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ABSTRACT 

 

This paper aims to show the characteristics of ultra-thin films for non-Newtonian fluid 

using Ree-Eyring model where intermolecular forces of solvation and Van der Waal's 

are considered in addition to the hydrodynamic action to fulfill an identified need for 

such a conjunction. In this case, the film thickness and pressure distribution are obtained 

by simultaneous solution of the modified Reynolds’ equation incorporating the effect of 

non-Newtonian fluid, film thickness equation including elastic deformation caused by 

all contributing pressures and the load balance equation using Newton-Raphson method 

with Gauss-Seidel iterations. Effect of changing the operating conditions of speed, load, 

Eyring shear stress and slide-roll ratio on the characteristic of the contact has been 

studied. The results show that, for the case where the hydrodynamic action is the only 

pressure acting to support the applied load capacity, the film thickness and the pressure 

gradient at the exit of the contact obtained using non-Newtonian model is different than 

that formed using the Newtonian model especially for the increased value of slide-roll 

ratio. The main results of this study are that for ultra-thin film, the film thickness 

formed using non-Newtonian model is smaller compared to that obtained using 

Newtonian case and the discretization of the film thickness as the gap is reduced occurs 

similar to the results obtained using Newtonian model. The pressure shape shows no 

difference compared to that formed using the Newtonian case in which an oscillation 

around the Hertizan contact pressure shape due to the solvation effect appears. The 

results also show that for ultra-thin film, changing the Eyring shear stress does not 

affect the film thickness formation. 

 

Keywords: Newtonian; non-Newtonian, ultra-thin films, elastohydrodynamics, 

solvation; Van der Waal’s force. 

 

NOMENCLATURE 

 

D Deformation influence coefficient 

matrix 
X,Y 

Dimensionless co-ordinates, X=x/b, 

Y=y/b 

l Dimensionless side leakage 

boundary distance 
U* 

Speed (or rolling viscosity) 

parameter 

b Radius of Hertzian contact regio u Speed of entraining motion 

C Constant defined in Eq. (12) us Sliding speed  

a Lubricant molecular diameter Z Viscosity-pressure index 

E’ Reduced modulus of elasticity   Pressure of viscosity coefficient 

G* G*=E’, Materials’ parameter  Total elastic deformation 

h Lubricant film thickness , Constants used in Eq. (3) 
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H Dimensionless film thickness  Lubricant dynamic viscosity 

0H Dimensionless central oil film 

thickness 
0 Atmospheric lubricant dynamic 

viscosity 

A Hamaker constant  Ω Under-relaxation factor 

m Dimensionless inlet distance ρ Lubricant density 

y,nxn Number of computational grid 

nodes 
oρ Atmospheric lubricant density 

P Total contact pressure  Dimensionless lubricant density  

hp Hydrodynamic pressure  Dimensionless lubricant viscosity 

sp Solvation pressure due to surfaces’ 

interaction force 
0 Eyring shear stress 

vdwp Pressure due to molecular Van der 

Waal’s force 
m Mean shear stress for the Eyring 

model 

P Dimensionless total contact 

pressure 

φx,

φy 

The effective viscosities 

hP Dimensionless hydrodynamic 

pressure 

 Dielectric constant of the liquid in 

Eq. (13) 

HerP Maximum Hertzian contact 

pressure 

o  
Dielectric permittivity of the free 

space in Eq. (13) 

sP Dimensionless solvation pressure k The Debye length in Eq. (13) 

vdwP Dimensionless Van der Waals’ 

pressure 

0 Surface potential in Eq. (13) 

N Total number of mesh points Superscripts 

R Reduced radius of counter formal 

tcontac 

i,j Contravariant influence coefficient 

indices 

SRR Slide-roll ratio N Iteration index 

K Elliptical ratio Subscripts 

w Normal applied contact load k,l Covariant influence coefficient 

indices 

W* Load parameter   

 

INTRODUCTION 

 

The early numerical studies of elastohydrodynamic theory assume many simplifying 

assumptions such as the assumption of isothermal conditions and assumption of 

Newtonian fluid model. In real operations these assumptions fail in representing the 

physical reality of the contact. Several authors have studied the non-linear behavior of 

viscosity with shear stress and found that the lubricants behave as a non-Newtonian at 

high shear stresses as shown for example by Johnson [1] and Gohar and Rahnejat [2]. 

There have been many studies for the effect of non-Newtonian fluids on a number of 

mechanical elements, such as bearings [3], gears and cam follower pairs [4] with 

thermal effects and extremes of slide-roll ratio. In fact, many rheology models have 

been introduced to discover the characteristic of non-Newtonian lubricant as shown by 

Johnson and Tevaarwerk [5] such as the Ree-Eyring model, the power-law model, the 

Johnson-Tevaarwerk model and others. The Ree-Eyring model is recommended by 

many researchers and is applied extensively [6,7] for lubrication performance studies of, 

for example, gears and cams. 

Lalit Vashishth [8] numerically investigated the effect of changing various 

operating parameters such as load, speed and slide-roll ratio on coefficient of friction 
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and on the formation of minimum and central film thickness in elastohydrodynamic line 

contacts using Ree-Eyring model. He found that the assumption of Newtonian fluids 

used in classical film thickness formulas results in large errors in the estimation of film 

thickness for the case where sliding is assumed and the Ree-Eyring model can capture 

the effect of increased load which leads to high shear stresses.  

Liu [9] studied in detail through a line contact model the working parameters 

effects (load, speed, slide-roll ratio), the non-Newtonian effects, surface topography 

effects and the thermal effects on the formation of pressure, film thickness and friction 

coefficient. From his results, he showed that, in the nominal contact zone the minimum 

film thickness does not change significantly from the Newtonian solution to a certain 

value of slide-roll ratio. Ildiko´ Ficza et al [10] and Ildiko´ Ficza [11] have presented 

numerical solutions to investigate the effect of non-Newtonian fluid using Ree-Eyring 

model on the behavior of pressure and film thickness profiles under different rolling-

sliding conditions and compare their numerical simulation results with experimental 

measurements. They found that, the non-Newtonian model give accurate results 

compared to the experimental results in case when sliding condition is present. 

Many experimental works for thin film lubrication reported by Guangteng and 

Spikes [12], Spikes [13] and Hartl et al [14] showed that the viscosity of the fluid at 

such thin film lubrication behaves as non-Newtonian properties. Lionel Bureau [15] 

studied experimentally using Surface Forces Apparatus the shear rates rheology of 

octamethylcyclotetrasiloxane (OMCTS) confined between two molecular level 

smoothness surfaces and drained into molecularly thin films. He found that OMCTS 

under increasing confinement shows viscosity enhancement and the dependence of the 

flow stress on shear rate shifts from linear relation to non-linear relation. The value of 

the shear stress above which the relation between the shear stress and shear strain rate of 

the lubricant becomes nonlinear shifts towards higher values as the confinement 

decreases, therefore OMCTS exhibits non-Newtonian features. Li-Ming et al [16] 

investigated numerically the effects of flow rheology and adsorbed layers on thin film 

lubrication using power-law model for circular contacts problem. They showed that the 

viscosity of the adsorption layer and its thickness significantly influence the lubrication 

characteristics of the contact conjunction in addition to the flow index of the power-law 

model. 

Studies reported by Chan and Horn [17], Horn and Israelachvili [18] and 

Israelachvili [19], showed that for molecular surfaces, effects of intermolecular forces 

of solvation and Van der Waal's play an important role in lubricant film formation. 

Various numerical studies have been developed, including the effects of intermolecular 

force of solvation and long-range force of Van der Waal's. They include the work 

represented by Al-Samieh and Rahnejat [20,21], Gohar and Rahnejat [2], Chong et al 

[22], Ku et al [23] and Al-Samieh [24,25] for the study of ultra-thin film for lightly 

loaded contacts.     

In this paper a comparison between the Newtonian and non-Newtonian fluid 

using Ree-Eyring model is shown for elastohydrodynamic lubrication for point contact 

problem. The effect of changing the operating conditions such as speed, load, Eyring 

shear stress and slide-roll ratio on the formation of film thickness and pressure 

distribution has been studied. The characteristic of ultra-thin film for lightly loaded 

conjunction included the non-Newtonian fluid is also studied where the effects of 

solvation and Van der Waal's is considered in addition to the hydrodynamic action to 

discuss the formation of film thickness and pressure distribution profiles that are formed 

between two molecularly smooth surfaces.   
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BACKGROUND THEORY 

 

In case of a non-Newtonian elastohydrodynamic problem, the Reynolds equation, the 

lubricant rheological model, the elastic film shape including the elastic deformation, and 

the load balance equation must be considered and solved simultaneously to obtain the 

characteristics of the lubricated contacts. In the case of ultra-thin film thickness, the 

total pressure P can be calculated as shown by Al-Samieh and Rahnejat [20, 21], Chong 

et al [22] and Al-Samieh [24, 25] as: 

 

hevdws PPPPP +++=
                                                                                                    (1) 

 

Where: ph is the hydrodynamic pressure, pvdw is the Van der Waal's pressure, ps is the 

solvation pressure and pe is the electrostatic component for the case of polar lubricant. 

 

Hydrodynamic Pressure 

 

The Reynolds equation can be presented for point contact steady state condition as: 

 

∂

∂X
 

ρ H3

ƞ 

∂Ph

∂X
φ

x
 +

1

K2

∂
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ρ H3

ƞ 

∂Ph

∂Y
φ

y
 =λ

∂

∂X
 ρ H  

 

(2) 

 

Where the following dimensionless variables apply; X=x/b, Y=y/a, 
00

,





 == , 

H=hRx/b2,   Ph= ph/pHer .and  
Her

xo

Pb

Ru
3

212 
 =  φx and φy are the effective viscosities or flow 

factors as given by Greenwood [26]. For the Ree-Eyring fluid the effective viscosities 

can be given as 
φ

x
=cosh  

τm

τ0
 , φ

y
=

sinh 
τm

τ0
  

τm
τ0
 

 and τm=τ0sinh
-1 ƞus  τ0h    

. 0 represent the 

Eyring shear stress which is defined as the value of the shear stress above which the 

relation between the shear stress and shear strain rate of the lubricant becomes nonlinear 

and m represent the mean shear stress for the Eyring model (see Greenwood [26]). Note 

that, for Newtonian lubricant, the effective viscosities Φx = Φy = 1. 

The variation of density with pressure is shown by Dowson and Higginson in 

1959 as Eq. (3). 

 

 

(3) 

 

where, the constants ε and ζ depends on the type of lubricant. The relation between the 

viscosity and pressure is given by Roelands in 1966 as Eq. (4). 

 

 ( ) 110*1.5167.9lnexp 9 −++= −



Z

Herh PP
 

(4) 

 

where . The film thickness equation can be given as Eq. (5) [2]: 
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where the elastic deformation can be represented as Eq. (6). 
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where 

The Newton-Raphson method is applied for the solution of the 

Reynolds’equation in the following form [24, 25]. 
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where,  
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Using the Gauss-Seidel iteration method, Eq. (7) can be written as:  
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(9) 

 

The pressure can be updated using under-relaxation factor according to: 

 
n

ji

n

ji

n

ji PPP ,

1

., += −

 
(10) 

 

where Ω is under-relaxation factor and its value equal 0.01. The criterion for the 

pressure convergence is   The criterion for the load balance 

convergence is given as . 

 

Intermolecular Forces in Narrow Conjunctions 

 

The total pressure between two moving contacting surfaces separated by a lubricant 

includes the hydrodynamics pressure, solvation, Van der Waal's and double layer 

electrostatic pressure in case where a polar lubricant is used between the two surfaces.  

Chan and Horn [17], Horn and Israelachvili [18], Canova [27], Thaicharoen and 

Schwarzkopf [28], Prakash [29], Morciano et al [30] and Peiyuan et al [31] showed that 

experimentally and theoretically the characteristic of long range force of Van der 

Waal's, intermolecular force of solvation and electrostatic force. Horn and Israelachvili 

[18] represent the Van der Waal’s, solvation and electrostatic pressure as a function of 

distance as follows:  

 

https://arxiv.org/find/physics/1/au:+Thaicharoen_N/0/1/0/all/0/1
https://arxiv.org/find/physics/1/au:+Thaicharoen_N/0/1/0/all/0/1
https://arxiv.org/find/physics/1/au:+Schwarzkopf_A/0/1/0/all/0/1
https://arxiv.org/find/physics/1/au:+Schwarzkopf_A/0/1/0/all/0/1
https://www.hindawi.com/26026095/
https://www.hindawi.com/26026095/
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RESULTS AND DISCUSSION 

 

The lubricant, material properties and working conditions used in the current analysis 

are given in Table 1. Comparisons between the current numerical results and that 

reported by Ildiko´ Ficza et al [10] and Ildiko´ Ficza [11] for the Newtonian and non-

Newtonian rheology of lubricant using Ree-Eyring model for the operating conditions 

that given in Table 1 are shown in detail in Table 2 and in Figure 1. For the non-

Newtonian model, the Ildiko´ Ficza et al [10] and Ildiko´ Ficza [11] assumed that the 

slide-roll ratio (SRR) of 5% and the Ree-Eyring model shear stress 0 of 6 MPa in their 

numerical solution to evaluate the mean shear stress. The Newtonian model assumed 

pure rolling conditions (i. e SRR=0%). Figure 1 shows minimum film thickness 

variation with the rolling speed for the Newtonian and non-Newtonian lubricant for the 

data that shown in table (2). It is clear that, the current numerical results conform well to 

that published by the Ildiko´ Ficza et al [10] and Ildiko´ Ficza [11] for Newtonian and 

non-Newtonian fluids using Ree-Eyring model with slide-roll ratio of 5%. Comparisons 

between the two rheology of lubricant show that almost no difference in film thickness 

variation with speed especially at low speed of entraining motion. Therefore, the 

Newtonian model can give an approximately accurate prediction of the actual film 

thickness between the two mating surfaces at pure rolling motion. Film thickness profile 

and pressure shape in the direction of entraining motion through the central film from 

the current numerical solutions for the Newtonian and non-Newtonian models shown in 

Figure 2 supports the above arguments for the case where the applied load of 27 N and 

speed of entraining motion of 0.125 m/sec was used. 

 

Table 1. Lubricant, material properties and working conditions. 

 

Designation Properties Values 

ηo Viscosity 0.22 Pa.s 

α Viscosity coefficient for pressure 24 GPa-1 

 Constant used in density Eq. (3) 5.83x10-10 Pa 

  Constant used in density Eq. (3) 1.68x10-9 Pa 

0 Eyring model shear stress 6 MPa 

E Reduced modulus of elasticity 123.8 GPa 

Rx Reduced radius of curvature 0.0127 (m) 

F Load 27 N 

u Speed (0.01-0.4) m/s 
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By changing the value of slide-roll ratio from 5% to 50%, the difference 

between the two rheology models of Newtonian and non-Newtonian appears and 

becomes more pronounced, resulting in decreasing the minimum film thickness by 

increasing the value of slide-roll ratio. Effect of changing the slide-roll ratio on the film 

thickness is shown in detail Table 2 and in Figure 3. This figure presents the variation of 

minimum film thickness with speed for different values of slide-roll ratio at a constant 

applied load of 27 N. At low speed of entraining motion of an approximately up to 0.1 

m/sec, no change in film thickness with changing the slide-roll ratio. At speed higher 

than 0.1 m/sec, the film thickness decreases with increasing the slide-roll ratio.  

 

 
 

Figure 1. Minimum film thickness variation with speed for Newtonian and non-

Newtonian models at constant load of 27 N. 

 

 
 

Figure 2. Pressure profile and film thickness for Newtonian and non-Newtonian models 

for load of 27 N and speed of 0.125 m/sec. 

 



Abd Al-Samieh / International Journal of Automotive and Mechanical Engineering 16(1) 2019 6230-6244 

  6238 

 
 

Figure 3. Minimum film thickness variation versus speed for different slide-roll ratio at 

constant load of 27 N. 

 

Figure 4 shows the pressure distribution and film thickness profiles in the 

direction of entraining motion through the central film for the Newtonian and non-

Newtonian based solution using Ree-Eyring model for the different values of slide-roll 

ratio for speed of entraining motion of 0.4 m/sec and an applied load of 27 N. The main 

differences between the two models are that the film profile is not parallel through the 

contact region in the non-Newtonian solution as in the case of Newtonian solution. The 

second difference is that the pressure spike which is the characteristic of 

elastohydrodynamic lubrication is not clear in the case of non-Newtonian models in 

comparison to the case of Newtonian one. The same conclusion can also be shown by 

Huaiju Liu [9] and Ehret et al [32]. The reduction in film thickness as the slide-roll ratio 

increase is attributed to increase the value of the shear rate with increasing slide-roll 

ratio which leads to pronounced decreases in lubricant viscosity.   

 

 
 

Figure 4. Pressure and film thickness profile for different slide-roll ratio for load of  

27 N and speed of 0.4 m/sec. 
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To see the characteristic of ultra-thin film for the case where non-Newtonian 

fluid using Ree-Eyring model is included, effects of surface liquid interaction of 

solvation and liquid-liquid interaction of Van der Waal's forces are considered in the 

numerical solutions in addition to the hydrodynamic action for the load balance 

equation to get the film thickness and pressure distribution shape. Table 3 shows the 

lubricants, material properties and the operating conditions used. In the current study, a 

non-polar lubricant of OMCTS was given between the two molecularly mica smooth 

surfaces as the separating media so the electrostatic force is not considered. The reason 

for choosing such molecularly smooth surfaces is that the solvation effects diminishes 

with rough surfaces under highly loaded conjunction as shown by Al-Samieh and 

Rahnejat [21]. 

 

Table 3. Lubricant, material properties and operating conditions 

 

Designation Properties Values 

ηo Viscosity 0.00235  Pa.s 

α  Viscosity coefficient for pressure  10 GPa-1 

 Constant used in density equation (3) 5.83x10-10 Pa 

  Constant used in density equation (3) 1.68x10-9 Pa 

0 Eyring model shear stress 0.07 MPa 

a Molecular diameter  1 nm 

A Hamaker constant 1.0X10-19 Joule 
C Constant defined in equation (12) 174 MPa 

E Reduced modulus of elasticity 36 GPa 

Rx Reduced radius of curvature 0.0127 (m) 

F Load (0.02-20) mN 

u Speed 0.0001 m/s 

 

Figure 5 shows minimum film thickness variation with applied load for the 

numerical solutions of Newtonian and non-Newtonian lubricant at speed of entraining 

motion of 100 µm/sec. High value of slide-roll ratio (SRR) of 50% is used to show its 

effects on formation of film thickness and pressure distribution. In this figure the 

hydrodynamic non-Newtonian and Newtonian numerical results is shown for the 

purpose of comparison. The difference between the two models is that at high loads the 

film thickness is much smaller for the hydrodynamic non-Newtonian numerical solution 

than that predicted either from numerical solution based on Newtonian assumption or 

that predicted using either formulas of Brewe et al [33] or Hamrock and Dowson [34] 

for circular point contacts under iso-viscous rigid or iso-viscous elastic regimes of 

lubrication respectively. In facts, at high loads, the hydrodynamic pressure for non-

Newtonian numerical solution can't support the applied load and cause the two 

contacting surfaces to be adhered together as the result of the decreased the viscosity of 

the lubricant. The physical explanation for this behavior is due to the reduction in the 

value of the coefficient of friction when the applied load is gradually increases. The 

same behavior has also been shown by Huaiju Liu [9]. Note that, for molecular level 

smoothness of surfaces such as used in the current numerical solution, the friction 

corresponds to formation of layers that cause a discretized form of the film thickness as 

the function of the applied load. Fortunately, this is not the case, because for ultra-thin 

film other forces such as liquid to solid and liquid to liquid interactions must be 

considered in supporting the applied load in addition to the hydrodynamic effects. 



Abd Al-Samieh / International Journal of Automotive and Mechanical Engineering 16(1) 2019 6230-6244 

  6240 

 
 

Figure 5. Minimum film thickness variation with load at constant speed of 100 μm/sec 

for Newtonian and non-Newtonian rheology under different effect of hydrodynamic and 

intermolecular force of solvation and Van der Waal's . 

 

When the surface forces of solvation and Van der Waal's are aided to the 

hydrodynamic viscous action, the deviation of the non-Newtonian model from the 

Newtonian model starts at approximately high loads of about 2 mN and consequently 

small film thickness results in lower value of the film thickness compared to that 

obtained using Newtonian model and the fluid film thickness are discretized at 

approximately gab intervals of 1 nm which equal to the molecular diameter of OMCTS 

similar to the solution of the Newtonian model (see Figure 5). In this case the net 

intermolecular forces of solvation and Van der Waal's in addition to the hydrodynamic 

action supports the load carrying capacity of the contact. Figure 6 supports the above 

discussion, where this figure shows the film thickness and pressure profiles in the 

direction of entraining motion through the central film for the case where the applied 

contact load of 12 mN and speed of entraining motion of 100 µm/sec is used with the 

non-Newtonian rheology using Ree-Eyring model. From the shape of the pressure 

distribution shown in Figure 6, it is clear that the effect of the surface and fluid 

interaction which appears as an oscillation in the pressure shape.  

An interesting feature appears in Figure 5 which is that the film thickness is 

never below than approximately 2 nm for both fluid models of Newtonian and non-

Newtonian which is essential for the assumption of continuum mechanics for viscous 

flow in any conjunction as noted by Al-Samieh and Rahnejat [20,21] and the continuum 

theory of Lifshitz that predicts the Van der Waal's force. The physical explanation for 

this feature is explained as follows; as the film thickness is reduced, effects of so-called 

solvation forces become very strong at short range and its value overcome the long 

range intermolecular force between the molecules of Van der Waal's, therefore, the net 

interaction of the solvation and Van der Waal's forces in addition to the hydrodynamic 

action including the lubricant rheology determined the magnitude of the adhesion 

between two contacting surfaces and keep two surfaces to be separated by the 

intervening media of hard spherical molecules of about 2 nm whatever the value of 

applied load.  

Finally, minimum film thickness variation with respect to applied load at 

different Eyring shear stress is shown in Figure 7 for the case where intermolecular 

forces of solvation and Van der Waal's is included in the numerical analysis in addition 
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to the hydrodynamic action. It is seen that, an increase in the value of Eyring shear 

stress is found to cause an insignificant enhancements in the values of minimum film 

thickness. This conclusion is contradicted to the results found by Huaiju Liu [9] and 

Manish Kaushik [35]. They showed that an increase in Eyring shear stress cause a 

substantial improvement in minimum and central film thickness for elastohydrodynmic 

lubrication analysis of line contacts because the viscosity increase as the Eyring shear 

stress increase. Therefore, from the results shown in Figure 7, it is clear that, a strong 

correlation can exist between the intermolecular force and the oil film thickness 

formation. 

 

 
 

Figure 6. Pressure profile and film shape for non-Newtonian rheology in the central line 

of contact due to effect of hydrodynamic action and intermolecular force of solvation 

and Van der Waal's forces for applied load of 12 mN and speed of 100 μm. 

 

 
 

Figure 7. Variation of Eyring shear stress on film thickness versus load. 
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CONCLUSION 

 

A comparison between the Newtonian and non-Newtonian fluid using Ree-Eyring 

model is presented for elastohydrodynamic lubrication for point contact problem. The 

Reynolds equation incorporating the non-Newtonian fluid using Ree-Eyring model is 

used to show its effect on the formation of film thickness and pressure profile. It has 

been shown that, for the case where the hydrodynamic action is the only pressure acting 

to support the applied load capacity, the film thickness shape formed using non-

Newtonian model is slightly different and its value is smaller than that formed using 

Newtonian case and pressure profile at the exit of the contact is different in that the 

pressure spike is lower than that shown for a Newtonian model. The main conclusion of 

this paper is that for ultra-thin film where the effect of intermolecular force of surface-

liquid interaction of solvation and liquid-liquid interaction of Van der Waal's are 

considered in addition to the hydrodynamic action, the film thickness formed using non-

Newtonian model is smaller compared to that formed using Newtonian case. In this 

case, the discretization behavior of the film thickness and the oscillation nature of 

pressure profile occurred. The film thickness value is never below about a certain limit 

whatever the value of the applied load which is essential for the assumption of 

continuum mechanics for viscous flow and the continuum theory of Lifshitz. The results 

also showed that, for ultra-thin film, an insignificant enhancement in the minimum film 

thickness as the Eyring shear stress value increase.   
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