frequency can be found in Table 1, which specifically lists the resonant frequency as 
25.48 Hz. It is worth noting that the FRFs exhibited an identical shape for both points 1 and 2. However, the amplitude 
of the FRF at point 1 exceeds that of point 2. Specifically, the amplitude at point 1 was 11.46 mm/N, significantly higher 
than the amplitude at point 2, which measured 5.69 mm/N. This difference is due to the application of the excitation force 
at driving point 1.  

Table 1. Natural frequency measured from linear EMA 
Point Accelerometer Natural frequency (Hz) Receptance amplitude (mm/N) 

1 A1 25.48 11.46 
2 A2 25.48 5.69 

4.0 RESPONSE-CONTROLLED STEPPED SINE TESTING 
The nonlinear element was introduced into the structure by placing two magnets on both sides of the plate’s free end. 

Ten different controlled-displacement amplitudes were employed at the driving point (point 1) to conduct the nonlinear 
EMA. Following the RCT approach, point 1 was initially excited at a discrete frequency of 21.0 Hz, and its displacement 
amplitude was set to 0.50 mm. The harmonic force magnitude at point 1 was adjusted by a shaker in order to achieve the 
desired 0.50 mm displacement amplitude. The excitation frequency began at 21.0 Hz and gradually increased with a step 
of 0.125 Hz, covering the frequency range of the first mode (from 21.0 Hz to 31.0 Hz). A closed loop control mechanism 
was utilised to maintain a constant displacement amplitude at point 1 throughout the measurements. The entire process 
was repeated for ten different controlled-displacement amplitudes, providing comprehensive data for analysis and 
comparison.  

The steady-state vibration response was carefully measured at each frequency step, and the resulting data was directly 
compared in both frequencies and phases. Figure 5 shows the measured nonlinear FRFs for points 1 and 2. The controlled 
displacement was initially set to 0.50 mm and then increased in steps of 0.20 mm, reaching a maximum displacement 
amplitude of 2.20 mm. From the figures, it is shown that controlled displacement has a significant impact on the resonant 
frequency, particularly in the first mode. The distortion was apparent in the FRFs at high controlled displacement, creating 
a clear difference from the FRFs measured at lower controlled displacement amplitudes. Specifically, at a controlled 
displacement of 0.5 mm, the plate’s response exhibits characteristics similar to a linear dynamic response. However, as 
the controlled displacement amplitude increases, the presence of the magnets causes an obvious nonlinearity effect, which 
directly affects the resonant frequency.  

The resonant frequency demonstrates an increase as the controlled displacement amplitude is increased. The shifting 
of the FRFs towards higher frequencies indicates a significant hardening of nonlinear behaviour. Notably, a symmetrical 
shifting of the resonance frequency towards a higher frequency was observed, and no jump phenomenon was detected in 
the measured FRFs prior to reaching the actual resonance peak. Additionally, the increase in controlled displacement 
directly leads to an increase in the FRF amplitude, indicating a decrease in damping. Consistent results were obtained for 
point 2.  
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(a) 

 

 
(b) 

Figure 5. Measured frequency response function (a) point 1 (b) point 2 

The FRF peaks were extracted to determine the resonant frequencies precisely. Table 2 lists the resonant frequencies 
corresponding to ten controlled displacement amplitudes. Clearly, at a controlled displacement of 0.5 mm, the resonant 
frequency measured 26.75 Hz, slightly exceeding the linear resonant frequency obtained from the linear EMA. The 
resonant frequency increases with the increase in controlled displacement, indicating a hardening nonlinearity due to the 
magnetic attraction. Furthermore, with each increase in controlled displacement, the resonant frequency exhibited an 
increasing pattern. At a displacement of 2.2 mm, the resonant frequency reached 28.87 Hz, showing the increasing impact 
of the magnetic attraction-induced hardening nonlinearity.  

Table 2. Resonant frequency of controlled displacement during the RCT 
Run Controlled displacement (mm) Frequency (Hz) 

1 0.5 26.75 
2 0.7 27.25 
3 0.9 27.25 
4 1.1 27.50 
5 1.3 27.75 
6 1.5 28.00 
7 1.7 28.25 
8 1.9 28.50 
9 2.1 28.75 

10 2.2 28.87 
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Figure 6 presents a comprehensive comparison of the phase spectrums at incremental values of controlled 
displacement, ranging from 0.50 mm to 2.20 mm, for points 1 and 2. Clearly, the results show a consistent shift towards 
higher frequencies in the measured phase spectrum as the controlled displacement increases. In summary, the assessment 
conclusively demonstrates the reliability of RCT in experimentally detecting nonlinearity throughout the entire frequency 
range, attributed to the magnetic attraction source. The dynamic response, particularly in the resonant region, is strongly 
influenced by the magnetic attraction phenomenon. This is evident through the observation of a distinct hardening effect, 
with the resonant frequency shifting approximately 8% for a 2.20 mm controlled-displacement amplitude exhibiting 
symmetrical characteristics.  

 
(a) 

 

 
(b) 

Figure 6. Measured phase spectrum (a) point 1 (b) point 2 

5.0 CONCLUSIONS 
The reliability of a recent approach in nonlinear experimental modal analysis (EMA) called response-controlled 

stepped sine testing (RCT) for detecting localised nonlinearity resulting from magnet attraction is discussed in this paper. 
The investigation started with linear dynamic analysis, employing random excitation with a white noise characteristic. 
The linear dynamic response of a fixed-free plate subjected to a magnet attraction field was measured using a low 
excitation force magnitude to determine the frequency range of the first mode. For nonlinear EMA, RCT was performed 
with ten different controlled displacement amplitudes at the driving point. The harmonic force magnitude was adjusted 
to maintain the displacement amplitude. There was no presence of jump phenomena in the results, as from the symmetry 
of the FRFs. The resonant frequencies shifted, and the FRFs’ amplitude increased proportionally with the controlled 
displacement amplitudes, indicating some form of hardening in the nonlinearity. Overall, the RCT approach proved highly 
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reliable in accurately detecting nonlinearity within a nonlinear system characterised by localised nonlinearity arising from 
magnet attraction.   
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