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RESEARCH ARTICLE 

Effect of Alternated Multiaxial Stress State on Fatigue Strength and Relaxation 
of Residual Stress in Welded S355 Steel with Nonlinear and Combined 
Hardening  
H. Khatib* and A. El Kebch    

ISPS2I Laboratory, ENSAM Casablanca, University Hassan II, Casablanca 20000, Morocco  

ABSTRACT - This work aims to analyse the effect of the alternated multiaxial stress state on 
the relaxation mechanisms of residual stresses and the integrity of welded S355 steel, 
presenting a nonlinear and combined hardening behaviour. The first part of this work proposes 
a model to predict the residual stresses introduced by the thermal effect of the welding 
process. The stresses resulting from the thermal cycle were integrated into a second model 
in which the material was subjected to a cyclic load to analyse the relaxation process. To 
ensure a good accuracy of the relaxation results, the kinematic and isotropic hardening were 
combined in a nonlinear model. In the last part of this paper, a multiaxial fatigue strength 
analysis was carried out, taking into account the effect of residual stresses and the relaxation 
process. The results show a considerable relaxation of the residual stresses if they are 
subjected to low load levels applied under specific conditions. The relaxed residual stresses 
can have a considerable effect on fatigue strength. Also, the importance of the consideration 
of the relaxation process on the accuracy of the fatigue strength results is illustrated. 
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1.0 INTRODUCTION 

Several steel structures are subjected to an internal stress state in the absence of any external loads. These stresses can 
affect positively or negatively the integrity of these structures after the application of the external loads. At the 
microscopic scale, these stresses can be introduced by point or dislocation defects [1]-[3]. Other causes can also lead to a 
residual stress state, such as the anisotropy at the level of the metallic grains, which can produce a plastic strain 
heterogeneity between different grains [4]. These stresses can appear at the macroscopic level after localised plastic 
deformations on specific zones introduced by shaping processes or material removal [5]-[7]. In automotive structures, 
spot welds and bolted connections are an important source of residual stresses [8], [9]. 

In the case of butt welded connections, the intensity of the residual stresses is significant, and it approaches the yield 
limit [10]-[12], which justifies the effect of these stresses on the damage mechanism and crack propagation. Moreover, 
the state of these stresses is unstable during the mechanical load application [13],[14], which complicates the 
consideration of these stresses during the mechanical design process. Considering that these stresses are stable generates 
a significant difference between the calculated and experimental results. In order to analyse the impact of the external 
load on the residual stress relaxation and on fatigue strength, the paper is divided into three main parts, as in Figure 1.  

The objective of the first part is to predict the residual stress state produced by the welding process. This result is 
obtained by building a numerical model simulating the motion of the heat source and the thermal strain produced by the 
thermal cycle. Based on this result, it is possible to obtain the residual stress field produced at the end of the welding 
process. The aim of the second part is to model the impact of the external loads on the stability of residual stresses. This 
is to visualise the instability of these stresses in several load cases. Thus, it is possible to classify loads according to their 
impact on the state of the residual stresses. In the third part of this paper, the objective is to analyse the effect of the 
external loads on the fatigue life of the weld joint, taking into account two main elements. First, the relaxation process 
under cyclic load, and second, the effect of the local triaxial stress state, applied after relaxation, on fatigue strength. 
These results can help engineers and designers to predict the stability and effects of eternal load on residual stresses on 
assembled parts; also, the obtained results could estimate the fluctuation of residual stresses according to the magnitude 
of the external load. These results evaluate more precisely the impact of the external load on the integrity of the designed 
structures by taking into account the instability of the residual stresses. 

2.0 WELDING RESIDUAL STRESSES 

2.1 Thermomechanical Modelling of Residual Stress 

In the case of the welded assembly using arc welding, the residual stresses in the assembled parts are a consequence 
of the dimensional shrinkages after the application of a high temperature produced by the Joule effect. The high level of 
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temperature causes a variation of the mechanical properties, an evolution of the metallurgical structures, and a variation 
of the thermal proprieties. Due to the interaction between the different states (mechanical, metallurgical and thermal), the 
analysis of residual stresses is considered a coupled problem (as in Figure 2). 

Step 1 : Residual stress modeling 

 

Temperature field evolution 

 

 

 

Residual stress field evolution 

 

 

Step 2 :  Effect of the external load 
on the relaxation process 

 

 

 

 

Step 3 : Fatigue analysis 

 

 

Figure 1. Analysis approach adopted in this paper  

 
Figure 2. Multiphysics interaction during welding 

In our case, the finite element (FE) model developed for the estimation of the residual stresses is divided into two 
phases. Initially, the temperature field is evaluated considering the thermal properties as a function of the temperature 
which will require a step-by-step resolution. The second phase consists of evaluating the mechanical state (stress and 
strain), considering the direct impact of the temperature on each mechanical property such as Young’s modulus and the 
yield limit. To model the temperature field evolution, it will be important to model the process of creation and transfer of 
heat toward the geometry of the material. In the case of arc welding, a significant quantity of this energy is absorbed by 
the material, which causes the fusion; an additional quantity will be lost by radiation or convection towards the 
surrounding area. To estimate the heat effectively absorbed by the material, we adopt an efficiency factor of 85%, 
according to [15]. 

The material considered for the analysis was the S355 structural steel with 5 mm thickness. The process operating 
parameters (current, voltage, and speed) applied in the model were examined at the laboratory to evaluate their 
adaptability to the material and the geometry. Due to the time required for the resolution and given the symmetry of the 
model, only half of the geometry in Figure 3(a) and 3(b) were considered during the resolution. 
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(a) (b) (c)  

Figure 3. (a) Studied geometry, (b) analysed geometry and (c) geometry of the heat source (at welding current of 97 A, 
voltage between 27 V and 35 V, heat source speed of 3.33mm/s) 

The heat produced by the electrical arc will be transferred to a volume (v) located on the weld bead in Figure 3(c) 
[16]. This volume is considered later as the heat source on the plate. The volume (v) has a double ellipsoidal geometry 
(Figure 3(c)). To estimate more accurately the evolution of the temperature field, the heat density (q) depends on the 
location of the point (X, Y, Z) where the heat density (q) is evaluated. The ‘Z’ axis was selected as the direction of the 
weld bead, and the‘Y’ axis is through the thickness. The heat density, q(X,Y,Z) is expressed as follows depending on the 
position of (X, Y, Z) [17]. This coordinate system is animated with the speed of the heat source of 3.33 mm/s along the 
weld bead direction. 

If (Z>0), q(X, Y, Z) will be expressed as follow :   
2
13 ²/3 ²/ ² 3 ²/ ²

1
1

6 3
( , , ) f Z aX b Y cf Q

q X Y Z e e e
a bc 

     (1) 

  

If (Z≤0), q(X, Y, Z) will be expressed as follow : 
2
23 ²/3 ²/ ² 3 ²/ ²

2
2

6 3
( , , ) Z aX b Y crf Q

q X Y Z e e e
a bc 

       (2) 

Where,  

ff, fr: factors affecting the amount of heat produced by the area defined by (Z>0) and area defined by (Z≤0). The sum of ff 
and fr must be equal to (2).  

a1, a2, b, c: Parameters used to define the heat source volume (v). 

Q: heat transferred to the weld pool. 

Based on the obtained temperature field (T(x,y,z,t)), the mechanical model in Figure 4, is used to evaluate thermal 
strain εij(x,y,z,t) and consequently, the stress field evolution ij(x,y,z,t). Parameters describing mechanical behaviour 
depend on the temperature, as can be shown in Table 1. 

Figure 4. Structure of the thermomechanical model 

Table 1. Mechanical and thermal parameters as a function of temperature 

Temperature (°C) 24 200 600 800 1200 1480 
Conductivity (W/m°C) 51 48 37 26 28 50 
Convection factor (W/m²°C) 9,5 16,3 54,8 90,8 208,1 340,8 
Young’s modulus (GPa) 205 195 88 75 60 17 
Yield strength (MPa) 364 280 55 40 7 0,01 
Coefficient of expansion (10-6/°C) 12,18 12,66 14,41 12,61 13,37 13,37 

2.1 Results of the Thermomechanical Model 

The thermomechanical problem is solved using an APDL (Ansys Parametric Design Language) programs, which 
allows to create the ellipsoidal volume of the heat source and produce the heat density using the Gaussian distribution. 

Thermal 

Model 
Mechanical Model 

Thermal parameters as 
function of temperature 

Geometry 

Welding process parameters 

T(x,y,z,t) 

Mechanical parameters as 
function of temperature 

ij(x,y,z,t) 

εij(x,y,z,t) 
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This volume move along the weld bead using the speed already specified. The program is responsible for the execution 
of the thermal then mechanical solver at each time step. The results show that the temperatures at the interface between 
the two welded parts exceed the melting temperature of steel (1500 °C),as in Figure 5. This validates the welding 
parameters and ensure a continuous bond at the entire contact surface. The lowest temperature at the interface is 1761°C, 
and the highest is 1979 °C. 

 
Figure 5. Temperature field produced by welding 

The stress field obtained after the cooling of the welded plates is defined as the residual stress field, and it is denoted 
by r

ij(x,y,z). The analysis of the obtained results shows that the residual stress state can be considered a plan stress state 
with two predominant components along the x and z axes. This can be explained by the geometry of the plate and the 
welding line. Thus, the analysis of this field can be summarised by analysing the two components, (r

xx) called the 
transverse residual stress and (r

zz) called longitudinal residual stress. The components (r
zz) have the highest value of 

296 MPa as in Figure 6(a). However, the (r
xx) component reaches a maximum value of 217 MPa, Figure 6(b). 

  
(a) (b) 

Figure 6. (a) Longitudinal residual stress (σr
zz) and (b) transverse residual stress (σr

xx) 

To analyse the relaxation process, we identify the most loaded areas by residual stresses (Table 2), which help us to 
identify the level of stress needed to initiate relaxation. Noting that the areas where the residual stresses (r

xx) and (r
zz) 

are maximum, as identified by the points (P1) and (P3), these points are located in very close zones and can be considered 
at the same zone. 

Table 2. Location of the points presenting the maximum and minimum stresses in both x and z directions 

 r
xx(MPa) r

yy(MPa) r
zz(MPa) τr

xy(MPa) τr
yz(MPa) τr

xz(MPa) 
Point position 

x (mm) y (mm) z (mm) 

P1 217,3 17,9 276,9 -2,0 -2,0 -0,5 0 -1,7 73 

P2 -299,2 -20,2 -12,8 2,8 1,4 0,6 0 -1,7 8 

P3 167,3 1,3 295,6 2,37 -0,42 -0,3 6 0 72,7 

P4 19,5 -3,0 -162,0 -0,2 0,4 12,6 50 -5 80 

3.0 MODELLING OF THE RELAXATION PROCESS 

3.1 Multiaxial Hardening Models  

Residual stress relaxation can be achieved after plastic strain, which depends on the behaviour of the material [18]. 
The elastic domain in the stress space is not stable in the case of strain-hardening materials, and it depends on the loading 
history. Under repeated loads, the resolution of the stress and strain field requires the identification of the elastic domain 
during each load cycle. The evolution of this domain affect the plastic deformations and the residual stress relaxation. 
The evolution laws of the elastic domain and the constitutive law in the plastic regime were derived from the plasticity 
theory, mainly based on the theory of (J2) using the equivalent stress of Von Mises to formulate the flow rule and the 
load function. Several models can be used to evaluate strain hardening and the location of the elastic domain in the stress 
space. The two main idealised models used to describe the hardening process are the isotopic and kinematic models [19]-

P1-P3 

P4 

P2 
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[22]. Based on the previous models, authors combine linearly and non-linearly isotropic and kinematic hardening to 
increase the accuracy of the results [23]-[25]. 

To define load function (F) which gives the elastic domain position in the stress space, we use a tensor (αij) to describe 
kinematic hardening. A scalar (K) is used to describe isotopic hardening. Under these two hardening processes, the load 
function (F) can be expressed as follows: 

3
( ) : ( )

2
F s s K      (3) 

where, K is scalar describing isotropic hardening, s is stress deviator tensor, and α is back stress tensor. 

Isotropic hardening 

Isotropic hardening describe the extension of the elastic domain in the stress space [26] using a scalar (K) which can 
be expressed in terms of the accumulation of the plastic strain (p). 

2
:

3
p pp      (4) 

The Voce model [27] is used to define the relation between (K) and (p): 

 0 0 1 exp( )K R p R bp       (5) 

where, σ0 is the initial yield strength and R0, R∞, b are material parameters. 

Kinematic hardening 

Describing the elastic domain by just using kinematic hardening is not realistic under cyclic load due to the variation 
of the applied load (tension and compression) [28]. In addition to the expansion, the elastic domain can be displaced in 
the stress space under plastic strain. To describe the new position of the elastic domain, a second-order tensor (α) is used. 
This tensor describes the new position of the hydrostatic axis in the stress space after plastic strain. A linear model [29] 
can relate the evolution of (α) to the evolution of the plastic strain tensor. 

. p
ij ijd C d   (6) 

where C is scalar factor related to the material. A nonlinear model proposed by Armstrong and Frederick [28] allows for 
taking into account the saturation of the hardening tensor, αij. 

2
ˆ

3
p p

ij ij ijd Cd d      (7) 

where, 𝜀̂   is the equivalent plastic strain, and 𝛾,𝐶  are parameters related to the material  

 2
ˆ :

3
p P P    (8) 

Chaboche [30] proposes a new model using a superposition of the previous expression, this allows to describe the 
hardening process over a large domain of plastic strain. 

 
1

M

ij ij k
k

 


   (9) 

Each tensor (𝛼 )k respects the differential equation below: 

   2
ˆ

3
p p

ij k ij k ijk k
d C d d       (10) 

Subsequently, Chaboche and Voce models were adopted for the description of kinematic and isotropic hardening. 
Experimental results [31] obtained by mechanical tests on S355 steel are listed in Table 3. The hardening parameters in 
the table were considered insensitive to the temperature during the relaxation modelling. 
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Table 3. Material parameters 
Parameters of elastic behaviour Young’s modulus (E) 185000MPa 

Poisson ratio (ν) 0.3 
Isotropic hardening parameters 
(Voce model) 

σ0 386 MPa 

R0 0 MPa 

R∞ 20.8 MPa 

B 3.2 
Kinematic hardening parameters  
(Chaboche model) 
(k=3) 

C1 5327MPa 

γ1 75 

C2 1725 MPa 

γ2 16 

C3 1120 MPa 

γ3 10 

3.2 Approach Used to Model the Residual Stress Relaxation  

To model stress relaxation, a new numerical model was built to follow the evolution of the internal stresses during 
and at the end of the application of an external cyclic load. Thus, the first step consists in extracting the stress state 
resulting from the thermomechanical model obtained at the end of cooling in a file that defines the stress tensor at each 
node (Figure 7). Subsequently, an APDL subroutine using the INISTAT function was used to define at each node of the 
new model, an initial stress state. The mesh was built keeping the same node positions used in the thermomechanical 
model. 

 
Figure 7. Structure of the relaxation model 

In this part, we initially evaluate the impact of the cyclic external load applied on surface A2 (Figure 8), and thereafter, 
the effect of the cyclic load applied on A1 to deduce the required load level needed to initiate the relaxation process, the 
areas affected by relaxation and the relaxation rate. Each external load will be sinusoidal pressure normally applied on 
one surface: 

σT(t) = σTMAX sin(πt)   –   Transverse load pressure applied on A1             (11) 
  

σL(t) = σLMAX sin(πt)   –   Longitudinal load pressure applied on A2             (12) 
 

 
Figure 8. Surfaces subjected to external loads 

Using these results, it is possible to decide in a design project whether to take into consideration the relaxation effect 
or not. If the load required to initiate the relaxation is high and approaches the yield strength of the material, we can judge 
that the state of the residual stresses remains stable and can be regarded as an average constant loading. Otherwise, the 
designer will have to break down the fatigue life of the structure into two phases. The first phase is where the relaxation 
of the residual stresses takes place, and the second phase is after the relaxation. In fracture mechanics, these results decide 
whether the residual stresses remain stable at the crack tips where the stress level exceeds the elastic limit. Thus, the first 

Relaxation 
Model 

Thermo-mechanical 
Model 

Geometry 

Hardening material 
parameters 

(rij)file 
APDL subroutine 

(INISTAT function) 

Cyclic external load 
σMAX sin(πt)  
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objective of this part is to analyse the external load (0) required to initiate the relaxation process. The second objective 
is to analyse the evolution of the residual stresses after the applications of various levels of external load which exceed 
the stress limit (0) required to initiate the relaxation. 

3.3 Relaxation under Longitudinal Load (Normal to A2) 

During this part, we impose an external longitudinal load σL(t) on the surface (A2) as follows:  

σL(t)= 300 sin(πt) (MPa) (13) 

To investigate the mechanisms of the relaxation process and the influence of the plastic strain, we evaluate the stress 
tensor at the point (K) defined by its location (XK=6mm, YK=0mm, ZK=73mm), which is subjected to the maximum value 
of the residual stress (r

zz). 𝜎 (K,t) is the stress tensor obtained on point (K) at time (t). When no external load is applied 
(t=0), the stress tensor is expressed as below:   

167 2.4 0.3

( ,0) 2.4 1.3 0.4

0.3 0.4 295.6

K MPa
 

   
   

 (14) 

The initial residual stress state can be assimilated as a plane stress state, and the principal stress axis is (X) and (Z). 
At the beginning of the load application (t<0.2s) (Figure 9), σxx(K,t) remains stable during the elastic state with a value 
of 167 MPa, and the stress σzz(K,t) calculated by the FE solver approach the stress calculated by the addition of the initial 
residual stress (r

zz) and the external load (σL) with a relative difference of 2%. Using Von Mises criterion, σzz(K,t) must 
exceed a value of 441.5MPa in order to introduce plastic strain. Using numerical results, the beginning of the relaxation 
process appears when σzz (K,t) exceeds 423 MPa. In Figure 9, we plot σzz(K,t) stress and  the external load σL(t). We also 
plot Δσ(t)=σzz(K,t)-σL(t), the evolution of this difference reveals the beginning of the relaxation. 

 
 

Figure 9. External load and stress at point (K) 

Figure 10 shows the areas affected by the plastic strain at two moments (0,2s and 1.5s). The zone affected by the 
plastic strain during the tensile cycle at (0.2s) is located in the area where the initial residual stress (σr

zz) is at the maximum 
value. During the compression cycle at (1.5 s), we observe the formation of the plastic strain at the location where the 
initial residual stress (σr

zz) is at a compression state. 

  
Figure 10. Evolution of the plastic strain (εpzz) at different times of the load cycle 

At the beginning of load application, the difference (Δσ) is stable as long as the behaviour of the material remains 
elastic. Where (t=0.2s), the relaxation process is activated, which can be confirmed by a decrease of (Δσ) due to the plastic 
strain. After the external load has reached its maximum value, (Δσ) is stabilised again. Through the compression phase, 
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(σL(t)<0), (Δσ) preserve a stable value until t=1.35s where the relaxation process is activated again under compression 
which produces plastic strain in zone 2 (Figure 11).  

 
(a) σr

zz 

 
(b) σr

xx 
Figure 11. Residual stress on line 1 after longitudinal load cycles 

To analyse the evolution of the relaxation process, we plot σr
zz and σr

xx observed on line 1 after the tensile and 
compression cycle (Figure 11). After the first tensile cycle, the maximum value of the (r

zz) stress observed on line 1 
dropped from 296MPa to 150 MPa. After a second compression load, the residual stress is subjected to a further drop but 
with low value. These results confirm that the relaxation is a damped process, and the residual stress will remain stable 
after a few numbers of load cycles. It is imperative to highlight that the application of high intensity of the external load 
in the longitudinal orientation allows the reduction of the intensity of the residual stresses, which are the results of an 
important plastic strain that can be a source of the damage initiation near the welding defects [32]. 

We can see in Figure 10 and Figure 11 that the area affected by an important amount of plastic strain is the area 
subjected to an important rate of relaxation. The observation of the evolution of the residual stress (r

xx) shows a localised 
relaxation in the vicinity of the weld bead. The maximum value of residual stress (r

xx) on line 1 drops from 160 MPa to 
149 MPa after the first tensile cycle. We obtained a similar stress drop to 121 MPa after the second compression cycle. It 
can be seen that the relaxation process is different between zones 1 and 2. Zone 1 is affected by a relaxation process 
during tensile and compression load cycles. However, Zone 2 is affected by relaxation during compression only. Thus, 
under longitudinal load, the effect of the compression cycle on (r

xx) stress remains greater than the effect of the tensile 
cycle. 

3.4 Relaxation under Transverse Load (Normal to A1) 

Unlike longitudinal load, the relaxation process under a transverse load (along the x-axis) takes place in the middle of 
the plate, further from the weld bead. The initiation of relaxation takes place as soon as the external load reaches a value 
of 171.8 MPa. Figure 12 shows that the initiation of the plastic strain is located at the area which presents a high 
compressive state of (r

zz) at point (P4). At this location, the difference between the stress tensor components (σxx) and 
(σzz) is high, which amplifies the (J2) invariant under tensile transverse load. Figure 12 shows the evolution of (r

zz) and 
(r

xx) on line 1 after each cycle of the transverse load.  

σT(t)= 300 sin(πt) (MPa) (15) 
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Figure 12. Plasticity initiation zone under transverse load 

  
(a) σr

zz (b) σr
xx 

Figure 13. Residual stress on line 1 after transverse load cycles 

Under transverse load, the relaxation of r
zz is less important than that obtained under longitudinal load. The maximum 

value of this stress on line 1 drops to 207 MPa after the second cycle instead of 150 MPa obtained under longitudinal 
load. However, the drop of r

xx is more important in this load case; the maximum value of this stress falls towards 93.4 
MPa after the two cycles, while this stress has reached a value of 120 MPa under a longitudinal load. 

The comparison of the obtained results for the two load cases shows that the most influenced residual stress is oriented 
along the direction of the external applied load. Figure 14 shows the evolution of each residual stress (r

zz and r
xx) as 

well as its drop after each loading mode under a stress amplitude of 300 MPa. The drop is calculated as the difference 
between the initial and final state.  
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(b) σr

xx 
Figure 14. Effect of load orientation on the relaxation of the residual stresses 

To analyse the relation between relaxation rates and the applied load, we present in the following part the evolution 
of the relaxation rate (Rr) of each residual stress according to the applied load. The relaxation rate (Rr) of each residual 
stress (r

xx or r
zz) is calculated according to the following expression:   

0

0

rNr
xxxx

xx r
xx

Rr





   
0

0

rNr
zzzz

zz r
zz

Rr





  (16) 

where, Rrxx is relaxation rate of r
xx , Rrzz is relaxation rate of r

zz , r0
xx, r0

zz   is the maximum value of residual stresses 
(r

xx, r
zz) on the plates at initial state (before relaxation), rN

xx,rN
zz   is the maximum value of residual stresses (r

xx ,r
zz) 

on the plates after several load cycles (after relaxation). The evolution of the relaxation rate (Rr) was analysed according 
to the applied load rate (Lr), which is calculated by the following expression. 

Re
ALr


  (17) 

where A  is amplitude of external load applied, and Re  is yield strength. 

In this part, the relaxation rate is analysed when the applied load amplitude varies between 47% and 94% of the yield 
stress, as shown in Figure 15. These values are the typical load level considered to design a steel structure subjected to 
static or cyclic loads. Under longitudinal load, the relaxation rate of (r

zz) is approaching 80 % if the applied load 
approaches the yield limit. The residual stresses (r

xx) have a relaxation rate that does not exceed 40%. Under transverse 
load, it can be seen that the evolution of the relaxation rate of the two residual stresses does not show much difference. 
Residual stress (r

zz) can reach a relaxation rate of 50%, and r
xx can reach 60% when the applied load is in the vicinity 

of the yield limit. Also, note that the relaxation process is initiated when the applied load reaches a value between 45% 
and 47% of the yield strength, depending on the orientation of the applied load. 

Thus, the orientation of the external load has a considerable influence on the relaxation process. However, this 
influence depends on the intensity of the applied load. At low loading levels of less than 55 % of the yield limit, the effect 
of direction is negligible and similar behaviour is observed for the longitudinal and transverse load. As the load values 
exceed 55% of the yield limit, the orientation of the load has a considerable influence on the relaxation progress. The 
application of longitudinal load quickly eliminates a high amount of residual stress (r

zz). However, transverse load retains 
considerable values of residual stresses even if the applied load reaches the yield limit. 

Thus, under a low level of external load, it is possible to consider that residual stresses are in a stable state. Thus, the 
local stress state will be the superposition of the stress state produced by the external load and the state of residual stresses. 
Noting that the endurance limits of welded joints given by the IIW or by the Eurocode 3 generally vary between 80 and 
160 MPa [33]. This confirms that the relaxation process may not be observed under uniaxial load applied on steel 
structures designed using the previous design standards to ensure fatigue strength. 
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(a) relaxation rate under longitudinal load 

 
(b) relaxation rate under transverse load 

Figure 15. Evolution of the relaxation rate as a function of the applied load rate 

3.5 Relaxation under Bi-Axial Load 

In this part, we will analyse the initiation and evolution of the relaxation process when a biaxial external load is 
applied. External load (T) is applied normally to (A1); simultaneously, a second load (L) is applied to (A2). The φ 
parameter is the phase between σL(t) and σT(t). The two loads will have the same amplitude (a). 

σL(t) = σa sin(πt) –   Longitudinal load applied on A2 (18) 
  

σT(t) = σa sin(πt+φ) –   Transverse load applied on A1 (19) 

Initiation of the relaxation process 

The first results were obtained when the two applied loads are in phase (φ=0°) (σL(t)=σT(t)). The results show that the 
relaxation process is initiated when the external load reaches a value of 132 MPa, and the relaxation initiation zone is 
located at points (P1) and (P3) where the initial residual stresses (r

xx and r
zz) are the greatest (Figure 16). 

(a) zone subjected to plastic strain on the surface plate (b) zone subjected to plastic strain through the 
thickness 

Figure 16. Zone subjected to plastic strain producing relaxation process under in-phase bi-axial load 

The load intensity required for relaxation (132 MPa) is significantly lower than the levels observed for a uniaxial load 
state. Thus, even for some welded structures respecting the design standard and providing fatigue strength, it is possible 
to initiate the relaxation process under this load configuration. 
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The second results are obtained by applying (σT) on (A1) and (σL) on (A2). The phase between the two loads is 
(φ=180°) (σL(t) = -σT(t)). In this case, the plastic strain is initiated on the edge of the plates in the vicinity of the point 
(P2) (Figure 17). The analysis of the results shows that the relaxation is initiated at a low level of the external load, which 
is 68.9 MPa. Therefore, the effect of phase shifts between the loads is essential. Noting that the amount of relaxation, if 
the external load reaches the limit value of 80 MPa, it is not very significant. 

 
Figure 17. Zones subjected to plastic strain under out-of-phase bi-axial load 

Evolution of stress relaxation 

To estimate the evolution of the relaxation process, we initially analyse the effect of different modes of biaxial load 
on residual stresses in order to identify the critical loading mode which has the highest impact on the residual stress state. 
Each mode is identified by the angle phase (φ). Longitudinal and transverse loads have the same amplitude: 

σL(t) = σa sin(ωt) and σT(t) = σa sin(ωt+φ) (20) 

The observation of the previous results under uniaxial load confirms that the relaxation requires initiation of plastic 
strain. Thus, to identify the bi-axial configuration having a maximum impact on the residual stress state, we proceed with 
a local analysis of the effect of the stress tensor ij(K,t) at a point (K) on the plastic strain. Thus, we analyse a biaxial 
plane stress state presenting two principal axes (x) and (z), where the two components (σxx(t), σzz(t)) present a sinusoidal 
evolution with a phase shift (φ), the two components are considered to have the same amplitude. 

σxx(t) = σA sin(ωt)          and       σzz(t,φ) = σA sin(ωt+φ)          and       σyy(t) = 0 (21) 

We initially proceed to analyse, locally, the phase shift (φ) between the two components (σxx(t), σzz(t)), which 
maximises the equivalent stress (Von Mises stress) considering that the residual stresses are zero. The Von Mises 
equivalent stress is denoted σVM(t,φ) and is a function of time (t) and phase shift (φ). Along each period cycle, the Von 
Mises equivalent stress σVM(t,φ) reaches a maximum value which is denoted “Max(σVM(φ))”; this value depends on phase 
shift (φ).  

     2 221
( , ) ( ) ( ) ( ) ( , ) ( ) ( , )

2
VM xx yy xx zz yy zzt t t t t t t                (22) 

In the case where the two stresses σxx(t) and σzz(t,φ) are in phase (φ=0), it is possible to calculate “Max(σVM(φ=0))”, 
the maximum value of the equivalent Von Mises stress σVM(t,0): 
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(23) 

Thus, the plasticity criterion (φ=0):   𝑅𝑒. In the case where φ=180°, the maximum value of the Von Mises stress 
Max(σVM(φ=180°)) can be obtained by: 
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( 180 ) 3
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(24) 

Thus, plasticity was initiated when the amplitude (A), exceeds (𝑅𝑒/√3). Figure 18 allows us to determine the 
maximum value of the Von Mises stress Max(σVM(φ)) for each phase shift (φ). 
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Figure 18. Extreme value of Von Mises stress as a function of φ 

We can see that the maximum value of the Von Mises stress reaches its extreme value when the phase shift is 180°. 
Thus, this stress mode can be considered the most critical. In this case, it is sufficient that the stress amplitude reaches a 
value equal to (𝑅𝑒/√3 = 222 MPa) to initiate the relaxation process. Using the same methodology and by consideration 
the residual stresses, it is possible to predict the external load mode which has a considerable impact on the stability of 
the residual stresses. To conduct this analysis, a series of numerical models are used. In each model, the plates will be 
subjected to a biaxial external load (σL(t) and σT(t, φ)) with a specific phase shift (φ). The load amplitude (σa) will be 
fixed at  =230 MPa. For each phase shift value (φ), and after applying the bi-axial load, we identify through the obtained 
results, the maximum values of the residual stresses r

xx and r
zz remaining in the plates, and we calculate the relaxation 

rate of each residual stress. 

 
Figure 19. Evolution of the relaxation rate as a function of φ  

The obtained results in Figure 19 confirm that the relaxation rate reaches its maximum value when the phase shift is 
180°. Also, noting a slight difference between the relaxation rates of the two residual stresses (r

xx, r
zz). It is important 

to note that the effect of the phase shift on the relaxation rate presents a similar shape to the observed effect of the phase 
shift on the maximum value of the Von Mises stress Max(σVM(φ)), this can lead to a proportional dependence between 
the maximum equivalent stress Max(σVM(φ)) and the relaxation rate when the stress amplitude is around ( =230 MPa). 
This observation is similar to that obtained under uniaxial load.  

To verify the stability of the residual stresses, the critical biaxial loading mode (φ=180°) was considered. Several 
numerical analyses were carried out for different load amplitude (a) to identify the evolution of the relaxation rate of 
each residual stress as a function of the load rate a/Re. In the case of the most critical biaxial load, the initiation of 
relaxation takes place at low values of the load rate (16% of the yield stress Re). The relaxation process grows rapidly, 
and it can be seen that when the load rate reaches (65%) of the yield strength, 88% of the residual stresses are relaxed. 
The relaxation rate presents a saturation state, and it is limited to a value between 90% and 92% when the load rate reaches 
a value of 70 %. Even if the imposed load is important, the two residual stresses present permanent values of r

xx=20 
MPa and r

zz=22 MPa. 

Noting that the magnitude of the local stress required to initiate plasticity in this load case is 222 MPa, this value can 
be considered as the effective yield strength. In order to be able to compare these results with the results obtained under 
a uniaxial load, the effective load rate is calculated as the ratio between the amplitude a and the effective yield strength 
ye=222MPa, thus the value of the effective load rate (a/ye) is equal to (1) when the magnitude (a) reached a value of 
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ye=222MPa. This is the appropriate indicator of plastic strain initiation when no residual stresses take place. Figure 20 
shows the evolution of the relaxation rate as a function of the effective load rate (ELr). 

Figure 20. Evolution of the relaxation rate as a function of (a) load rate and (b) effective load rate 

Observation of this curve shows a similar evolution to that obtained under uniaxial load. When the magnitude of the 
load approaches the effective elastic limit of 222MPa (ELr=1),\ the relaxation rate of r

zz and r
xx is respectively 63% 

and 52%. This allows us to generalise these results for uniaxial and biaxial load cases. Thus, in the case of a design project 
of steel structure, and after the evaluation of the external loads that the structure can support (based on yield criterion) by 
using a simple FE software without any consideration of residual stresses, we can estimate the maximum value of the 
relaxation rate in the but welded joints. The relaxation rate can reach a maximum value of 73% (relaxation rate of r

zz 
under longitudinal external load). If the welded joint was subjected to yield stress, the minimum value of the relaxation 
rate that can be reached is 39% (relaxation rate of r

xx under longitudinal load). 

4.0 FATIGUE ANALYSIS OF WELDED JOINT  

4.1 Analysis Procedure 

The fatigue behaviour of the welded joint is described using (S-N) curves in a high cycle fatigue regime (HCF). The 
estimation of these curves was carried out by taking into consideration three main factors: 

i. The initial state of the residual stresses observed after welding; 
ii. The relaxation of the residual stresses generated after the hardening process; 

iii. The non-proportional stress state is produced by residual stress during load cycles.  

Estimating the fatigue life of the welded joint subjected to cyclic load requires an analysis of the triaxial stress state. 
The (FE) resolution shows that the state of strain and stress is not cyclic during the first cycles of loading. Thus, it is 
mandatory to solve the state of stress and strains during several cycles of loading until the stress and strain tensors present 
a repeated cyclic state. To analyse the fatigue process, we consider a cyclic external load applied as considered before (a 
sinusoidal shape with a period of 2s). Further analysis (Figure 21) shows that the state of stress follows a cyclic regime 
after one or two cycles of application of the external load. Thus, it is possible to conduct a fatigue analysis on a stabilised 
cycle of stress and strain while neglecting the effect of the first cycles, where the state of stresses and strains is unstable 
due to the hardening process. 
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(c) zz (d) yz 

  
(e) xz (f) xy 

Figure 21. Evolution of the stress tensor components under transverse load (a=275 MPa) 

The fatigue analysis using a multiaxial model is necessary given the obtained state of the residual stresses. It is 
important to note that in the absence of external loads, residual stresses produce a plane stress state; this can be confirmed 
by observing Figure 21 where we can see the evolution of the six components of the stress tensor under a transverse load 
of 275 MPa at the point (P3) presenting the maximum value of residual stress (r

zz). 

The plot of zz as a function of xx between 4 and 6 seconds in Figure 22 shows that the stress state at the considered 
point is non-proportional. Under a transverse external load, the most significant stress (zz) undergoes the greatest 
variation during the first loading cycles. It then stabilises around an average value of 232 MPa after the relaxation process. 
However, the component (xx) undergoes a stabilised cyclic evolution after the first cycle.  

 
Figure 22. Evolution of zz as a function of xx 

Noting that the two components (xx and zz) remain the most dominant during the majority of the loading cycles 
which shows that the principal stress axes present a stable state during the majority of the load cycle. After the end of the 
relaxation process, the elastic domain is extended and it becomes wider. Thus, the behaviour of the material becomes 
perfectly elastic, which shows that the fatigue analysis needs to be performed considering HCF regime. 

4.2 Multiaxial Fatigue Analysis Approaches 

Under a multiaxial stress state, several approaches can be applied to analyse the fatigue strength [34]-[36]. To choose 
which approach to use, several parameters need to be considered. The most fundamental parameters are the nature of the 
material, the damage mechanism, the proportionality of the stress state, and the fatigue regime (HCF,LCF). A review of 
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the research dealing with the fatigue of materials under a multiaxial stress state reveals several models that can be used 
to estimate fatigue life. The developed models aim to estimate only the number of cycles necessary for a microcrack 
initiation. The models proposed can be classified according to several approaches among which we can mention: 

i. Approach based on equivalent stresses [37]; 
ii. Approach based on the triaxiality of the stress tensor [38],[39]; 

iii. Approach based on tensor invariants [40]; 
iv. Approach based on the theory of the critical plane [41]-[43]. 

Several experimental research [44],[45] show that models based on the critical plane approach come very close to 
experimental results. This justifies the significant development of new models [43],[46] using this approach. The accuracy 
of this approach finds its justification in the nature of the damage process of the crystalline materials [47]. This process 
takes place during gliding at grain crystals having one or more slip systems which are the most sensitive to the applied 
shear stress [48],[49]. In the case of polycrystalline materials, the grains on the free surface presenting a sensitive plane 
to the applied load will produce a slip defect that will propagate easily toward the free surfaces due to the lack of obstacles 
such as grain boundaries. The accumulation of these defects produces persistent slip bands (PSBs), which create 
promising sites for the initiation of microcracks [50]-[52]. Using an analogous analysis of this process, the approach of 
the critical plan tends to identify a critical plane submitted to maximum shear stress or strain or similar quantities. 

Under the assumption that the stress tensor, which exhibits a maximum shear (stress or strain), is stable at a small 
volume (v) containing a sufficient number of grains, it is possible to admit that among the grains in the volume (v), one 
or more grains exhibit a promising orientation to the formation of slips defects, this defect will be able to propagate and 
to contribute to the formation of microcrack which produces a new two irregular surfaces in contact (Figure 23). The 
effect of the contact between the two surfaces produces friction which is responsible for slowing down the propagation 
thereafter. Under these conditions, the appearance of stresses or strain normal to the sliding planes reduce the effect of 
contact and further promotes the propagation process. This conclusion is validated by the experimental research work of 
Kaufman and Topper [53]. 

 
Figure 23. Initiation process of micro-crack under multiaxial stress 

The results of Kaufman and Topper, show that when the plane of maximum shear is subjected to a normal compression 
stress, the variation of the normal stress does not affect the fatigue life. If the same plane is subjected to tensile stress, the 
evolution of this stress can considerably influence the fatigue life. In addition to these findings, the experimental results 
revealed that the average value of normal stress has an influence on fatigue life. These new results give experimental 
justification to the models already proposed in the 50s of the 20th century, such as the Findely model [54] [55] which 
defines the critical plane at a point as the plane maximising the linear combination between normal and shear stress. 

𝜏 𝑘𝜎  (25) 

where 𝜏  is shear stress amplitude, 𝜎  is the maximum normal stress, k is the constant that depends on the material. 
For several cycles, N, Findely, proposes the following model. The expression gives the amplitude of the allowable shear 
stress, 𝜏 , needed to initiate a microcrack after N cycles.  

𝜏 𝑓 𝑘𝜎  (26) 

This expression shows that the magnitude of the shear stress, 𝜏 , required to achieve a fatigue life, N, depends on 
the maximum value of normal stress,𝜎 ,  applied to this plan. The increase of the normal stress considerably reduces 
the shear stress needed for the initiation of the microcrack, k is a factor that depends on the material and reflects its 
sensitivity to normal stress. Factor f can be seen as the shear stress needed to initiate a microcrack after N cycles when 
the normal stress is zero. It should be noted, however, that the application of the critical plane approach requires significant 
post-processing of a large mass of data obtained from finite element analysis. In addition to the identification of the stress 
and strain tensors at each node, it is necessary to add a series of additional analysis in each node in order to identify the 
most critical plane at the level of this node according to a predefined criterion. This analysis is carried out several times 
to follow the history of the evolution of the loads applied to this plan. In our calculation process, and at the level of each 
node, the angular position (α, β) of the normal vector �⃗�  to the analysed plane is used to identify each plane (Figure 24). 
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Figure 24. Angular parameters used to identify each plane 

Evaluation of the damage on each critical plan is based on a function of the components of the stress or strain tensors 
or by using a variant of the strain energy [56]. It is important to note that each model based on the critical plane approach 
requires solving two main problems:  

i. Define a criterion for the identification of the critical plane; 
ii. Define a function allowing to evaluate the damage generated on the critical plane by the applied load.  

This function relates the fatigue life (N) and the applied load on the critical plane through coefficients that depend on 
the material. These parameters can be identified through standard fatigue tests.  

Fatemi – Socie Model 

The Fatemi-Socie model (FS) is based on the critical plane approach [56] and provides satisfactory results [57]. It 
allows us to estimate the fatigue life by using a combination between the shear strain and normal stress. The critical plane 
in the case of the Fatemi-Socie model (FS) is subjected to maximum shear strain amplitude. The expression relating the 
applied load on the critical plane and the fatigue life is expressed as follows:  
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(27) 

where 
∆

  is the maximum amplitude of shear strain on the critical plane, k is sensitivity factor, 𝜎 ,  is the maximum 

value of the normal stress acting on the critical plane, Re is yield strength of the material, 𝜏′  is shear fatigue strength 
coefficient, G is shear modulus, bγ is shear fatigue strength exponent, 𝛾′   is shear fatigue ductility coefficient, cγ is shear 
fatigue ductility exponent, 2Nf is number of reversals to failure.  

According to the previous equation, the damage process requires the presence of a shear strain; thus, the presence of 
a pure hydrostatic load case cannot lead to any fatigue damage. In addition, if the shear strain is constant, the fatigue 
resistance is infinite which is in accordance with the insensitivity to the main shear stress. Identification of parameters 
(𝜏′ , 𝛾′ , cγ, bγ) can be carried out by a torsion fatigue test where the stress normal to the critical plane is zero. The value 
of (k) can be obtained by adding a tensile fatigue test. If the fatigue parameters obtained by a tensile fatigue test are used, 
the previous expression can be expressed in the following form:  
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 (28) 

Where, 𝜈  is elastic Poisson’s ratio, 𝜈  is plastic Poisson’s ratio, ′  is fatigue strength coefficient, E is Young’s modulus, 
𝜀′   is fatigue ductility coefficient, b is fatigue strength exponent, c is fatigue ductility exponent. In order to estimate the 
fatigue strength, we use the fatigue properties of S355 steel obtained by Cruses et al. [58]. 

4.3 Numerical Analysis of the Fatigue Strength of Weld Joint 

The main objective of the analysis is to build the (S-N) curve under a longitudinal and transverse loading mode. The 
obtained results allow us to evaluate the impact of the residual stresses on the fatigue behaviour and to check whether the 
load orientation has an effect on the fatigue curve or not. The amplitude of the imposed stress is lower than the yield stress 
because of the importance of the (HCF) regime for the design of steel structures. The external load will be considered 
sinusoidal with zero main value. 

Estimation of k parameter 

To assess the impact of residual stresses on fatigue strength according to the multiaxial fatigue criterion of Fatemi and 
Socie (FS), it will be necessary to identify the sensitivity parameter, k. According to the mechanical properties given in 
[58], it is possible to estimate the Wohler fatigue curve of the material (S355) according to the Smith, Watson and Topper 
Model (SWT). According to the same properties, it is possible to obtain the same curve by using the (FS) model, which 
requires the identification of the parameter (k). Figure 25 represents the (SN) curve obtained by the (FS) model for 
different values of k as well as the (S-N) curve obtained by the (SWT) model. The value of k is adopted that best 
approximates the (SN) curves of (SWT) and (FS) models. 
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(a) (b) 

Figure 25. S-N curves obtained by the (a) FS and SWT models and evolution of the (b) sensitivity factor, k 

The S-N curves obtained by the SWT model and the FS model show that the k factor ensuring reconciliation between 
the two models is between 2 and 2.5; shown in Figure 25. There is also a slight fluctuation in the value of the factor, k. 
Near the endurance limit, it is close to 2.5. However, it approaches 2 if the magnitude of the stress approaches the yield 
limit. Through the exact adjustment of the two models, SWT and FS, under uniaxial fatigue. It is possible to deduce the 
evolution of the factor, k, for each number of cycles, N. To construct the S-N curve, the load amplitude is taken at several 
values between 220 MPa to 360 MPa. The process of identifying each point on the S-N curve (shown in Figure 26) go 
through the following steps:  

i. A constant amplitude load is applied for several cycles on the plate, presenting residual stress field. 
ii. Using the finite element solver, the stress and strain field is calculated for the different nodes at different times 

after relaxation process. 
iii. The algorithm for fatigue analysis evaluates the normal stress and shear strain applied to different planes during 

a load cycle. 
iv. Through the previous results, we identify the critical plane subjected to a maximum shear strain amplitude as well 

as the maximum normal stress applied to this plane. 
v. The factor, k, and the number of cycles, N, are estimated according to the Fatemi-Socie model. 

 
Figure 26. Approach for fatigue analysis 

Effect of residual stresses under longitudinal and transverse load 

Figure 27 shows the S-N curve of welded joint calculated by the FS model under longitudinal and transverse load and 
the (SN) curve of S355 previously obtained by SWT model. The S-N curve obtained under longitudinal load clearly 
shows the effect of residual stresses on the fatigue strength. It is important to note that the effect of these stresses changes 
according to the applied load. The effect of residual stresses on the fatigue strength is small when the amplitude of the 
longitudinal cyclic load approaches the yield strength; this can be justified by the results obtained previously, which show 
that the relaxation rate of the residual stresses (r

zz) is significant when the applied load approaches the yield strength. 
The effect of residual stresses becomes clear for high fatigue life at a low load level. The endurance limit considered at 
106 cycles shows a drop of 84 MPa. The maximum initial longitudinal residual stress (r

zz) is 296 MPa. Thus, considering 
a superposition between the residual stress state and the stress field produced by the external load leads to a strong 
overestimation of the effect of the residual stresses on fatigue strength, this is due to the triaxial state of the residual 
stresses. 
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(a)  (b) 
Figure 27. Effect of residual stress on S-N curve under (a) longitudinal and (b) transverse load 

Under transverse load, the results show a more noticeable effect of residual stresses on the S-N curve; this can be 
justified by the rate of relaxation under transverse load, which retains a more significant proportion of the residual stresses. 
This can be seen when the load approaches the yield strength. The curve obtained shows similar behaviour to that obtained 
under longitudinal load. The effect of residual stresses gradually drops as the applied load increases. The drop in the 
endurance limit considered at 106 cycles reaches 110 MPa, based on a linear approximation of the two sets of results.  

Effect of load orientation on the fatigue life of welded joint 

To compare the effect of load orientation on fatigue life under the influence of residual stresses, we plot in Figure 28 
the S-N curves already obtained as well as the reference S-N curve of S355 steel. Initially, we can observe that the effect 
of the longitudinal load becomes close to the effect of the transverse load at low-stress level. Observing the previous 
results concerning the evolution of relaxation, it can be confirmed that under low load levels, loading direction has little 
influence on relaxation rate and on fatigue life. 

 
Figure 28. Effect of orientation of the external load on S-N curve  

The S-N curve obtained under longitudinal load approaches more quickly the reference fatigue curve of S355 by 
increasing the applied load. This is due to the strong amount of relaxation of residual stresses under these conditions. By 
analysing the obtained results, it is noted that the shear strain amplitude on the critical plane remains the same for the two 
loading cases. However, the normal stress applied to the critical plane under transverse load is more considerable, which 
explains the difference between the two curves. The fatigue experimental tests obtained for S355 welded plates [59] show 
similar behaviour to what was obtained by the numerical model. On the welded specimens, and for a fatigue life of 106 
cycles, the experimental results indicate a stress level slightly lower than 200 MPa. The shape of the obtained curve is 
also similar to that obtained by the model. 

5.0 CONCLUSIONS 

The models developed in this paper made it possible to estimate the external load needed to ensure the mechanical 
strength of structures subjected to monotonic or cyclic load. The results obtained in the first part of this paper reveal the 
following conclusions: 

i. Under uniaxial load, the longitudinal residual stress field presents the maximum intensity and influences the 
initiation of relaxation. The level of applied load needed to initiate this relaxation remains stable for the two 
directions. 

ii. Under multiaxial load, the load level required to initiate relaxation depends on the phase difference between the 
applied loads. In the case where the loads are in opposition, the level of stress needed for relaxation is low. 
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From these results, the following recommendations can be drawn in the case of moderate load (between 80 and 160 
MPa): 

i. If the load is uniaxial, consideration of the instability of residual stresses will not be necessary. 
ii. If the load is multiaxial, the phase shift must be considered. If the two loads are in phase, it will be possible to 

consider that the residual stresses are stable but with an error to be taken into account. If the two loads are in 
opposition (out-of-phase), it will be important to consider the instability of the residual stresses. 

In the second part of this paper, we presented a fatigue strength analysis of the welded parts subjected to an external 
load and internal residual stress. The following conclusions can be drawn: 

i. The effect of residual stresses, even after the relaxation process, on the fatigue curve is noticeable; the endurance 
limit presents a drop varying from 84 to 110 MPa depending on the load orientation. 

ii. The effect of the residual stresses varies according to the intensity of the externally applied load. If the applied 
load is near the yield stress, the effect of the residual stresses is reduced.  

iii. The estimation of the fatigue life by considering the superposition between the external load and the state of the 
residual stresses requires taking into account the tri-axial state of residual stresses and their relaxation. A simple 
superposition overestimates the effect of residual stresses on the endurance limit. 
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