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ABSTRACT - Non-linear energy harvesting devices in the form of stiffness non-linearity have ARTICLE HISTORY
emerged as among the effective solutions to overcome the performance limit of linear energy Revised:23™ Apr 2020
harvesting devices. However, up to now, researches on the non-linear devices are only focusing Accepted: 29" June 2020
on the ability to widen the bandwidth while the limit of employing linear transduction coefficient in
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a non-linear system has yet to be heavily discussed. This paper investigates on the transduction . -

. . , . . . Transduction coefficient,
coefficient for both linear and non-linear systems of an electromagnetic energy harvesting device Energy harvesting
as a function of the excitation frequency. It is proven that the transduction coefficient of the non- Non-linear soﬂeni;-'g,
linear device is larger than its equivalent linear device, especially in the multi-stable solutions Duffing.

region. In common practice, the non-linearity in the non-linear system is considered weak, and its
transduction coefficient is assumed to converge to the one produced by the linear system. The
limits to which the transduction coefficient of a linear system can be employed on the non-linear
system were drawn based on the experimental analysis conducted on the proposed device. The
device was designed to perform as a linear or non-linear system, where the degree of non-linearity
was changed by varying the gap between the magnets. The limit of the transduction coefficient
was determined from the analysis of the harmonic ratio. The results show that the linear
transduction coefficient is valid to be employed to the non-linear system when the harmonic ratio
is less than five per cent at the multi-stable solutions region.

INTRODUCTION

In the early days, the linear resonant vibration-based energy harvesting device has been the pioneer of the energy
harvesting operating principle. It works by tuning the natural frequency of the device to match the ambient frequency.
This single tuning frequency operating principle gives limitation to the existing linear device, especially when dealing
with applications of varying frequency. Another possible limitation of the harvester is the maximum amount of power it
can generate for specific applications since the power is proportional to the relative displacement. Large relative
displacement is often limited by the size of the housing.

Non-linear vibration-based energy harvesting devices have been the popular choice in the field to improve the
performance limit of the linear resonant generator. Among many types of non-linearities that can be introduced into the
system, stiffness non-linearity is one of them. The dynamics of the system with stiffness non-linearity can be characterised
by using Duffing’s equation in which the total stiffness comprises of both linear and non-linear stiffness coefficients.
Currently, the focus of the benefit of having non-linear stiffness in the mechanism of an energy harvesting device is
mainly on bandwidth widening [1-3]. The amount of power that can be generated is often considered less significant as
long as the device can provide better bandwidth. A few well-known factors that may affect the power generation include
frequency, relative displacement, amount of damping and transduction coefficient. The last factor often receives less
attention in the non-linear energy harvesting device.

Permanent magnet based electromagnetic energy harvester is one of the electromechanical coupling methods to
generate electrical energy resulting from mechanical motion. This method has been widely used to power application in
terms of micro rather than macro applications for the last decade [6-13]. It works based on Faraday’s law, where the
relative motion between magnet and coil produces voltage [14]. The energy conversion performance of these harvesters
relies on the relation between the mechanical domain and the electrical domain. This electromechanical relation is
typically described using the expression K = NIB where K is referred as the transduction coefficient, N is the number of
coil turns, / is the length of the coil and B is the magnetic flux density across the coil. The performance of K can be
improved by either increasing the number of coil turns or the length of the coil or by using a magnet with high residual
flux density. However, it is worth to note that modelling and optimising the transduction coefficient K is not the aim of
this paper. This paper highlights the potential of having larger transduction coefficient as an added benefit of non-linear
energy harvesting devices in addition to the commonly claimed bandwidth widening capability.
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The majority of prior research has addressed the ‘transduction coefficient’ term in many ways. Some of them
addressed the term as ‘electromagnetic coupling coefficient’ [15], ‘electromechanical coupling coefficient’ [16],
‘electromagnetic coupling factor’ [7, 17] and ‘electromagnetic coupling’ [18]. Regardless of the variation of the terms, K
brings similar intention, which is to describe the relationship between the mechanical and electrical domains of the
electromagnetic energy harvester having units of Vsm™' or NA™!' [19]. The transduction coefficient can be quantified as
the voltage generated, V per unit of relative velocity, v or the mechanical force, F generated per unit of electric current, i.

There exists a considerable number of literature with regards to the determination of the transduction coefficient, K
on the linear system of the electromagnetic energy harvester [7, 20-21]. In the study, the transduction coefficient was
determined by giving a known value of direct current (DC), and the corresponding deflection of the seismic mass was
measured. The deflection of the seismic mass is proportional to the generated restoring force in the cantilever beam. The
transduction coefficient was then determined by taking the ratio between the force and the supplied DC. As for the non-
linear system, far too little attention has been paid in determining or examining the effect of transduction coefficient on
its performance. Although the transduction coefficient, K has been mentioned by [16, 22] in their derivation to obtain
maximum power for non-linear electromagnetic energy harvester, specific analysis to determine K for the non-linear
system has yet to be established.

Up to now, there is very little study investigating the transduction coefficient of the non-linear energy harvesting
device. In particular, transduction characteristics for non-linear energy harvesting device, specifically the softening
system and the effect of the non-linearity on the transduction coefficient as a function of excitation frequency have yet to
be explored in the scientific literature. A much-debated question about the transduction coefficient of the electromagnetic
energy harvesting device lies between the unclear impacts of using the linear transduction coefficient on the non-linear
system. The research to date has tended to focus on the linear transduction coefficient rather than the non-linear as the
non-linear system is considered to be weak and the characteristic was assumed to converge to the linear system.

This paper determines the transduction coefficient for both linear and non-linear system across a range of excitation
frequency. The effect of the non-linearity on the transduction coefficient, specifically in the multi-stable frequency range
will be focused on. In addition, this paper also aims to highlight the limit to which the linear transduction coefficient can
be employed on the non-linear system of an electromagnetic energy harvesting device. This study uses the experimental
analysis approach to examine the transduction coefficient of an electromagnetic energy harvester for respective linear and
non-linear system.

In this paper, the effect of the degree of non-linearity on the transduction coefficient for both linear and non-linear
system was addressed. The next section introduces the transduction coefficient in the linear and non-linear systems.
Section two elaborates the design of the proposed electromagnetic energy harvesting device. The section continues with
the derivation of the average power generated from the base-excited energy harvesting device with the influence of
transduction coefficient. In the fifth section, the method and setup of the experimental investigation are elaborated. A
series of processed experimental results obtained from the experiments are analysed and presented. The last section
summarises the findings and insights realised from this study.

DESIGN OF THE ENERGY HARVESTING DEVICE

The energy harvesting device in this study is presented in Figure 1 and 2. The architecture of the device can be divided
into two parts. The first controls the degree on linearity using a steel beam which is fixed at one end and free at the other
end. The free end is attached with a tungsten mass. A magnet is attached at the tip mass in the direction perpendicular to
the axis of oscillation. The device is designed with an adjustable slider with two attached magnets which repulse the
magnet on the tungsten tip mass, as shown in Figure 2(b). This adjustable slider is used to vary the gap between the
magnets, d. When the gap is small, the overall stiffness results from the combination of both linear stiffness from the
beam and the non-linear magnetic stiffness from the repulsive magnetic force. When the gap gets larger, the contribution
from the non-linear magnetic stiffness weakens, hence reducing the degree of non-linearity of the system. The adjustable
slider can even be removed completely to represent a linear system.

The second part of the device is for voltage generation, which consists of a stationary copper coil and a magnet
attached to the side of the tungsten mass. This magnet has no influence in altering the overall stiffness of the system. The
side magnets change the magnetic flux across the stationary copper coil during oscillation, hence producing voltage. The
parameters for the proposed device are presented in Table 1.
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Figure 2. (a) Front view and (b) side view of the non-linear configuration for the electromagnetic energy harvesting
device. The inset in (a) shows the magnet configuration where d is the gap between magnets.

Table 1. List of fixed parameters for the proposed device.

Parameter Dimensions (mm) Descriptions

Copper coil ¢0.1 3500 turns, Rine=223 £ 0.1 Ohm
Round magnet ¢ 8.0 Neodymium, 1.7 kg pull force
Square magnet 25 (D) x 10 (w) x5 (1) Neodymium, 4.9 kg pull force
Beam 50 (D) x30 (w) x 0.5 (9 Stainless steel

RELATION OF POWER WITH TRANSDUCTION COEFFICIENT

The energy harvesting device is modelled as a base excited mass-spring-damper system, as shown in Figure 3(a). The
equation of motion for the non-linear system can be written as:

mz + ¢z + kyz — k3z3 = —mj (D

where c is the total damping coefficient comprises of both the mechanical ¢, and electrical damping ¢, and z = x — y is
the relative displacement between the seismic mass, x and input excitation, y = Y cos(wt), and w is the excitation
frequency. Notice the stiffness comprises of both linear stiffness, k; and non-linear stiffness, k3. The negative sign before
k3 indicates the non-linear softening stiffness. The equation can be further expressed in non-dimensional form as:

'+ 20 +u — au® = 02 cos(Qt + ¢) 2)
’ d " d? z c 2k k3,0 [2) . . . . .
where (u)' = o w)" = T U=5 2 = W= L A= k_1Y , N = o T =Wyt IS the non-dimensional time, w, is the
n n

undamped natural frequency, and ¢ is the phase angle between excitation and response. Subsequently, Eq. (2) is solved
using the harmonic balance method to obtain the frequency-amplitude relation of the non-linear system by assuming that
the response is dominated by the fundamental frequency, i.e. u= U cos(12 7). It is worth to note here that this paper does
not intend to focus on the detailed analytical modelling of the dynamics of the system. For a detail analytical study on the
dynamics of the system, readers are referred to Ramlan et al. [23]. The frequency-amplitude relation of the system is
given by:
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Figure 3. (a) Mass-spring-damper model of an energy harvesting device with stiffness non-linearity and (b) electrical
equivalent circuit diagram for an energy harvesting device

Figure 4 shows a typical frequency response curve for a non-linear softening stiffness system plotted using Eq. (3).
The resonant branch is obtained by sweeping down the excitation frequency. The response follows IV-III-V route. Point
V gives the maximum values of the response Uy, ,, Which occurs at the jump-down frequency 24,wn- A slight decrease
in the frequency causes a sudden jump of the response down to the non-resonant branch with a smaller amplitude and
follows route VI-I. The non-resonant branch is obtained by sweeping up the excitation frequency. The response on the
branch follows I-VI-II route. A slight increase in the frequency causes a sudden jump of the response to location III,
which is referred to as the jump-up point. Further increase in the frequency causes the system to respond on the mono-
stable resonant branch from III to IV.

jump—down S
v i pg.m[ > sweep up
[ Sl sweep down
[y >
v
3dB E .
[v . . resonant
] AT branch
T (L A W
=] = jump*up‘::k 1
= Y pointy ™ 1
= i IT !
2 v - |
<€ e =5 1
- 1
Y non—resonant
2 VI branch
I :
3 multiple stable solution

Frequency

Figure 4. The typical frequency response curve for the non-linear softening system.
The maximum response, Uy, and the jump-down frequency, 24,wn are respectively given by [23].
1 1

Umax = 2_( i+ 136?2 (4)

)

The electrical equivalent of the proposed electromagnetic energy harvesting device is shown in Figure 3(b). Applying
Kirchhoff’s voltage law to the equivalent electrical circuit diagram results in the following equation

{(Rioad + Rin) — K(x — y) =0 (6)

where K is the transduction coefficient, i is the induced electrical current, Rioad 1S the load resistance and Rin: is the internal
resistance of the coil. The expression for the electrical current, i is obtained by rearranging Eq. (6) to yield
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_ K(x—-v) )
Rload + Rint
The instantaneous power, P;,¢; transferred to the electrical load, R;,,4 is expressed as:
Pinst = iZRload 3

In the modelling of the proposed device discussed earlier, the electrical current, i, is shown in Eq. (7). Since the device
in this study is subjected to harmonic excitation, the expression of X — y can be replaced by its non-dimensional form of
1 = —0U sin(27) to yield:

i = —————0Usin(Qr — ¢) 9
Rload + Rint ( )

By SI.letltthlng Eq. (9) nto Eq. (8), 1 inst beC()meS
inst 2 R R load

The time-averaged power to the electrical load P,,q is now given by [24]

1 KQU \?
P =-(—) R 11
avg 2 Rload + Rint load ( )

The maximum time-averaged power of a non-linear softening system occurs at the jump-down point. By substituting
the amplitude of the maximum response, Uy, and the jump-down frequency, 24,wn into Eq. (11), the maximum time-
averaged power is now given by

1 Kndownumax)z
P, = = (——down-max) p 12
avg 2 ( Rload + Rint load ( )

Equation (12) shows that the maximum time-averaged power to the electrical load depends not only on the maximum
response and jump-down frequency but also on the transduction coefficient. Unlike the non-linear hardening system,
where the frequency response curve bends to the right which results in high jump-down frequency as reported in [23], the
frequency response curve of the softening system bends to the left as shown in Figure 4. The highly non-linear softening
system tends to lower the jump-down frequency.

Figure 5 shows the effect of both 244wy, and Uyax on the power harvested by a non-linear softening system. The trend
of the power curve is represented by the product of both parameters. It should be noted that the power harvested by the
non-linear softening system is always less than its equivalent linear system which is indicated by a?/{ — 0. However, the
maximum power generation is not always the main objective of a non-linear system. As for the non-linear softening
system, the aim is more towards tapping the wideband low-frequency energy. This can be achieved by increasing the
degree of non-linearity. An increase in the degree of non-linearity lowers the Q4qown and Upa,. This, in effects, reduces
the amount of power to be harvested. From Eq. (12), a large transduction coefficient could compensate for, to a certain
degree, the effect caused by the low jump-down frequency and maximum response.

EXPERIMENTAL METHOD AND SETUP

In this study, two types of experimental measurement were demonstrated on the linear and non-linear configurations
of the energy harvesting device in order to study the frequency response characteristic and to determine the transduction
coefficient. The degree of non-linearity for the non-linear configuration was determined using quasi-static measurement
results. Next is the dynamic measurement where the dynamic characteristics were examined, and the transduction
coefficient for linear and non-linear configurations was evaluated.

Quasi-Static Measurement

Figure 6 illustrates the experimental setup for the quasi-static measurement. This experimental method was conducted
with the purpose of analysing the restoring force-deflection characteristic and estimating the non-linearity of the proposed
electromagnetic energy harvesting device. The non-linearity is useful when it comes to determining the limit of
employing linear transduction in a non-linear system.
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Figure 6. Experimental setup for quasi-static measurement.

In the experiment setup, the device was placed on the LDS V406 shaker with the shaker being tilted horizontally to
reduce asymmetries from the effect of gravity towards the beam during measurement as practised in [25]. A Huntleigh
M1042 beam type load cell was attached directly on the tungsten mass’s surface while the Solartron OP/25/G linear
variable differential transformer (LVDT) was firmly attached to the base of the proposed device. Both the load cell and
LVDT were powered by a constant 10V DC from the GW-GPC3030D power supply. The outputs from the respective
load cell and LVDT were filtered by KEMO Benchmaster 8 Filter and then analysed by the Data Physics Quattro dynamic
signal analyser.

Dynamic Measurement

The schematic diagram for the dynamic measurement arrangement is presented in Figure 7. This measurement was
performed in order to obtain the frequency response curve and the transduction coefficient. The frequency response curve
of the device is an important aspect to be studied especially due to the existence of the multi-stable solutions region in
the non-linear system.

In the course of the experiment, the energy harvesting device was securely tightened to the base of LDS V406 shaker
vertically. Two Dytran accelerometers were respectively mounted to the top surface of tungsten mass and the device’s
base. Both accelerometers were connected to the Data Physics Quattro dynamic signal analyser to record the response of
the device when being excited with constant amplitude harmonic excitation. The accelerometer on the tungsten mass was
used to obtain the response of the beam when the device was swept-up (10 Hz to 40 Hz) and swept-down (40 Hz to 10
Hz) with a step size of 1 Hz at constant amplitude input displacement of 1 mm under open circuit condition. The
accelerometer on the base of the device maintained the amplitude of excitation through the gain adjustment of the LDS
PA100E power amplifier. Simultaneously, two ends of the copper coil were clipped to the probe connected to DPO 4032
Oscilloscope to collect voltage response.
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RESULTS AND DISCUSSION
Degree of non-linearity

The force-deflection relation of the system shown in Figure 2 can be represented by:
f=Up+kn)z— km3z3 (13)

Here, the overall linear stiffness in Eq. (1), i.e. k; is composed of the fixed linear stiffness from the beam, k; and the
linear part of the magnetic stiffness, k,,;. The non-linear stiffness of the system, &z on the other hand, is contributed solely
by the non-linear part of the magnetic stiffness, k,,3. Both linear and non-linear magnetic stiffnesses are dependent upon
the gap, d between the magnets. The linear part of the magnetic stiffness, k,;,, is proportional to 1/d> while the non-linear
part of the magnetic stiffness, k3 is proportional to 1/d” [5].

The relation between force and displacement is presented in Figure 8 for both linear and non-linear configurations.
The solid black line in the graph represents a linear relation from the static equilibrium position to the maximum
displacement. This is in line with the Hooke’s law which governs linear configuration. Here, the stiffness of the system
is wholly contributed by the linear stiffness of the beam since there is no magnet to change to the stiffness.

w30 mm gap
% ====5.0 mm gap
. 8.0 mm gap |
——linear
410 : ‘ ‘ R
0! 5 1 0 1 2 3

Displacement [mm]
Figure 8. Force-displacement plot for linear configuration and non-linear configuration with different magnet gaps, d.

In the non-linear configuration, it is observed that the beam no longer abides by the linear Hooke’s law as the
correlation between force and displacement deviates from the direct proportionality relation as displacement increases.
The trend of the force-displacement curves shown in Figure 8 for 2.0 mm, 2.5 mm, 3.0 mm, 5.0 mm and 8.0 mm magnet
gaps are observed to only possess linear characteristic near the static equilibrium position. Notice that, the gradient of the
force-displacement curve around the equilibrium position increases at the gap gets smaller. This is due to the addition of
the linear magnetic stiffness, k,,; to the overall linear stiffness, k;. For small displacement, the non-linear magnetic
stiffness, k3 is small due to the dependency on the cubic displacement. As the displacement increases, the linear
proportionality no longer holds. The non-linear part of the magnetic stiffness, k.3 is now dominant over the linear stiffness
giving rise to the softening behaviour. The dominancy of k,,; is more pronounced when the gap gets smaller, thus
increases the strength of the non-linearity of the system.
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The force and displacement data retrieved experimentally is used to calculate the degree of non-linearity for the
respective non-linear configuration. The degree of non-linearity, @, was calculated using the expression obtained from
the derivation of the non-dimensional equation of motion in Eq. (2) and this is given by

a=—Y? (14)

where k5 is the non-linear stiffness, k; is the linear stiffness and Y is the amplitude of the input displacement. The values
of k; and k5 were retrieved from Figure 8 using the curve fitting method. Every curve shown in Figure 8 is curve fitted
with a cubic polynomial function within the measured displacement range.

Table 2 summarises the values of k;, k3 and the calculated values of the non-linearity, « for all configurations. The
negative sign for values of kj represents the non-linear softening characteristic resulting from the repulsive magnetic
force. The more negative the value is, the stronger the degree of softening non-linearity. It is apparent from Table 2 that
the non-linearity decreases when the gap of magnet increases. The decrement in the non-linearity suggests consistency
with the force-displacement plot, where the characteristic of the non-linear configuration gradually converges to linear
due to the weak contribution from the magnetic force as the gap becomes larger.

Table 2. Curve-fitted values of linear and non-linear stiffness with calculated non-linearity for Y= 1.0 mm.

Magnet gap, d (mm) ky (Nmm™) ks (Nmm™) non-linearity, a
2.0 3.85 - 0.0952 -24.70 x 103
2.5 3.46 -0.0768 -22.18 x 103
3.0 3.12 - 0.0653 -20.95 x 103
5.0 2.82 - 0.0541 -19.17 x 1073
8.0 2.25 - 0.0337 -14.95 x 103
linear 1.71 - -

Frequency Response Curves

Linear configuration

Figure 9 shows the frequency response curve for the linear configuration. The peak resonance of this particular system
is found at 20 Hz. The solid line represented by the frequency response curve only consists of single stable solutions
where each response solely corresponds to each excitation frequency.
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Figure 9. (a) Voltage — frequency and (b) velocity — frequency plots for linear configuration.
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Figure 10. Voltage — frequency plot of non-linear configuration with different magnet gaps, d: (a) 2.0 mm, (b) 2.5 mm,
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Figure 11. Relative velocity-frequency plot of non-linear configuration with different magnet gaps, d: (a) 2.0 mm,
(b) 2.5 mm, (c¢) 3.0 mm, (d) 5.0 mm and (e) 8.0 mm.

Non-linear configuration

Frequency response curves for non-linear configuration are presented respectively in Figure 10 and 11 for different
magnet gaps. There is a clear trend of the response curves bending to the left since the non-linearity of the device was
affected by the softening effect as depicted in Figure 4. Analysing through Figure 10(a) to 10(c) for respective 2.0 mm,
2.5 mm and 3.0 mm gaps, the maximum response of the system appeared at 18 Hz. The multi-stable solutions region can
be observed between the jump frequencies due to hysteresis. The strength of the non-linearity is also represented by the
frequency range separating the jump-up and the jump-down point. A strong non-linear system has a large separation
region. It can be seen from the figure that as the magnet gap increases, the separation region decreases. This is due to the
decrease in the degree of the non-linearity as the gap increases, as presented previously in Table 2.

For magnet gap of 5.0 mm and 8.0 mm presented in Figure 10(d) and 10(e), it reveals that the characteristics of the
frequency response curve has converged to the one shown in the linear configuration. Jump frequencies and multi-stable
solutions region have not existed in these two weak non-linear systems. Equation (5) implies that for a weak non-linearity,
a, the jump-down frequency approaches the linear natural frequency of the system, Q4oun = 1, i.e. 20 Hz. The
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convergence of the non-linear system can also be seen in Figure 5 as the non-linearity weakens. The sweep-up and sweep-
down responses follow the same path indicating weak hysteresis even the stiffness of the system is still composed of both
linear stiffness, k; and non-linear stiffness, k5 as presented in Table 2.

The Transduction Coefficient

The device discussed in this paper represents the transformation of kinetic energy resulting from the beam oscillations
to the voltage generated across the coil. Particularly, the relation between mechanical and electrical domain is quantified
from the voltage generated, V to the relative velocity, v between the seismic mass and the coil in terms of transduction
coefficient K which is expressed as Eq. (15) in Vsm™'.

vV
K=" (15)

In this study, the transduction coefficient was not determined using the relation of K = F /i where F is the restoring
force at the tip of the beam, and i is a known value of DC current as performed in [17]. For the non-linear system, a
sufficiently high value of DC current would need to be supplied in order to capture the non-linearity relation of the
system. This is because the linear disproportionality is most apparent at larger displacement as depicted in Figure 8.

Linear configuration

Figure 12 presents the transduction coefficient — frequency plot for linear configuration. Considering that the
transduction coefficient, K was taken as the ratio between voltage, V" generated in Figure 9(a) to the relative velocity, v in
Figure 9(b), the characteristic of the transduction coefficient plot is predicted to be constant across the frequency range.
The constant transduction coefficient is due to the fixed rate of energy conversion from mechanical to the electrical
domain. Thus, the proportionality for linearity is assumed to maintain across the frequencies.

The linear transduction coefficient is noticed between 15 Hz to 30 Hz while at low (10 Hz to 14 Hz) and high (31 Hz
to 40 Hz) frequencies, the values of the transduction coefficient decrease. The small value of K at low frequencies is
presumed to be subjected to the poor coherence between the input and output relation as well as the zero phase difference
between the excitation and the response. Whereas at high frequencies, it was due to the high mechanical impedance that
restricted the movement of the mass.

In this study, the low values of K at low and high frequencies are neglected because the region where the maximum
response appeared for linear configuration is at 20 Hz, as presented in Figure 8. What is interesting in the value of K is
its highest value at 30 Hz, which may easily lead to claim that the maximum response is taking place at this frequency.
This claim is invalid because the maximum power depends on both the transduction coefficient and maximum response
as given in Eq. (12). Therefore, even when K is large at a particular frequency, it may not correspond to the maximum
time-averaged power due to a small response. For current linear configuration, the transduction coefficient is indicated at
20 Hz, which is at the maximum response of the system.
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Figure 12. Transduction coefficient plot for linear configuration.

Non-linear configuration

In the frequency response curve results for the non-linear configuration earlier, it was shown that the multi-stable
solutions region existed between the jump frequencies. For linear configuration, the transduction coefficient is noticed to
be constant across the frequency range. Figure 13 presents the transduction coefficient — frequency plot for the non-linear
configuration with different magnet gaps. The transduction coefficients are computed similarly to results in Figure 11,
i.e. by taking the ratio of the generated voltage to the relative velocity. The most interesting aspect is noticed throughout
Figure 13(a) to 13(c) with 2.0 mm, 2.5 mm and 3.0 mm configuration, respectively, where the linear proportionality of
the transduction coefficient only hold at low and high frequency, outside the multi-stable solutions region. The value of
K is determined to be at 18 Hz, where the maximum response was observed in the frequency response curves in Figure 9
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and 10. Similar to the linear configuration, the low values of K at low frequencies was due to the poor coherence and zero
phase difference. Also, the higher values of K (35 Hz to 40 Hz) which are higher than the K at the maximum response
(18 Hz) are not being taken into consideration since the maximum response do not appear at high frequencies. A
comparison of the linear and non-linear configuration reveals that the non-linear system produces larger transduction
coefficient compared to its equivalent linear system, which produces almost constant transduction coefficient outside the
multi-stable region. These results suggest that the mechanical and electrical part of the system couples better when the
system is operating non-linearly.

Another significant aspect is found in Figure 13(d) and 13(e), where it was pointed out in the frequency response
curves earlier that as the gap of magnet increases, the dynamic characteristic would converge to linear characteristic.
Consistently, the transduction coefficient for 5.0 mm and 8.0 mm magnet gaps behave almost linearly. Although both are
classified under the non-linear configuration, the non-linearity for these two magnet gaps are considered to be very weak
as the jump frequencies, and multi-stable solutions region is not clearly visible as observed in Figure 10(d) and 10(e). In
the region between 19 Hz to 22 Hz observed in Figure 10(d), it may appear that the multi-stable solutions existed.
However, this is presumed not to be entirely true as the difference in K values is caused by the slight difference in the
response from the sweep-up and sweep-down voltage generated based on the data collection.
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Figure 13. Transduction coefficient plot for non-linear configuration with (a) 2.0 mm, (b) 2.5 mm, (c¢) 3.0 mm, (d) 5.0
mm and (e) 8.0 mm gap of magnet.
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The values of transduction coefficient, K retrieved at the maximum response for the linear, and non-linear
configuration are summarised in Table 3. The values of K at the maximum response decrease with the increment of the
gap of the magnet, which corresponds to the decrease in the non-linearity, a. The value of K converges to the one from
the linear configuration when the non-linearity weakens as shown when the gap is 5 mm. An exception for is given for
the value obtained for 8 mm gap, where the value reported in Table 3 may not represent the exact behaviour of the system
due to fluctuation in the dynamic response. One of the reasons for the fluctuation is due to the inconstant level of input
supplied by the shaker. During the conduct of the experiment, the level of input was controlled manually by controlling
the gain so that the amplitude of input displacement was maintained at 1 mm. The control is even harder at points close
to jump-down frequency.

Table 3. Summary of transduction coefficient for linear and non-linear configurations.

Magnet gap (mm) Transduction coefficient, K (Vsm™)
2 4.49
2.5 4.36
3 3.99
5 3.77
8 3.51
linear 3.71

So far, the transduction coefficient for both the linear and non-linear configurations has been determined at the
maximum response. Unlike the linear configuration where the transduction coefficient is constant across the frequency
range, the non-linear configuration opens up question on the validity of employing the linear transduction coefficient
when estimating its power generation. Based on the results presented in Figure 13, the transduction coefficient for the
non-linear system appeared to be larger than the linear counterpart at the maximum response where multi-stable solutions
exist. Estimating the transduction coefficient using the ratio between the induced electromagnetic force and the applied
DC current described in [17] may not represent the actual transduction coefficient of the non-linear system thus
underestimating the amount of power that could be generated by the non-linear system. The following part of this paper
moves on to examine the harmonic ratio of the respective configurations in order to determine the limit of using linear
transduction coefficient in the non-linear system.

Harmonic Ratio

The harmonic ratio for both the linear and non-linear configurations were examined to determine the limit of
employing linear transduction coefficient on the non-linear system. The harmonic ratio was analysed between the
fundamental harmonic, w with the second harmonic, 3w in the form of percentage values. The 2w harmonic is considered
negligible as it was caused by the asymmetry from the gravity.

Linear configuration

Based on the harmonic ratio results presented in Figure 14, the lowest harmonic, w (known as the fundamental
harmonic) is produced when the system is subjected to sinusoidal excitation where input is equivalent to output in the
linear system. The linear system is reported to be dominated by the fundamental harmonic as the percentage ratio of the
second harmonic 3w to the fundamental harmonic, w across the frequency are of negligible percentage values.

50 T T ‘ ‘ T

AQ e ............. ............. .............. ............. 4

10 15 20 25 30 35 40
Frequency [Hz]

Figure 14. The harmonic ratio for linear configuration.
Non-linear configuration

Figure 15 displays the harmonic ratio for the non-linear configuration with different magnet gaps. For a non-linear
system, where the input is not equivalent to the output, higher harmonics are predicted in the response of the system.
Referring to the 2.0 mm magnet gap in Figure 15(a) with the highest non-linearity, the effect of the second harmonics is
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evident from 18 Hz towards 40 Hz. When the maximum response jumps down to the non-resonant branch at 17 Hz, as
observed in Figure 10(a), the second harmonic has appeared to be negligible. At the non-resonant branch with low
frequency, the second harmonic is hardly produced because the device operates in the linear region as shown in Figure 8.

By analysing the maximum response at 18 Hz, the harmonic ratio decreases gradually towards the high-frequency
range signifying the reduction of the second harmonic when frequency increases. At 26 Hz, where the peak of the
harmonic ratio is relatively higher, it does not suggest that the second harmonic is the strongest at this particular frequency
because the degree of non-linearity is not determined solely by the percentage of the harmonic ratio at this particular
frequency. As for the high harmonic ratio noticeable at 10 Hz and 11 Hz, it also does not represent that the second
harmonic is at its strongest. This inconsistency may be due to noise occurred at low frequencies and can be neglected as
shown by the frequency response curve where only non-resonant branch exists.

Figure 15(b) shows the harmonic ratio for 2.5 mm magnet gap. Due to the decrease of non-linearity, the effect of the
second harmonic has covered less across the frequency range from the maximum response frequency, which is from 18
Hz to only 35 Hz. This explains that the effect of the second harmonic has decreased as the non-linearity decreases. The
relatively higher harmonic ratio observed between 18 Hz to 25 Hz compared to Figure 15(a) is thought to be caused by
the difficulty in keeping the input displacement to be constant at the resonance region. Therefore, Figure 15(a) and 15(b)
may not be suitable to be justified in terms of percentage in this case. Instead, both can be justified through the frequency
range of the second harmonic effect.

By analysing the harmonic ratio results for 3.0 mm, 5.0 mm and 8.0 mm magnet gaps in Figure 15(c), 15(d) and 15(e)
accordingly, significant reduction of the second harmonic is observed. In Figure 15(c) and 15(d), the effect of the second
harmonic is only visible from the maximum response of 18 Hz to 26 Hz with the latter at a ratio less than 5% values. In
Figure 15(e), the second harmonic ratio is visible at 18 Hz to 20 Hz and 25 Hz to 26 Hz, with ratio values of less than
5%. These findings suggest that with a further decrement of non-linearity as the magnet gap increases, the harmonic ratio
decreases and gradually converges to the harmonic ratio shown for the linear configuration.
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Figure 15. The harmonic ratio for non-linear configuration with (a) 2.0 mm, (b) 2.5 mm, (c¢) 3.0 mm, (d) 5.0 mm and
(e) 8.0 mm gap of magnet.

The findings from the harmonic ratio results have important implications in setting the limit of using linear
transduction coefficient on the non-linear system. Primarily, the limit can be determined according to the percentage of
harmonics at the multi-stable solutions region. When the harmonic ratio is less than five per cent (< 5%) at the multi-
stable solutions region where the maximum response occurred, the non-linear system is concluded as weak. If the
harmonic ratio is more than 5% in the non-linear system, the usage of linear transduction coefficient may not be accurate
as it does not represent the strong effect of second harmonics and the actual transduction at the multi-stable solutions
region. Thus, the assumption of employing linear transduction coefficient in the non-linear system as suggested in the
literature review may underestimate the actual amount of power that can be harvested by a system with non-linear
stiffness.

CONCLUSION

The present study was designed to investigate the transduction coefficient for the linear and non-linear system across
the frequency range of interest. Transduction coefficient of a non-linear system energy harvesting device has not been
given suitable attention since the benefit of the stiffness non-linearity in an energy harvesting device has been solely
awarded to the bandwidth widening. This study reveals that the transduction coefficient for the presented non-linear
configuration is larger compared to the equivalent linear system in the region of multi-stable solutions, where the
maximum response of the system is recorded.

This paper also reveals experimentally that the degree of non-linearity decreases as the magnet gap increases in the
non-linear configuration and gradually converges to the characteristic of the linear system. Likewise, the transduction
coefficient for the non-linear system gradually decreases as the degree of non-linearity decrease and at one point,
converges to the linear transduction coefficient. In order to draw the limit of using the linear transduction coefficient on
the non-linear system, the harmonic ratio for the non-linear configuration was studied, and the limit was set based on the
percentage of higher harmonics at the multi-stable solutions region. The assumption of employing linear transduction
coefficient on the non-linear configuration turns to be less accurate when the percentage of higher harmonics were less
than five per cent at the multi-stable solutions region.
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