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ABSTRACT - This paper presents a new approach to wheel slip control in Antilock Braking System 
(ABS) using an Approximated First Order Wheel Slip (AFOWS) Model Reference Adaptive Control 
(MRAC) based PID (AFOWS-MRAC-PID) controller. An ABS was modeled in a MATLAB/Simulink 
environment using a quarter car model with the proposed controller. Simulations were conducted 
with a wide range of adaptation gains (50, 100, 150, 200, and 250) to study the effectiveness of the 
proposed control system. The results revealed that the proposed system could track and maintain 
10% wheel slip and eliminate oscillation (instability) in terms of overshoot associated with 
conventional PID controllers, particularly on wet and snowy road surfaces, using adaptation gains 
of 150, 200, and 250. Overall, the proposed system provided the best performance in terms of 
stopping distance, vehicle braking velocity, and braking torque on all road surfaces with an 
adaptation gain of 250, although braking on dry road surfaces was the most effective. 
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1. INTRODUCTION 

During normal braking, the Antilock Braking System (ABS) does not control slip. Slip, defined as the difference 

between vehicle speed and wheel speed, is typically expressed as a percentage. It becomes significant during hard braking, 

particularly in emergencies or on unfavorable road surfaces. Such conditions can include sand, mud, ice, snow, rocks, 

and both wet and dry surfaces. Poor road conditions can adversely affect a vehicle's motion—whether accelerating or 

decelerating—causing it to spin during acceleration or skid when the wheels lock up during deceleration [1]. This 

underscores the necessity of slip control in ABS to enhance passenger safety and minimize the risk of various vehicle 

crashes, including run-off incidents. ABS is a crucial component in modern vehicles, ensuring safety during emergency 

or hard braking by maintaining steerability and stability while preventing wheel lock-up. When the wheels slip and lock 

up during hard braking, the stopping distance is extended, potentially leading to a loss of steering stability [2,3]. Therefore, 

ABS is designed with slip control to regulate wheel slip, ensuring optimal traction and maintaining steering stability [4]. 

The vehicle's wheel slip ratio during hard braking is determined by the tires' ability to maintain optimal grip on the road 

surface [5], which enables the vehicle to stop within the shortest possible distance while retaining directional control [6]. 

The slip control law in ABS is generally designed to prevent wheel lock-up and maintain optimal traction between the 

tires and the road surface during severe braking. Achieving maximum traction is challenging because the relationship 

between wheel slip and friction varies with vehicle dynamics, tire characteristics, and road conditions [6]. Therefore, the 

ABS controller must be robust and adaptive to manage any distortions or mismatches in system parameters. The objective 

of this paper is to present a novel slip control algorithm based on an approximate first-order model of wheel slip around 

the equilibrium point, aimed at maintaining optimal slip levels during severe braking. The proposed system employs a 

Model Reference Adaptive Control (MRAC) based Proportional Integral and Derivative (PID) algorithm, providing 

adaptive and robust control across different road surfaces with a wide range of adaptation gains, which inspired this 

research. The algorithm is named the Approximate First Order Wheel Slip Model Reference Adaptive Control based PID 

(AFOWS-MRAC-PID) controller.  

The remainder of this paper is structured as follows: Section 2 provides a brief overview of previous studies on slip 

control in ABS. Section 3 details the methodology used to achieve the study's objectives. Section 4 presents the simulation 

results from the analysis conducted in the MATLAB/Simulink environment. Finally, Section 5 concludes the study. 

2. RELATED WORK 

There are various control systems for ABS, all aiming to achieve optimal tracking of the wheel slip ratio during 

emergency or hard braking. This section provides a brief yet comprehensive review of related works to broaden 

understanding of recent control approaches applied in ABS. PID controllers have been proposed for wheel slip control in 

vehicles, with their longitudinal dynamics described using a Five-Degree of Freedom (5-DOF) model and a quarter car 
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model by [1] and [7], respectively. Similarly, [8] used a PID controller to investigate the effect of different aerodynamic 

drag forces on ABS performance. A hybrid control system, combining Feedback Linearization (FBL) and PID control, 

was employed to achieve wheel slip control using a quarter-car model [9]. 

A self-tuning PID controller that uses a fuzzy algorithm for tuning has been applied in ABS with an Electronic Wedge 

Brake (EWB) based on a 2-DOF dynamic traction (quarter car) model of a vehicle. This approach aimed to improve 

stopping time, stopping distance, settling time, and target slip compared to a benchmark ABS based on PID control and 

a fuzzy fractional PID technique [10]. In [11], a Fuzzy Logic Controller (FLC) was proposed as a promising alternative 

to the classical PID algorithm, achieving three control objectives: reducing stopping distance, limiting slip ratio, and 

improving control performance. Other techniques based on fuzzy logic algorithms, such as Fuzzy Gradient Control (FGC) 

in electric vehicles, Adjustable Gain Enhanced Fuzzy Logic Control (AGE-FLC), and Fuzzy Logic Control with Variable 

Zero Lag Compensator (FLC-VZLC) used in a quarter car model for vehicle braking at a given speed, have been proposed 

for ABS to reduce stopping distance and improve wheel-slip performance during emergency braking [4,5,12]. An 

improved optimal slip ratio control was achieved using a Fuzzy-PID controller that accounted for changes in tire pressure 

[13]. Additionally, wheel slip control in ABS based on adaptive techniques, such as Genetic fuzzy self-tuning PID 

controllers, neuro-fuzzy systems, and fuzzy genetic algorithms, has been separately implemented to improve slip tracking 

and stopping distance [14-16]. For vehicle stability control and complex braking maneuvers in ABS and the Electronic 

Stability Program (ESP), FLC was implemented in a Sport Utility Vehicle (SUV) and examined for braking on different 

road surfaces [17]. An adaptive controller based on a fuzzy logic control algorithm was used to regulate wheel slip on 

dry, wet, and icy road surfaces during braking for an SUV [18]. Fuzzy-PID controllers were also used to achieve optimal 

slip ratios for cornering braking control of a motorcycle [19]. 

Sliding Mode Control (SMC) and its modified algorithms, such as Grey Sliding Mode Control (GSMC) and Improved 

Sliding Mode Control (ISMC), have been utilized to achieve faster dynamic response, stability, and robustness in vehicle 

wheel-slip control systems [20,21]. ABS slip performance has been enhanced by eliminating the chattering effect 

associated with SMC using Fuzzy Sliding Mode Control (FSMC) [22,23]. Considering both nonlinear and purely linear 

relationships between friction and slip, a Higher-order Sliding Mode Observer (HSMO) and a first-order Sliding Mode 

Observer (SMO) were separately designed for ABS control [24]. ABS control was also developed based on the dynamic 

analysis of hydraulic braking systems using integrated Nonlinear Tracking Control (NTC), a nonlinear observer, to 

achieve wheel slip control [25]. Two adaptive nonlinear control systems based on the Time Varying Asymmetric Barrier 

Lyapunov Function (TABLF) were employed in ABS to achieve optimal wheel slip ratio tracking using a quarter car 

model [26]. The issue of self-locking in the wheels of aircraft landing systems using ABS, considering the braking 

operating status region, was addressed with an Asymmetric Barrier Lyapunov Function (ABLF)-based wheel slip 

controller. This system eliminated self-locking and provided zero steady-state error in tracking the optimal wheel slip 

ratio [27]. 

The reviewed related works indicate that promising results have been achieved in previous studies regarding wheel 

slip minimization in ABS. However, most prior works did not assess the effectiveness of control techniques concerning 

changes in road conditions or consider essential vehicle dynamics, such as air drag force and wheel viscous force, which 

may affect the performance of the wheel slip controller [5]. These gaps are addressed in this paper. Additionally, relying 

solely on a PID controller can make the system susceptible to parameter mismatch and distortion. Some disadvantages of 

FLC systems include susceptibility to steady-state error [4], difficulty in accurately determining membership functions, 

lack of a logical method to transform expert knowledge into rule bases, and time-consuming parameter tuning [28]. The 

challenges of expert PID and fuzzy-PID controllers include sub-par timing precision and limited anti-interference 

capabilities [29]. Sliding Mode Control (SMC) is prone to chattering, which results from the nonlinear dynamic equations 

of the wheel slip control system and can impact the lifespan of components [5]. Therefore, a novel approach is proposed 

based on using an established first-order equation of wheel slip around the equilibrium point as a reference model to 

develop an MRAC-based PID controller for ABS. This ensures the system operates at the well-known wheel slip 

equilibrium point and provides a wide range of adaptability using a simplified control algorithm. 

3. SYSTEM DESIGN 

3.1 Dynamic Motion Equations of Braking Vehicle 

A quarter car model (or single tire model) shown in Figure 1 is used to describe the dynamic motion of a braking 

vehicle. Hence, the equations representing its dynamic behaviors are presented for a straight-line braking car. The 

assumptions made regarding the braking car are:  

a) The car's deceleration occurs on a straight path and can be described by linear motion equations. 

b) The car's movement in vertical and lateral directions is negligible. 

c) The car brakes with the speed of 30 ms-1 at the initial stage on a straight path.  

The dynamic equations of the braking vehicle with respect to Figure 1 are given in terms of frictional force, vehicle 

forward motion, rotational dynamic of the wheel, actuator dynamic, tire-friction dynamic, and slip equation. 
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Figure 1. Single tire description 

The frictional force equation can be described by: 

𝐹𝑇 = 𝜇(𝜆)𝑁𝑅 (1) 

where 𝜇(𝜆)stands for friction coefficient and depends on wheel slip, 𝑁𝑅 reaction force in Newton.  

During braking, the linear motion is determined in accordance with Newton's laws of motion and it is expressed in terms 

of the summation of the forces acting on the vehicle by: 

∑𝐹 ≥ 𝐹𝑇 + 𝐹𝑑  , ∑𝐹 = 𝑚𝑎 (2) 

where a is the vehicle's acceleration in ms-2, m stands for the vehicle's mass, and Fd is the vehicle's aerodynamics. Thus, 

the vehicle's deceleration is given by: 

𝑎 = −
1

𝑚
[𝜇(𝜆)𝑁𝑅 +

1

2
𝐴𝐷𝐶𝑣2] (3) 

where 
1

2
𝐴𝐷𝐶𝑣2 is the aerodynamic drag force expression with A, C, D, and v representing the projected area of the vehicle, 

drag coefficient, air density, and braking speed in ms-1. Expressing Equation (3) in terms of braking speed gives: 

𝑣̇ = −
1

𝑚
[𝜇(𝜆)𝑁𝑅 +

1

2
𝐴𝐷𝐶𝑣2] (4) 

As the vehicle exhibits translational motion while decelerating to a halt, the wheel rotates such that its rotational dynamic 

is defined by: 

𝜔̇ =
1

𝐽
[𝑟𝜇(𝜆)𝑁𝑅 − 𝑓𝑤𝜔 − 𝑇𝑏(𝑠𝑖𝑔𝑛(𝜔))] (5) 

where 𝜔 is the wheel's angular speed, J stands for the moment of inertia of the vehicle, r represents the radius of the 

wheel, 𝑓𝑤 stands for viscous friction of the wheel and 𝑇𝑏  represents braking torque.  

A transfer function of the first order dynamic is used to describe the hydraulic brake actuator and is defined in [1,5,30] 

as: 

𝐺(𝑠) =
𝑘

𝜏𝑠 + 1
 (6) 

where 𝑘 stands for the braking gain and depends on different quantities such as brake radius, the friction coefficient of 

the brake pad, the number of pads and brake temperature [31]. Introducing a time delay function 𝑒−𝑠𝜏 into Equation (6) 

for fluid lag or delay compensation gives [1,5]: 

𝑇𝑏 = 𝑒−𝑠𝜏
𝑘

𝜏𝑠 + 1
𝑇𝑟𝑒𝑓 ,    𝑤ℎ𝑒𝑟𝑒 𝐺(𝑠) =

𝑇𝑏
𝑇𝑟𝑒𝑓

 (7) 

In this paper, a limit 𝑇𝑚𝑎𝑥 = 4000 Nm constranied to 0 < 𝑇𝑏 < 𝑇𝑚𝑎𝑥 is considered for the maximum braking torque [32]. 

Figure 2 is the actuator's model in Simulink.  

 

 

Figure 2. Actuator model in Simulink  
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For the friction between the tire and the road surface, the well-known Pacejka friction model is used to describe the 

tire-road friction relationship. The friction equation has proven to properly conform to experimental data with regard to 

some angular and linear velocity conditions [33]. This friction equation is comprehensive and serves as one of the main 

employed in vehicle simulators in the market, such as BikeSim, CarSim, and Adams/Tyre [34]. It is defined by: 

𝜇𝑥 = 𝑎(1 − 𝑒−𝑏𝜆 − 𝑐𝜆) (8) 

where the parameters 𝑎, 𝑏, and 𝑐 are constants of the model and 𝜆 is the wheel slip. These constants are respectively 

defined for various road conditions in Table 1. Figure 3 is the block diagram description of the Pacejka friction equation. 

Table 1. Definition of the constants in Pacejka friction equation [34] 

Condition of road surface a b c 

Dry asphalt  1.28 23.99 0.52 

Wet asphalt 0.86 33.82 0.35 

Cobblestone 1.37 6.46 0.67 

Snow 0.19 94.13 0.06 

 

 

Figure 3. Block diagram of Pacejka friction equation 

For a vehicle, the wheel slip equation is represented as follows: 

𝜆 =
𝑣 − 𝑟𝜔

𝑣
 (9) 

Braking torque 𝑇𝑏 , which is the input is not directly linked to 𝜆 (the output), as shown in Equation (9). However, the 

application of the first principle of differentiation to Equation (9), see details in [1], gives: 

𝜆̇ = −
1

𝑣
(
𝜔

𝑚𝑣
+
𝑟2

𝐽
) 𝜇(𝜆)𝑁𝑅 +

𝑟

𝐽𝑣
𝑇𝑏  (10) 

where 𝑇𝑏  is the control input and is equal to the controller's control action. Figure 4 and Table 2 present the Simulink 

model of the quarter car dynamic and the description of the parameters. The Simulink model incorporates the air drag 

force 
1

2
𝐴𝐷𝐶𝑣2 and the wheel's viscous friction 𝑓𝑤. 

 

Figure 4. Simulink model of a quarter-car 
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Table 2. Definition of quarter car parameters [9,32,35] 

Definition Representation Assigned value 

Mass of the quarter car m 447.5 kg 

Wheel radius r 0.308 m 

Moment of inertia J 1.7kg.m2 

Wheel viscous coefficient fw 0.08 Nms.rad-1 

Hydraulic time constant  τ 0.0143 s 

Acceleration due to gravity g 9.81 ms-2 

Reference slip λr 10% 

Pole of actuator P 70 

Gain of hydraulic actuator k 1.0 

Speed of vehicle at initial stage vo 30 ms-1 

Projected area A 2.04 m2 

Air density D 1.225 kgm-3 

Drag coefficient C 0.539 

3.2 Wheel Slip Equilibrium Point Analysis 

In this subsection, the transient behavior and condition for the equilibrium point regarding slip dynamics are presented. 

The control design strategy for ABS is centered on maintaining the wheel slip 𝜆 as closed as possible to a desired slip 𝜆𝑟. 

In [36], a linear transformation of the slip dynamic was performed with respect to the transient behavior and equilibrium 

condition. The non-linear friction curve was linearized around its optimum value, which is the equilibrium or operating 

point of wheel slip in ABS. An approximate friction coefficient: 𝜇 = 𝑚𝑖𝜆, was achieved from the linearization. Where 

𝑚𝑖 is the friction curve gradient at the desired operating point [37]. The dynamics of the linearized slip is given by [36]: 

𝜆̇ = −
𝑟2

𝐽𝑣
𝜇(𝜆)𝑁𝑅 +

𝑟

𝐽𝑣
𝑇𝑏  (11) 

Taking the Laplace transform of Equation (11) and assuming zero initial condition gives: 

𝐺𝑝(𝑠) =
𝜆(𝑠)

𝑇𝑏(𝑠)
=

𝑟
𝐽𝑣

𝑠 +
𝑟2

𝐽𝑣
𝑁𝑅𝑚𝑖

 (12) 

Thus, from Equation (12), a pole exists and it is given by: 

𝑠 = −
𝑟2

𝐽𝑣
𝑁𝑅𝑚𝑖 (13) 

  

 

Figure 5. Simulated wheel slip equilibrium point at with varying 𝒎𝒊 

From Equation (13), it can be seen that system stability within the equilibrium point depends on the gradient of the 

friction curve 𝑚𝑖. Therefore, the following analysis holds around the operating point. Considering linear approximation, 

if 𝑚𝑖 < 0, pole lies on the right-hand side (RHS) of the s-plane, which indicates instability. On the other hand, for 𝑚𝑖 >
0, the pole lies on the left-hand side (LHS) of the s-plane and this indicates stability [36].  
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It should be noted that the expression in Equation (12) is a first-order system, which has also been established for a 

single-tire model for ABS in aircraft braking control [38]. Therefore, considering the fact that the approximated first-

order model of the wheel slip can be conveniently used to describe the operating point of wheel slip and define system 

stability and reference slip tracking, this paper evaluates the effectiveness of this model for a given value of optimal wheel 

slip performance of 10% by varying 𝑚𝑖 as shown in Figure 5. The step response plots in Figure 5 were obtained 

considering the linearized wheel slip first-order model around the equilibrium point in Equation (12). Substituting the 

values of the vehicle parameters in Table 2, the values of 𝑚𝑖 was varied from 0.1 to 0.22 to give the following expressions: 

𝐺𝑝(𝑠) =

{
 
 
 
 

 
 
 
 𝐺1(𝑠) =

0.1812

𝑠 + 0.8166
, 𝑚𝑖 = 0.10

𝐺2(𝑠) =
0.1812

𝑠 + 0.9799
, 𝑚𝑖 = 0.12

𝐺3(𝑠) =
0.1812

𝑠 + 1.225
, 𝑚𝑖 = 0.15

𝐺4(𝑠) =
0.1812

𝑠 + 1.633
, 𝑚𝑖 = 0.20

𝐺5(𝑠) =
0.1812

𝑠 + 1.796
, 𝑚𝑖 = 0.22

 (14) 

Since the objective is to design a controller that will achieve an optimal wheel slip of 10% (or 0.1), at 𝑚𝑖 = 0.22, this 

was achieved and the corresponding first order transfer function 𝐺5(𝑠) was taken as the reference model for the ABS. 

3.3 Adaptation Mechanism 

Given an actual slip 𝜆 and a reference wheel slip model 𝜆𝑚, the difference between them is defined as the tracking 

error 𝑒 given by: 

𝑒 = 𝜆 − 𝜆𝑚 (15) 

The cost function is defined by: 

𝐽(𝜃) =
1

2
(𝜆 − 𝜆𝑚)

2 =
1

2
𝑒2 (16) 

where 𝐽(𝜃) is the cost function. The cost function can be minimized such that the rate of change in 𝜃 is maintained in the 

direction of the negative gradient of 𝐽 [39,40] and this is mathematically defined by: 

𝜃̇ = −𝛾
𝜕𝐽

𝜕𝜃
= −𝛾𝑒

𝜕𝑒

𝜕𝜃
 (17) 

The expression established in Equation (17) is the rate of change in 𝜃 so as to minimize the cost function 𝐽(𝜃) to zero. 

In addition, 𝜕𝑒 𝜕𝜃⁄  is called the sensitivity derivative, 𝛾 is a positive value that represents a gain of the adaptation 

mechanism.  

Assuming the ABS is a linear process with transfer function 𝜑𝐺(𝑠), where 𝜑 is an unknown parameter, then the reference 

model 𝐺5(𝑠) replaced with 𝐺𝑚(𝑠) is defined by:  

𝐺𝑚(𝑠) = 𝜑𝑜𝐺(𝑠) (18) 

where 𝜑𝑜 is a known scalar multiplication of 𝐺(𝑠), which is taken as the plant model. Thus, the error given in Equation 

(15) can be rewritten as a transfer function in s-domain by: 

𝐸(𝑠) = 𝜑𝐺(𝑠)𝑈(𝑠) − 𝜑𝑜𝐺(𝑠)𝑈𝑐(𝑠) (19) 

where 𝜑𝐺(𝑠)𝑈(𝑠) = 𝜆(s), 𝜑𝑜𝐺(𝑠)𝑈𝑐(𝑠) = 𝜆𝑚(𝑠), and  𝑈(𝑠), 𝑈𝑐(𝑠) are the control inputs to the system and the reference 

model respectively. Thus, the control of the system can be further defined by: 

 𝑈(𝑠) = 𝜃𝑈𝑐(𝑠) (20) 

 The substitution of Equation (20) into Equation (19) and taking the partial derivative gives the expression in Equation 

(21), which is equal to the sensitivity derivative. 

𝜕𝐸(𝑠)

𝜕𝜃
= 𝜑𝐺(𝑠)𝑈𝑐(𝑠) =

𝜑

𝜑𝑜
𝜆𝑚 (21) 

Substituting Equation (21) into Equation (17) gives: 

𝜃̇ = −𝛾𝑒 ×
𝜑

𝜑𝑜
𝜆𝑚 = −𝑦′𝑒𝜆𝑚 (22) 

or 

𝜃 = −∫𝑦′𝑒𝜆𝑚  𝑑𝑡 (23) 
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where 𝑦′ =  𝛾
𝜑

𝜑𝑜
 is the update law for 𝜃 (adjustment parameter) and stands for the adjustment mechanism of the adaptive 

controller. The adaptation gain was found to be in the range of  50 ≤ 𝛾 ≤ 250. This range of adaption gain was 

determined from various simulation trials conducted by substituting different positive values to ascertain the value(s) that 

provide good control system response performance and reach the setpoint or target wheel slip ratio of 10% (or 0.1) on 

different road surface conditions. The simulation tests indicated that with selected gains of 50 to 250, the setpoint wheel 

slip was tracked by the controller with good response performance.  

3.4 PID Algorithm 

The PID controller combines three algorithms: proportional (P), integral (I) and derivative (D), by leveraging their 

strengths and weaknesses to achieve optimal control action. The mathematical model of the PID algorithm is defined by: 

𝐺𝑝𝑖𝑑 (𝑠) = 𝑘𝑝 +
1

𝑠
𝑘𝑖 + 𝑘𝑑𝑠 (24) 

Equation (24) is an ideal PID controller, which is usually improved by adding a filter to its derivative element. The 

improved PID is called real PID and it is given by [41]:   

𝐺𝑝𝑖𝑑 (𝑠) = 𝑘𝑝 +
1

𝑠
𝑘𝑖 + 𝑘𝑑 (

𝑁

1 + 𝑁 𝑠⁄
) (25) 

where 𝑘𝑝 is the proportional gain, 𝑘𝑖 is the integral gain, 𝑘𝑑 is the derivative gain, and 𝑁 is the filter coefficient. The PID 

controller implemented in this work is a discrete-time PID controller like in [1,5,8], which is approximate of the 

continuous time PID in Equation (25) and it is given by: 

𝐺𝑝𝑖𝑑 (𝑠) = 𝑘𝑝 + 𝑘𝑖
𝑇𝑠

𝑧 − 1
+ 𝑘𝑑

𝑁

1 + 𝑁𝑇𝑠
1

𝑧 − 1

 (26) 

Equation (26) can be simplified as follows: 

𝐺𝑝𝑖𝑑 (𝑠) = 𝑘𝑝 + 𝑘𝑖
𝑇𝑠

𝑧 − 1
+ 𝑘𝑑

𝑁(𝑧 − 1)

𝑧 − 1 + 𝑁𝑇𝑠
= 20 +

0.5

𝑧 − 1
+
10(𝑧 − 1)

𝑧 − 0.95
 (27) 

where 𝑘𝑝 = 20, 𝑘𝑖 = 100, 𝑘𝑑 = 1, 𝑁 = 10, and sampling time, 𝑇𝑠 = 0.005 𝑠. These values were carefully selected after 

several simulation trials. The reason for the large integral gain compared to the proportional and derivative gains is to 

ensure that the presence of a steady-state error due to the effect of the increase in wheel slip is swiftly eliminated to reach 

the setpoint slip by the control system as soon as possible. This is because the control signal will be driven faster to 

eliminate error by an integral term with a large gain (𝑘𝑖) than an integral term with a low gain when the steady-state error 

occurs [42]. The sampling time 0.005 s was basically used to convert the PID controller from continuous time to discrete 

time and this value has been used in [43,44] for discrete time approximation of event-based fractional order controller 

and PD controller, respectively.  

 

Figure 6. Proposed model of wheel slip control for ABS 

The implemented discrete time PID controller is defined in Equation (27). Also, For the purpose of simulation to 

ensure perfect tracking of the reference or desired wheel slip of 10%, a constant value of 10 was used to multiply the 

reference slip model, as shown in Figure 6. It should be noted that the majority of road surfaces are considered to have an 

optimal wheel slip ratio of approximately 0.1 to 0.3 [24]. Also, an essential requirement of the ABS controller is to achieve 

a wheel slip ratio of 0.08 to 0.18 for dry, wet and icy road surface conditions [18]. Thus, in this work, the control objective 
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of the proposed controller is to maintain a wheel slip of 0.1 on all road surfaces. In [5], the conventional PID controller 

in Equation (28), whose parameters where 𝑘𝑝 = 2000, 𝑘𝑖 = 100000, 𝑘𝑑 = 1, 𝑁 = 10, and sampling time, 𝑇𝑠 = 0.005 𝑠 

was used to achieve slip control and it is used to carry out a comparison with the proposed first-order wheel slip model 

reference control-based PID controller.    

𝐺𝑝𝑖𝑑 (𝑍) = 2000 +
500

𝑧 − 1
+
10(𝑧 − 1)

𝑧 − 0.9
  (28) 

4. SIMULATION RESULTS 

The results obtained from simulation analysis conducted in MATLAB/Simulink environment are presented in this 

section. The system performance analysis was evaluated in terms of varying adaptation gain for different road surface 

conditions, as shown in Table 1. The parameters considered are the time domain transient characteristics of the wheel in 

terms of rise time, settling time, peak time, overshoot, and steady-state error. Other response performances are the 

stopping distance, vehicle braking velocity (speed), and braking torque. The simulation plots obtained when the adaptation 

gain is 50 are shown in Figures 7(a)-(d). Similarly, for other adaptation gains: 100, 150, 200 and 250, the simulation plots 

are shown in Figures 8(a)-(d), Figures 9(a)-(d), Figures 10(a)-(d), and Figures 11(a)-(d), respectively. The numerical 

evaluation of the plots is presented in Tables 3 and 4. Simulation comparison plots and numerical values with previously 

implemented PID control systems are shown in Figure 12 and Table 5. 

The legends are defined as follows: RSM –reference slip model, DRS –dry-asphalt road slip, WRS –wet-asphalt road 

slip, CSRS –cobblestone road slip, SRS –snow road slip, DRSD –dry-asphalt road stopping distance, WRSD –wet-asphalt 

road stopping distance, CSRSD –cobblestone road stopping distance, SRSD –snow road stopping distance, DRBV – dry-

asphalt road braking velocity, WRBV –wet-asphalt road braking velocity, CSRBV –cobblestone road braking velocity, 

SRBV –snow road braking velocity, DRBT –dry-asphalt road braking torque, WRBT –wet-asphalt road braking torque, 

CSRBT –cobblestone road braking torque, and SRBT –snow road braking torque. 

  
(a) (b) 

  

  
(c) (d) 

      Figure 7. Simulation plots for adaptation gain = 50: (a) wheel slip response, (b) stopping distance, (c) vehicle 

braking velocity, and (d) braking torque     
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(a) (b) 

  

  
(c) (d) 

      Figure 8. Simulation plots for adaptation gain = 100: (a) wheel slip response, (b) stopping distance, (c) vehicle 

braking velocity, and (d) braking torque 

           

  
(a) (b) 

  

  
(c) (d) 

      Figure 9. Simulation plots for adaptation gain = 150: (a) wheel slip response, (b) stopping distance, (c) vehicle 

braking velocity, and (d) braking torque               
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      Figure 10. Simulation plots for adaptation gain = 200: (a) wheel slip response, (b) stopping distance, (c) vehicle 

braking velocity, and (d) braking torque               

  
(a) (b) 

  

  
(c) (d) 

      Figure 11. Simulation plots for adaptation gain = 250: (a) wheel slip response, (b) stopping distance, (c) vehicle 

braking velocity, and (d) braking torque    
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Figure 12. Simulation plots for wheel slip performance comparison of the proposed system and conventional PID  

 

Table 3. Performance of ABS for different adaptation gain  

Performance parameter Dry asphalt Wet asphalt Cobblestone  Snow 

Adaptation gain (𝛾) = 50 

SR DRS = 0.1 WRS = 0.1 CSRS = 0.1 SRS = 0.1 

SD (m) DRSD = 77.3 WRSD = 82.06 CSRSD = 90.83 SRSD = 100.5 

BV (ms-1) DRBV = 0.68 WRBV = 5.71 CSRBV = 12.08 SRBV = 19.9 

BT (Nm) DRBT = 1537 WRBT = 1121 CSRBT = 782 SRBT = 263 

Adaptation gain (𝛾) = 100 

SR DRS = 0.1 WRS = 0.1 CSRS = 0.1 SRS = 0.1 

SD (m) DRSD = 67.88 WRSD = 73.76 CSRSD = 82.75 SRSD = 92.67 

BV (ms-1) DRBV = 0.58 WRBV = 6.19 CSRBV = 12.55 SRBV = 20.54 

BT (Nm) DRBT = 1537 WRBT = 1121 CSRBT = 783.6 SRBT = 263 

Adaptation gain (𝛾) = 150 

SR DRS = 0.1 WRS = 0.1 CSRS = 0.1 SRS = 0.1 

SD (m) DRSD = 63.57 WRSD = 70.04 CSRSD = 78.94 SRSD = 89.02 

BV (ms-1) DRBV = 0.5 WRBV = 6.46 CSRBV = 12.81 SRBV = 20.84 

BT (Nm) DRBT = 1537 WRBT = 1121 CSRBT = 783.8 SRBT = 263 

Adaptation gain (𝛾) = 200 

SR DRS = 0.1 WRS = 0.1 CSRS = 0.1 SRS = 0.1 

SD (m) DRSD = 60.99 WRSD = 67.78 CSRSD = 76.72 SRSD = 86.81 

BV (ms-1) DRBV = 0.5 WRBV = 6.62 CSRBV = 13.01 SRBV = 21.02 

BT (Nm) DRBT = 1537 WRBT = 1121 CSRBT = 783.7 SRBT = 263 

Adaptation gain (𝛾) = 250 

SR DRS = 0.1 WRS = 0.1 CSRS = 0.1 SRS = 0.1 

SD (m) DRSD = 59.22 WRSD = 66.24 CSRSD = 75.29 SRSD = 85.31 

BV (ms-1) DRBV = 0.562 WRBV = 6.72 CSRBV = 13.1 SRBV = 21.14 

BT (Nm) DRBT = 1537 WRBT = 1121 CSRBT = 783.7 SRBT = 263 

 Note: BT (braking torque), BV (braking velocity), SR (slip ratio), SD (stopping distance),  

 

Table 4. Time domain performance parameters of ABS response for different adaptation gain  

Performance characteristics Dry asphalt Wet asphalt Cobblestone Snow 

Adaptation gain (𝛾) = 50 

Rise time (s) 1.778 1.295 1.845 0.451 

Settling time (s) 3.215 2.465 3.210 2.939 

Peak time (s) 4.000 2.705 4.000 1.395 

Overshoot (%) 0.000 0.275 0.000 23.032 

Steady-state error 0.000 0.000 0.000 0.000 
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Table 4. (cont.)  

Performance characteristics Dry asphalt Wet asphalt Cobblestone Snow  

Adaptation gain (𝛾) = 100 

Rise time (s) 1.346 0.895 1.432 0.337 

Settling time (s) 2.577 1.895 2.601 2.380 

Peak time (s) 3.647 4.000 4.000 1.080 

Overshoot (%) 0.000 0.000 0.000 13.96 

Steady-state error 0.000 0.000 0.000 0.000 

Adaptation gain (𝛾) = 150 

Rise time (s) 1.144 0.854 1.257 0.332 

Settling time (s) 2.189 1.717 2.340 2.115 

Peak time (s) 3.486 3.486 3.486 0.930 

Overshoot (%) 0.000 0.000 0.000 7.777 

Steady-state error 0.000 0.000 0.000 0.000 

Adaptation gain (𝛾) = 200 

Rise time (s) 1.029 0.783 1.167 0.312 

Settling time (s) 1.995 1.946 2.234 1.950 

Peak time (s) 3.375 3.390 3.390 0.835 

Overshoot (%) 0.042 0.000 0.000 3.002 

Steady-state error 0.000 0.000 0.000 0.000 

Adaptation gain (𝛾) = 250 

Rise time (s) 0.974 0.739 1.115 0.300 

Settling time (s) 2.164 1.963 2.181 1.834 

Peak time (s) 3.325 3.326 3.326 3.326 

Overshoot (%) 0.000 0.000 0.000 0.000 

Steady-state error 0.000 0.000 0.000 0.000 

 

Table 5. Time domain performance comparison of the proposed system and conventional PID control system  

Performance 

characteristics 
Dry asphalt Wet asphalt Cobblestone Snow 

AFOWS-MRAC-PID controller (𝛾 = 250) 

Rise time (s) 0.955 0.735 1.095 0.298 

Settling time (s) 1.892 1.880 2.070 1.807 

Peak time (s) 2.724 2.724 2.724 2.510 

Overshoot (%) 0.000 0.000 0.000 0.039 

Steady-state error 0.000 0.000 0.000 0.000 

PID controller 

Rise time (s) 0.208 0.142 0.114 0.047 

Settling time (s) 0.492 1.762 0.270 2.723 

Peak time (s) 0.335 0.220 0.220 2.550 

Overshoot (%) 7.870 34.351 3.676 183.773 

Steady-state error 0.000 0.000 0.000 0.030 

The simulation results shown in Figures 7 to 11 for wheel slip ratios, stopping distances, vehicle braking velocity, and 

braking torques with the proposed AFOWS-MRAC-PID controller revealed its ability to track the desired wheel slip and 

achieve 10% (or 0.1) slip ratio for the range of adaptation gains under simulation time of 4 s. The summary of the 

numerical analyses obtained from the plots shown in Table 3 indicates that for braking on road surfaces (dry, wet, 

cobblestone, and snow), all the adaptation gains yielded a 10% slip. With adaptation gains 50, 100, 150, 200, and 250 

implemented for dry asphalt, the stopping distances are: (77.3 m, 67.88 m, 63.57 m, 60.99 m, and 59.22 m), the vehicle 

braking velocities are: (0.68 ms-1, 0.578 ms-1, 0.5 ms-1, 0.5 ms-1, and 0.56 ms-1), and the braking torque remains the same 

as 1537 Nm in all cases. With braking on wet asphalt for the different adaptation gains 50, 100, 150, 200, and 250, the 

stopping distances are: (82.06 m, 73.76 m, 70.04 m, 67.78, and 66.24 m), the vehicle braking velocities are: (5.711 ms-1, 

6.19 ms-1, 6.46 ms-1, 6.62 ms-1, and 6.72 ms-1), and the braking torque remains 1121 Nm in all cases. On cobblestone, for 
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different adaptation gains 50, 100, 150, 200, and 250, the stopping distances are: (90.83 m, 82.75 m, 78.94 m, 76.72 m, 

and 75.29 m), the vehicle braking velocities are: (12.08 ms-1, 12.55 ms-1, 12.81 ms-1, 13.01 ms-1, and 13.1 ms-1), and the 

braking torque in all cases is 783.7 N.m. Considering braking on snow road surface, for 50, 100, 150, 200, and 250 

adaptation gains, the stopping distances are: (100.5 m, 92.67 m, 89.02 m, 86.81 m, and 85.31 m), the vehicle braking 

velocities are: (19.9 ms-1, 20.54 ms-1, 20.84 ms-1, 21.02 ms-1, and 21.14 ms-1), and the braking torque is 263 Nm in all 

cases. From the numerical analyses, a 10% wheel slip ratio was achieved by the controller during braking on all road 

surface conditions considered. Nevertheless, the performance parameters, such as stopping distances, vehicle braking 

velocities, and braking torques, were different with respect to road surfaces. With respect to stopping distances, vehicle 

braking velocities, and braking torques for the different adaptation gains, the finest performance was achieved on dry 

road surfaces, while the least was recorded on snow road surfaces. In Table 4, the time domain response performances 

revealed that the best results in terms of rise time, settling time and peak time at reduced overshoot were achieved for an 

adaptation gain of 250.  

In Figure 12 and Table 5, the wheel slip responses of the proposed controller on different road surfaces with an 

adaptation gain of 250 were compared with that of the conventional PID controller from previous studies under a 

simulation time of 3 s. The adaptation gain 250 was used for the comparison because it is the value that yielded the best 

performance amongst other adaptation gains. Thus, looking at Figure 12, it can be seen that the PID controller suffers 

from high oscillation in wet and snow road surfaces. The numerical analysis in Table 5 shows that the PID controller 

yielded better rise time and settling time on road surfaces than the proposed controller, but on snow road surfaces, it 

achieved a final wheel slip of 0.07, resulting in a steady state error of 0.03. Furthermore, the PID controller shows good 

performance on dry and cobblestone road surfaces but with the presence of slight oscillation (or instability) during 

emergency braking. The proposed controller achieved the desired wheel slip on all road surfaces and showed no 

oscillation during emergency braking in all cases using an adaptation gain of 250. Hence, with this ability to provide 

robust control by tracking the desired wheel slip for all road surfaces with no oscillation, the proposed controller 

outperformed the conventional PID control system.  

Generally, the proposed AFOWS-MRAC-PID controller yielded an optimal wheel slip of 0.1 on all road surfaces with 

respect to the different adaptation gains. The controller utilized the highest braking torque of 1537 Nm on dry road 

surfaces, while the least (263 Nm) was used on snow road surfaces. This can be said to be the reason for achieving the 

best stopping distance and vehicle braking (or stopping) velocity on dry road surfaces and the least on snow road surfaces.   

However, while the controller achieved good transient response performance on all road surfaces, in the case of snow 

road surface, the ABS experienced high oscillation in terms of overshoot (23.032% and 13.96%) for adaptation gains of 

50 and 100. With adaptation gains of 150, 200 and 250, the overshoot for the oscillation (instability), which initially 

occurs in the ABS during braking on the snow road surface, was reduced to 7.777%, 3.002% and 0, respectively. Looking 

at Tables 3 and 4, it can be seen that the controller provided the best performance in terms of stopping distance, vehicle 

braking velocity, braking torque, rise time, settling time, and overshoot on all road surfaces when adaptation gain was 

250.      

5. CONCLUSIONS             

In this paper, a first attempt has been made to control and achieve optimal wheel slip tracking of 10% in ABS using 

an MRAC-based PID controller centered on the concept of wheel slip equilibrium point. The technique involves ensuring 

that the entire nonlinear model of wheel slip in ABS control is conditioned to follow the behavior of the approximated 

wheel slip model for optimal tracking and good hard braking performance. The controller uses a range of adaptation gains 

to achieve good wheel slip control performance. It should be noted that the primary aim of the controller is to achieve a 

10% slip. However, the overshoot of 23.032% was achieved on the snow road surface when the adaptation gain was 50. 

This does not in any way cancel the effectiveness of the proposed system since other gains can be implemented in any 

case within the defined range to replace adaptation gain 50. This is one of the reasons for the thorough simulation being 

carried out to establish a good range of gains for the system's effectiveness. Compared with the performance of the 

conventional PID controller given in Equation (28), which has been implemented in [5], AFOWS-MRAC-PID yielded 

better transient response performance and stability in terms of overshoot, especially on wet and snow road surfaces. Future 

studies intend to incorporate intelligent algorithms into the control loop to ensure that the associated high overshoots 

using some of the adaptation gains are eliminated. Alternatively, further investigation can be carried out by further tuning 

the PID controller or by simply implementing the adaptation gains 150, 200, and 250 only to adjust the PID controller. 

Authors are currently working on substituting the classical PID controller with an intelligent tuned algorithm such as a 

fuzzy logic controller for the Approximate First Order Wheel Slip Model Reference Adaptive Control.   
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