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INTRODUCTION 

Nowadays, there are many researchers which considered the theoretical relationship between group theory and graph 
theory. Based on this relationship, several graphs have been established in different ways according to the algebraic 
structure of the semi group, the group or the ring by using the properties of graph. For example, the directed power graph 
for the semi group has been defined in [1], and some results on the power graphs of the finite groups are investigated in 
[2]. Furthermore, the non-commuting graph of rings which is denoted by Γ  was defined in [3], and two vertices  and  
are adjacent whenever . While, the generalized of the conjugate graph Γ ,  has been  introduced in [4]. This 
graph whose vertices are all the non-central subsets of  with  elements and two distinct vertices  and  are adjacent 
if  for some ∈ . Then, some properties of this graph have been studied such as the chromatic and the 
independence numbers.  

Some of the researchers which studied the graph for the subgroup of a group, such as the coprime graph  of the 
subgroups of the group  has been defined in [5]. On the other hand, the nilpotent conjugacy class graph of the group  
has been provided in [6]. A paper by [7] discussed some properties of the coprime graph Γ  and classified all finite groups 
whose coprime graphs are projective. Moreover, the concept of the non-abelian tensor product for two groups which acts 
on each other provided the actions satisfying the compatibility conditions has been defined in [8]. Based on this concept, 
the compatible action graph for the nonabelian tensor product for finite cyclic groups of -power order where  is an odd 
prime has been introduced in [9]. This graph whose vertices set is the set of  and  with two distinct vertices 

 and ′ are adjacent if they are compatible on each other where	 ∈  and ′ ∈ .  In this paper, some 
properties of the compatible action graph for finite -groups have been studied into two cases which are, where  is an 
odd prime and  2. 

This paper is organized as follows: Some preliminary results on the compatible actions and compatible action graph 
with some fundamental concepts of graph theory that are needed in this research are presented in section two. While, the 
main results of this paper where  is an odd prime are given in section three, and where 2 are presented in section 
four. Lastly, the conclusions of this paper are stated in section five. 

PRELIMINARY RESULTS 

Some definitions and previous results on the compatible actions and compatible action graph with some fundamental 
concepts on the graph theory are presented in this section. We start with the definition of compatible actions which is 
given as follows.  

Definition 2.1 [8] 
 Let G and H be the groups which act on each other and each of which act on itself by conjugation. These mutual actions 
are said to be compatible if 	 	 			   and  	 	 			  for all , ∈  and , ∈ . 

ABSTRACT – In this paper, the compatible action graph for the finite cyclic groups of p-power 
order has been considered. The purpose of this study is to introduce some properties of the 
compatible action graph for finite p-groups. 
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      Next, the definition of the compatible action graph for the two finite cyclic groups of the -power order where  is an 
odd prime and 2. 

Definition 2.2 [9]  
Let G and H be two finite cyclic groups of the -power order where  is an odd prime. Furthermore, let ,  be a pair 
of the compatible actions for the nonabelian tensor product of ⊗ , where ∈  and ∈ . Then, 

Γ
⊗

Γ
⊗

, Γ
⊗

	   is a compatible action graph with the set of vertices Γ
⊗

, which is 

the set of  and , and the set of edges, Γ
⊗

 that connects these vertices, which is the set of all 

compatible pairs of actions , . Furthermore, two vertices  and  are adjacent if they are compatible. 

Definition 2.3 [10]  
Let G and H be two finite cyclic groups of the 2-power order, and ,  be a pair of the compatible actions for the 
nonabelian tensor product ⊗  of  and  where  ∈  and ∈ . Then 

Γ ⊗ Γ ⊗ , Γ ⊗  

is a compatible action graph with the set of vertices Γ ⊗ ,which is the set of  and , and the set of edges 
Γ ⊗  that connects these vertices, which is the set of all compatible pairs of actions , . That is 

Γ ⊗
∪ 			 	 ,
																						 	 .

 

Furthermore, two vertices  and  are adjacent if they are compatible. 

    Next, the order of the compatible action graph where  is an odd prime and 2 is given in the following two 
propositions.  

Proposition 2.1 [9]  

Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Then, the order of the compatible action graph is

i. Γ
⊗

1  where . 

ii. Γ
⊗

1  where . 

Proposition 2.2 [10] 

Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, the 
order of the compatible action graph Γ ⊗  is  

i. Γ ⊗ 2 2  if  .
ii. Γ ⊗ 2  if .

    The out-degree for the given vertex in the compatible action graph where  is an odd prime and 2 is presented in 
the following two propositions. 

Proposition 2.3 [9] 
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Furthermore, let ∈ Γ

⊗
 where ∈  and | | . Then  is one of the following. 

i. 1  if 0.
ii. 1 1 ∑ 1  , where min ,   if 1,2, … ,

1. 
Proposition 2.4 [10]  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Furthermore, 
let ∈ Γ ⊗  where ∈  and  with ≡ 1 ⋅ 5  (mod 2 ) where 0,1 , 0,1, … , 2 1 
and | | 2 , 0,1, … , 2. Then  is one of the following. 

i. 2  if 0.
ii. 4 if 0 or 1 and 2 .
iii. 2  if 1 and 0 provided min	 1, .
iv. 2  if 1, 0 and 2 .
v. 2  if 0, 0 and 2  provided min	 , .
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 The following proposition presented the in-degree for the compatible action graph Γ ⊗  where 2. 

Proposition 2.5 [10]  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Furthermore, 
let ∈ Γ ⊗  where ∈  and  with ≡ 1 ⋅ 5  (mod 2 ) where 0,1 and 0,1, … , 2
1 and | | 2 , 0,1,… , 2. Then  is one of the following. 

i. 2  if 0.
ii. 4 if 0 or 1 and 2 .
iii. 2  if 1 and 0 provided min	 1, .
iv. 2  if 1, 0 and 2 .
v. 2  if 0, 0 and 2  provided min	 , .

    Since the compatible action graph is a directed graph, then the out-degree and the in-degree for this graph are the same 
where  is an odd prime. This property is given in the following corollary.  

Corollary 2.1 [9] Let G and H be two finite cyclic groups of -power order where 	is an odd prime and ∈ Γ
⊗

. 

Then  for Γ
⊗

.

    The following corollary shows that the out-degree and the in-degree for the given vertex of compatible action graph 
Γ ⊗  are equal when  and 2.  

Corollary 2.2 [10] Let 〈 〉 ≅  be a finite cyclic group of 2-power order where 4. Then 
 for Γ ⊗

	 . 

   The connectivity of the compatible action graph has been checked. The following two propositions presented the 
connectivity of the compatible action graph where  is an odd prime and 2.  

Proposition 2.6 [9] Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of the -power order where  is 

an odd prime and , 3. Then, Γ
⊗

 is a connected graph. 

Proposition 2.7 [10] Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of the 2-power order where 
4, 3. Then, Γ

⊗
	  is a connected graph. 

     Next, the characterizations of the Eulerian graph and the Hamiltonian graph are presented in the following two 
theorems. 

Theorem 2.1[11] A connected graph G is an Eulerian graph if and only if the degree of each vertex of G is even. 
Theorem 2.2[11] Let D be a strongly connected digraph with n vertices. If   and   for each 

vertex v, then D is Hamiltonian.   

     The following corollary illustrated that when the graph can be a semi-Eulerian graph.   
Corollary 2.3 [11] A connected graph is a semi-Eulerian graph if and only if it has exactly two vertices of odd degree. 

Next, some definitions of graph theory that are needed in this research are presented as follows. These definitions can 
be found in [11] and [12].  

      The graph G is said to be as a planar graph, if it can be drawn in the plan without crossing. In addition, the regular 
graph is the graph in which each vertex has the same degree. Moreover, the directed graph is called strongly connected 
graph, if there is a path from a to b and from b to a whenever a and b are vertices in the graph. Finally, the directed graph 
is said to be a weakly connected graph, if there is a path between every two vertices in the underlying undirected graph.  

     The following corollary proved that if the group G is abelian, then the trivial action is always compatible with any 
other action.  

Corollary 2.4 [13] Let G and H be groups. Furthermore, let G act trivially on H. If G is abelian, then for any action of H 
on G, the mutual actions are compatible.  

22 journal.ump.edu.my/daam ◄ 
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SOME PROPERTIES OF COMPATIBLE ACTION GRAPH WHERE P IS AN ODD PRIME 

 In this section, our main results are given where  is an odd prime. Some properties of the compatible action graph 
for finite cyclic groups of -power order are presented. We started with the following proposition which presented that 
the compatible action graph is a planar graph. 

Proposition 3.1  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Furthermore, let ∈ Γ

⊗
 where  is a trivial action of . Then, Γ

⊗
 is a planar graph. 

Proof: Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and 

, 3. Furthermore, let 	 ∈ Γ
⊗

  where ∈  and | | 1, then by Proposition 2.3 (i) 

1   without any crossing.  Similarly, if we let 	 ∈ Γ
⊗

 where  is the trivial action of , then 

by Corollary 2.4,   is compatible with every ∈  without any crossing. Thus, Γ
⊗

 is a planar graph.  ∎ 

 The compatible action graph is an Eulerian graph. This result is presented in the following proposition. 

Proposition 3.2 
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of	 -power order where 	is an odd prime and ,
3. Then, Γ

⊗
 is an Eulerian graph.

Proof: By Proposition 2.6, the compatible action graph	Γ
⊗

 is a connected graph. Since the compatible action graph 

Γ
⊗

 is considered as a directed graph, then each vertex ∈ Γ
⊗

 has an out-degree and an in-degree. But 

from Corollary 2.1,  for the compatible action graph Γ
⊗

. Thus, we have two cases which are 

as follows: 

Case I: If | | 1, then by Proposition 2.3(i),  1  which is an even number for any  is an odd 
prime. 

Case II: If | |  where 1,2, … , 1, then by Proposition 2.3 (ii), 1
1 ∑ 1,  which is an even number for any  is an odd prime.  
Thus, from these two cases we have concluded that the compatibe action graph Γ

⊗
 is an Eulerian graph. ∎ 

 The following corollary shows that the compatible action graph is not a semi Eulerian graph. 

Corollary 3.1  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of	 -power order where 	is an odd prime and ,
3. Then, the compatible action graph Γ

⊗
 is not a semi Eulerian graph.  

Proof: By Proposition 2.6, Γ
⊗

is a connected graph. Furthermore, let  and  be any two vertices of  Γ
⊗

  

such that | | 1 and  | |  where 1,2, … , 1 with , ∈ . Then by Proposition 2.3 (i) and (ii), 

1  and 1 1 ∑ 1, . But each of 
  and    are even numbers for any  is an odd prime. Thus,	Γ

⊗
 is not a semi Eulerian graph.    ∎ 

   The compatible action graph is not a regular graph as given in the following proposition. 

Proposition 3.3  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Then, Γ

⊗
 is not a regular graph.

Proof:  Assume that the compatible action graph Γ
⊗

 is a regular graph. Then, according to the definition of a 

regular graph, any two vertices  and  of  Γ
⊗

 must have the same degree. Without loss of generality, let 

, ∈  such that  | | 1 and  | |  where 1,2, … , 1. Then by Proposition 2.3(i) and (ii), we have 

1  and 1 1 ∑ 1, . But 1
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1 1 ∑ 1,  for any  is an odd prime which is a contradiction with  our 
assumption. Therefore, the compatible action graph Γ

⊗
 is not a regular graph. ∎  

 Next, the following proposition proved that the compatible action graph is a strongly connected graph. 

Proposition 3.4 
 Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Then, Γ

⊗
 is a strongly connected graph. 

Proof: It follows from Proposition 2.3 (i) and Corollary  2.4. ∎  

    The property that the graph is Hamiltonian has been studied. The compatible action graph is a Hamiltonian graph as 
given in the following proposition.  

Proposition 3.5  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where  is an odd prime and ,
3. Then, Γ

⊗
 is a Hamiltonian graph. 

Proof: By Definition 2.2, the compatible action graph is a directed graph, and by Proposition 3.4, the compatible action 
graph is strongly connected graph. Furthermore, by Corollary 2.1,   for any vertex of the compatible 
action graph. Thus, we have two cases according to Proposition 2.3, which are as follows: 

Case I: Let ∈ Γ
⊗

 such that  | | 1, then by Proposition 2.3 (i) 	 1 , and by 

Propositions 2.1(i) Γ
⊗

1  where . Now, By Theorem 2.2, 

1   where 	is any odd prime. 

Case II: Let ∈ Γ
⊗

 such that  | |  where 1,2, … , 1. Then by Proposition 2.3(ii), we have 

 1 1 ∑ 1,  and by Proposition 2.1(ii), Γ
⊗

1  where . Now, by Theorem 2.2, 1 1 ∑ 1,

  for any  an odd prime and for all 1,2, … , 1. Thus, from the above two cases, we concluded that 

the compatible action graph is a Hamiltonian graph. ∎  

    The following proposition shows that the compatible action graph is a weakly connected. 

Proposition 3.6  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of -power order where	  is an odd prime and ,
3. Then, Γ

⊗
 is a weakly connected graph. 

Proof: It follows from Proposition 2.3 (i) and Corollary  2.4. ∎

 SOME PROPERTIES OF COMPATIBLE ACTION GRAPH WHERE P = 2  

In this section, the results are presented for such types of groups where 2. Thus, we start with the result that the 
compatible action graph Γ ⊗  is a planar graph which is given as follows.  

Proposition 4.1 
 Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Furthermore, 
let ∈ Γ ⊗  where  is a trivial action of . Then, Γ ⊗  is a planar graph.  

Proof: Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. 
Furthermore, let 	 ∈ Γ ⊗  where ∈  and  be the trivial action, then by Proposition 2.4(i) 
2 . Since | | 2  then by Corollary 2.4  is compatible with every ∈  without crossing. Similarly, 
if we have ∈ Γ ⊗  such that  is the trivial action of , then by Proposition 2.5(i) 2  since 
| | 2 . Thus, by Corollary 2.4,	  is compatible with every ∈  without crossing. Therefore,  Γ ⊗   
is a planar graph.  ∎  

 The compatible action graph Γ ⊗   is an Eulerian graph. This result is presented in the following proposition. 
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Proposition 4.2  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, Γ ⊗   
is an Eulerian graph. 

Proof: By Proposition 2.7, the compatible action graph Γ ⊗  is a connected graph. Since the action of the group  on 
the group  is the mapping Φ: → , then the compatible action graph is a directed graph. Thus, for each vertex 
∈ Γ ⊗  has an out-degree and an in-degree. Therefore, according to Proposition 2.4, each vertex ∈ Γ ⊗  has 

an out-degree in five cases which are as follows: 

i. If 	 0 then  2  which is an even number.
ii. If  0 or 1 and 2  then 4 which is an even number.
iii. If 1 and 0 then 2  which is an even number provided min	 1, .
iv. If 1, 0 and 2  then 	2  which is an even number.
v. If 0, 0 and 2  then  2  which is an even number provided min	 , .

Thus, for each vertex ∈ Γ ⊗  has an even number as an out-degree. Next, by Proposition 2.5, each vertex ∈
Γ ⊗  has an in-degree in the following five cases which are as follows. 

i. If  0 then 	2  which is an even number.
ii. If 0 or 1 and 2  then 4 which is an even number.
iii. If 1 and 0  then 2  which is an even number provided min	 1, .
iv. If 1, 0 and 2  then 	2  which is an even number.
v. If 0, 0 and 2   then 2   which is an even number provided min	 , .

Thus, for each vertex ∈ Γ ⊗  has an even number as an in-degree. Hence, Γ ⊗  is an Eulerian graph.  ∎ 

Corollary 4.1 Let ≅  be a finite cyclic group of 2-power order where 4. Then, Γ ⊗   is an Eulerian 
graph. 

Proof: It follows from Corollary 2.2, Proposition 2.7, Proposition 2.4 and Theorem 2.1.  ∎ 

The following corollary shows that the compatible action graph is not a semi Eulerian graph. 

Corollary 4.2  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, the 
compatible action graph Γ ⊗  is not a semi Eulerian graph. 

Proof: By Proposition 2.7, the compatible action graph Γ ⊗  is a connect graph. Assume that the compatible action graph 
Γ ⊗  is a semi Eulerian Graph, then by Corollary 2.3, there exist two vertices ,  ∈ Γ ⊗  both of them having an 
odd degree. Now, let ,  ∈ Γ ⊗  where ,  ∈  such that  is the trivial action of , and  be a 
non-tivial action of . Then by Proposition 2.4(i),(ii),(iii),(iv) and (v),   2  and  is of 2-
power order. Therefore, we conclude that  and  are of even degree which is a contradiction with our assumption. 
Therefore, Γ ⊗  is not a semi Eulerian graph. ∎  

 The following proposition shows that the compatible action graph Γ ⊗  is not a regular graph. 

Proposition 4.3  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, Γ ⊗  
is not a regular graph. 

Proof: Assume that, the compatible action graph Γ ⊗  is a regular graph. Then, according to the definition of a regular 
graph, each vertex has the same degree. Thus, let  and  be any two vertices of  Γ ⊗ , then they must have the 
same degree. Without loss of generality, let ,  ∈  such that   with ≡ 1  ⋅ 5  (mod 2  where 

0, and  with  ≡ 1  ⋅ 5  (mod 2  where 1, 0 and 2 . Then by Proposition 2.5(i) 
and (iv)   2    2  which is a contradiction with our assumption. Thus, Γ ⊗  is not a regular 
graph. ∎  

 Next, the compatible action graph Γ ⊗  is a strongly connected graph as presented in the following proposition. 

25 journal.ump.edu.my/daam ◄ 
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Proposition 4.4  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, Γ ⊗  
is strongly connected. 

Proof: It follows from Proposition 2.4(i), Proposition 2.5(i) and Corollary 2.4. ∎   

 The following proposition proved that the compatible action graph is  Γ ⊗  is a Hamiltonian graph. 

Proposition 4.5  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, Γ ⊗  
is a Hamiltonian graph. 

Proof: Since the action of the group G on the group H is the mapping : → , then the compatible action graph 
is a directed graph. By Proposition 4.4, the compatible action graph is a strongly connected graph. Furthermore, by 
Proposition 2.2, Γ ⊗ 2 2  when    and  Γ ⊗ 2   when  . Thus, we have two cases 
according to the order of the compatible action graph which are as follows:  

Case I: Let , then by Corollary 2.2, . Thus, by Proposition 2.4 and Theorem 2.2 we have:  

i. 2 . 

ii. 4 . 

iii. 2 . 

iv. 2 . 

Case II: Let , then by Proposition 2.4, Proposition 2.5 and Theorem 2.2 we have 

i. 2  , where 0. 

ii. 4  ,where 0 or 1 and 2 . 

iii. 2  , where 1, 0 and min	 1, . 

iv. 2  , where 1, 0, 2 . 

v. 2  , 0, 0, 2 and min	 , . 

vi. 2  , where 0. 

vii. 4  , where 0 or 1 and 2 . 

viii. 2  , where 1, 0 and min	 1, . 

ix. 2  , where 1, 0 and 2 . 

x. 2  , where 0, 0, 2  and min	 , . 

Thus, from the above two cases, and by Theorem 2.2, we concluded that the compatible action graph is a Hamiltonian 
graph. ∎ 

Finally, the compatible action graph Γ ⊗  is a weakly connected graph as given in the following proposition. 

Proposition 4.6  
Let 〈 〉 ≅  and 〈 〉 ≅  be two finite cyclic groups of 2-power order where 4, 3. Then, Γ ⊗  
is a weakly connected graph. 

Proof: It follows from Proposition 2.4(i), Proposition 2.5(i) and Corollary 2.4. ∎  

CONCLUSION 

In this paper, some properties of the compatible action graph for the nonabelian tensor product for finite cyclic groups 
of -power order have been studied. Furthermore, the obtained results showed that the compatible action graph is a planar 
graph, Eulerian graph, strongly connected graph, Hamiltonian graph and weakly connected graph but it is not a regular 
graph.  

26 journal.ump.edu.my/daam ◄ 
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