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INTRODUCTION 
Many academics have stated that sea levels have increased dramatically during the last century and that they are rising 

even faster currently than in the previous two millenniums. One of the most important environmental problems in the 
twenty-first century is the possible consequence of accelerating sea level rise [1,2]. Sandakan has the most low-lying land 
area of the 23 districts in Malaysia's state of Sabah. Future sea level rise is anticipated to wreak havoc on Malaysia's east 
coast coastal systems, causing inundation, floods, and erosion, notably along the Sandakan coast [3]. The population and 
amenities of the Sandakan coastal area include a water village settlement, port and harbour facilities, a coastal highway, 
and major industrial buildings [4]. Thus, the improvement of the sea level prediction models is necessary to enhance the 
management of the sea level and also evolve and employ ocean-based alternative energy technologies in Sandakan. 

In Malaysia, methods such as Autoregressive Integrated Moving Average [5], Regression Vector Support Machine 
[6], and Trend Analysis[7,8] are employed to predict sea level time series data. Most approaches, however, require some 
factors that influence sea level rises, such as sea surface temperature, salinity, density, surface air pressure, wind speed, 
and total cloud cover [5]. Furthermore, the methods used involve long-term data, which poses the potential of data loss. 
Therefore, an alternative approach is necessary to address this issue. As a result, a chaotic approach is proposed. The 
chaotic approach analyses and predicts time series data with only one variable and is also reliable for short-term prediction 
[9]. 

In recent years, the chaos method gained higher consideration and has been considered for use in mathematical 
modelling. The chaotic method was successfully applied in modelling sea level [10], ozone [11], particulate matter [12] 
and river flow [13].  In Malaysia, various studies have been carried out successfully using a chaotic approach, such as 
time series of ozone[9,14], carbon monoxide[15], temperature [16], and water level  [17,18]. So far as the authors are 
aware, a lack of study on sea level data through the chaotic approach has been done in Malaysia. As a result, this research 
will help to improve the use of the chaotic approach for mathematical modelling in Malaysia. 

In general, chaotic analysis is divided into two particular parts: identifying the chaotic nature of sea level data and 
forecasting the time series of sea level data. The Cao method and the phase space diagram have been used to identify the 
presence of chaotic dynamics in sea level data. The prediction model would be fabricated using the chaotic approach once 
the existence of a chaotic nature was established. To forecast the observed data, the basic technique of the chaotic 
approach, namely the local linear approximation approach, has been used. 

ABSTRACT – Predicting sea level is crucial since the rising of sea levels can cause flood, 
inundation and coastal erosion. This study investigates the potential of the chaotic model to 
forecast the future sea level in Malaysian Borneo (Sabah). The studied data is an hourly time series 
of water level collected at the particular benchmark location (station 74003) in the district of 
Sandakan, Sabah. This study employed 5136 time series data from June 2017 to November 2017. 
The research goals are to discover the existence of chaotic dynamics by reconstructing the multi-
dimensional phase space and Cao method, and to predict future water level data using the local 
linear approximation approach. The outcome reveals that the correlation coefficient betwixt actual 
and forecasted data is 0.9228 which is close to 1. It thus reveals the reliability of the prediction 
method for forecasting the sea level time series data, as well as encouraging indication that the 
chaotic approach is appropriate to a time series of Malaysian sea level. In implication, these 
findings are expected to help agencies, particularly the Malaysian Department of Survey and 
Mapping (JUPEM), organise better sea-level management. 
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METHODOLOGY 
Time series data 

The interest area of this study is Sandakan, Sabah tidal gauge station 74003. Figure 1 shows the study region, which 
is denoted by the green oval.  

 Figure 1. Existing tidal gauge station in East Malaysia. 

The time series of sea level data was observed and recorded hourly and were collected over six months, beginning on 
1st June 2017 and ending on 31st November 2017. The 5136 data were presented in the scalar form of a one-dimensional 
vector: 

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,…,𝑥𝑥5136} (1) 

Training data was taken from the first 5 months of data, which totalled 4392 records where: 

𝑋𝑋𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,…….𝑥𝑥4392} (2) 

Meanwhile, the last 744 data (November), 

𝑋𝑋𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = {𝑥𝑥4393, 𝑥𝑥4394, 𝑥𝑥4395,…….𝑥𝑥5136} (3) 

were preserved to test the prediction performance. 

Chaotic approach 
The construction of a phase space diagram can reveal the existence of the chaotic dynamics in data. It is depicted by 

the presence of an attractor on the plot. The phase space is reconstructed by using (2). According to Takens [19], the 
reconstruction of the phase space is in the form of: 

𝑌𝑌𝑡𝑡𝑑𝑑 = �𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡+𝜏𝜏, 𝑥𝑥𝑡𝑡+2𝜏𝜏, 𝑥𝑥𝑡𝑡+3𝜏𝜏, … . , 𝑥𝑥𝑡𝑡+(𝑑𝑑−𝜏𝜏)� (4) 

Two parameters i.e. the delay time, τ  and the minimum embedding dimension, d  must first be determined. The average 
mutual information method was used in this study to identify the appropriate time delay of the dynamic system 
meanwhile, the Cao method is used to determine the minimum embedding dimension. 

Average Mutual Information method 
The Average Mutual Information function (AMI), as defined by Fraser and Swinney [20], is as follows: 
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𝑝𝑝(𝑢𝑢𝑡𝑡)  and  𝑝𝑝(𝑢𝑢𝑡𝑡 + 𝑇𝑇)  are the probability to obtain  𝑢𝑢𝑡𝑡  and  𝑢𝑢𝑡𝑡 + 𝑇𝑇   respectively on  𝑋𝑋𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , whereas  𝑝𝑝(𝑢𝑢𝑡𝑡 ,𝑢𝑢𝑡𝑡 + 𝑇𝑇) 
is the joint probability of  𝑝𝑝(𝑢𝑢𝑡𝑡)  and 𝑝𝑝(𝑢𝑢𝑡𝑡 + 𝑇𝑇). The graph 𝑇𝑇 is plotted against 𝐼𝐼(𝑇𝑇) and τ  is the first minimum 𝑇𝑇 that 
indicates the minimum value 𝐼𝐼(𝑇𝑇). 

Cao method 

     The value d  must be identified after the value τ  has been determined. According to Regonda et al.  [21], d  is the 
bare minimum number of factors needed in order to describe the dynamics of the data. The Cao method was chosen for 
computing d  in this study because, in addition to discovering the parameter d , it can also be used to determine the 
existence of chaotic nature [22]. The formula is defined as follows: 
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If )(1 dE  saturates once the value of d  is exceeding 0d , thus 10 +d  considered to be the minimum embedding 
dimension required [14]. Cao [22] also introduces the following equation: 
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The chaotic dynamics exist in the observational data series if there contains at least one d in which E2(d ) ≠ 1 . 

Prediction model 
In this study, the Local Linear Approximation Model (LLAM) was developed to forecast sea level time series. This 

model is successfully employed by Domenico et al. [10] and Zakaria et al. [17] in the research on river flow and sea level 
data, accordingly. For  LLAM, the training set (2) is used to form a linear equation 𝑌𝑌𝑡𝑡+1 = 𝐴𝐴𝑌𝑌𝑡𝑡 + 𝐵𝐵 . The parameters A 
and B are computed using the least square method. To predict 𝑥𝑥𝑡𝑡+1 ,the equation 𝑥𝑥𝑡𝑡 +1 = 𝐴𝐴𝑥𝑥𝑡𝑡 + 𝐵𝐵 is used with the actual 
value of 𝑥𝑥𝑡𝑡 . For instance, to predict 𝑥𝑥4310,𝑥𝑥4309 is used ( 𝑥𝑥4 31 0 = 𝐴𝐴𝑥𝑥4309 + 𝐵𝐵 ). 

RESULTS AND DISCUSSION 
Chaotic dynamics 

To depict the chaotic behaviour of the data, the phase space diagram of  {𝑥𝑥(𝑡𝑡), 𝑥𝑥(𝑡𝑡 + 𝜏𝜏)} was fabricated using  𝜏𝜏 = 3. 
Figure 2 reveals the reproduction of Sandakan sea level data applying {𝑥𝑥(𝑡𝑡), 𝑥𝑥(𝑡𝑡 + 3)}. The graph displays the occurrence 
of an attractor in the phase space diagram. The presence of an attractor proves the existence of chaotic dynamics in time 
series data [13]. Thus, this implies the time series observed are chaotic. 

15 journal.ump.edu.my/daam ◄ 
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Figure 2. Phase space plot. 

Moreover, this finding can be validated by the determination of )(2 dE  through Cao method. Figure 3 displays the 
result )(2 dE  which indicates the existence of 1)(2 ≠dE . The presence of 1)(2 ≠dE  demonstrates the existence of a 
chaotic nature in the empirical time series of sea level data [22]. 

Figure 3. )(2 dE . 

Average Mutual Information 
      As reported by Siek [23], the AMI approach is an effective method for calculating the value of τ wherebyτ  is the 
first minimum 𝑇𝑇 that indicates the minimum value 𝐼𝐼(𝑇𝑇). Figure 4 demonstrates the time delay, 3=τ . 
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Figure 4. Average Mutual Information result ( 3=τ ). 

Cao method 

Figure 5 illustrates the result )(1 dE . It is observed that after 50 =d , )(1 dE  begins to saturate within the value 0.9 
to 1.0. Thus, the minimum embedding dimension is 6=d  ( 10 +d ). As stated by Regonda et al.  [21], d  is the minimum 
number of factors that influence the dynamics of a time series. Hence, the findings show that at least six factors influence 
the observed time series of sea level in Sandakan. 

.

Figure 5. Embedding dimension, E1(d ) . 

Prediction result 

The LLAM model was fabricated by reconstructing equation (1) with 𝜏𝜏 = 3 and d  = 6 . This study performs one hour 
ahead prediction for one month (744 hours). The forecasting results are compared with the observed data (2) to assess the 
performance of the constructed model. The performance of the prediction model can be verified using the performance 
indicator, i.e. the coefficient of correlation (cc). Figure 6 depicted the prediction results of the sea level model through 
the LLAM. Apparently, this implies that the data trend can be predictable. The value of the cc is 0.9228 which is 
approaching 1. This explains that there exists a very strong relationship between experimental and forecasted values [24]. 
Hence, these findings prove that the LLAM is reliable and applicable for predicting sea level data. 

17 journal.ump.edu.my/daam ◄ 
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Figure 6. Observed versus predicted. 

CONCLUSION 
This finding reveals that the chaotic method is a proven method for forecasting the Sandakan sea level data series. 

The analysis fulfils all of the study's objectives, including identifying the existence of chaotic dynamics in the sea level 
data series at a particular area and forecasting sea level in a specific area through the chaotic model. The optimal delay 
time and embedding dimension for phase space reconstruction were defined using average mutual information and the 
Cao method. The phase space plot and the Cao method are used to detect chaotic behaviour in this study. The chaotic 
model, i.e. the LLAM has been employed to forecast the sea level data. The coefficient of correlation was used to evaluate 
the performance of the LLAM. The value of cc=0.9228 proves that the LLAM accurately predicts the observed Sandakan 
sea level time series. Conclusively, the current approach can theoretically be used for future prediction in a variety of 
other fields. 

The study is expected to help communities along the coast become more aware of devastating disasters such as flood 
events, coastal erosion, inundation, and casualties. It is expected that in future this study will support agencies, particularly 
the Malaysian Department of Mapping and Survey (JUPEM) and local entities, in measuring and managing sea levels. 
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