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 RESEARCH ARTICLE 

Comparative study of threshold selection methods in the generalised Pareto 

distribution with application to rainfall datasets 

Farabe Khan Alif* and Norhaslinda Ali     

Department of Mathematics and Statistics, Faculty of Science, Universiti Putra Malaysia, 43400 Serdang, Malaysia   

 

Abstract - Extreme rainfall events pose significant challenges for flood risk management and 

infrastructure planning, necessitating robust statistical tools for accurate risk assessment. This 

study rigorously compares four threshold selection methods for the generalised Pareto 

Distribution across five distinct rainfall datasets from Southwest England, New Zealand, 

Bangladesh, Singapore, and the US (Seattle). The methods evaluated include the classical 

mean residual life plot, a goodness-of-fit p-value-based approach, a parameter stability 

method, and an automated procedure that combines goodness-of-fit testing with the method of 

estimation. Return level estimates for 10-, 50-, and 100-year events were estimated, with 

uncertainties quantified via a bootstrap percentile method. The results reveal that, while each 

method has its merits, the approach based on goodness-of-fit criteria coupled with the method 

of estimation generally provides a slight edge. It consistently delivers logically interpretable 

thresholds that balance bias and variance effectively, particularly in managing datasets with a 

high prevalence of zero rainfall events. Although alternative methods occasionally yield 

narrower confidence intervals, they sometimes sacrifice the accurate representation of tail 

behaviour. Importantly, the study does not dismiss the reliability of other techniques; rather, 

it underscores that threshold selection is inherently dataset dependent. Overall, this study 

proposes that while each method offers specific advantages depending on the dataset's 

characteristics, the approach that integrates goodness-of-fit testing with estimation techniques 

consistently achieves a favourable balance between simplicity, interpretability, and statistical 

robustness for threshold selection in generalised Pareto modelling of rainfall extremes. These 

findings highlight the importance of methodological adaptability and contribute valuable 

insights toward improving flood risk assessments under diverse climatic conditions.  
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1. Introduction 
Extreme rainfall events represent an escalating global hazard with devastating social and economic repercussions. 

Worldwide, such events have resulted in thousands of fatalities and billions of dollars in losses. For instance, monsoon 

flooding in Pakistan caused nearly 2,000 deaths, while the mid-July 2021 deluge across Belgium and Germany led to over 

220 fatalities within just two days [1-2]. In China, Zhengzhou recorded an unprecedented hourly rainfall of 201.9 mm on 

Jul 20 2021, surpassing its historical maximum of 198.5 mm and causing approximately US$5.8 billion in economic 

losses and nearly 400 deaths, as reported by the Ministry of Emergency Management. Similarly, extreme rainfall linked 

to Hurricane Ida in September 2021 severely disrupted vital infrastructure in New York City [3]. These events underscore 

the critical need for robust statistical methodologies that accurately capture the tail behaviour of rainfall distributions. In 

this context, Extreme Value Analysis (EVA), particularly methods based on the Generalised Pareto distribution (GPD), 

has become indispensable for estimating return levels and for guiding effective, data-driven flood risk management 

strategies [4-5]. The GPD, first introduced by Pickands [6] as a model for threshold exceedances, has become a core 

element of extreme value theory. It is particularly effective for capturing the tail behaviours of distributions, providing a 

flexible framework for modelling data that exceeds a high threshold. This threshold, defined as the minimum value beyond 

which observations are classified as extreme, serves as the basis for the peak over threshold (POT) method, which isolates 

rare extremes from the main body of the data [7]. However, a major challenge in applying the GPD lies in selecting an 

appropriate threshold, as this decision directly affects both the number of exceedances and the stability of parameter 

estimates. 

Selecting the optimal threshold is critical in EVA, as it directly influences the accuracy of GPD parameter estimates 

and subsequent return-level predictions [7]. In practice, a lower threshold tends to yield more exceedances; this may 

include non-extreme observations, leading to underestimation of true return levels and biased estimates with low 

variability. Conversely, a higher threshold captures only the most extreme events and better represents the distribution's 

tail behaviour, but at the expense of a reduced sample size, which increases the variance and uncertainty of the estimates 

[8]. This trade-off between bias and variance remains one of the most challenging aspects of applying the peak-over-

threshold method, prompting the development of various automated procedures to determine the optimal threshold 

objectively. The mean residual life (MRL) plot is a widely used graphical tool for threshold selection in EVA, offering 

an intuitive means to assess whether the excesses above a chosen threshold follow the GPD. The method examines the 

expected excesses over candidate thresholds, where a relatively stable linear trend suggests an appropriate choice [8-9]. 

Despite its utility, the MRL plot is highly dependent on visual interpretation, introducing subjectivity that can lead to 

inconsistent threshold selection among analysts [7]. Different approaches to automating threshold selection have been 
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proposed, including weight-based threshold selection by Dupuis [10], goodness-of-fit (GOF) p-value-based threshold 

estimation by Solari et al. [11], and a method based on changes in parameter estimates by Thompson et al. [12]. However, 

the graphical MRL plot remains the most widely used approach for threshold selection [11]. 

Despite the increasing development of automated threshold selection methods, graphical techniques such as the MRL 

plot remain prevalent owing to their intuitive interpretation and widespread familiarity among practitioners [11]. 

Nonetheless, recent advances underscore the importance of embedding rigorous statistical principles to enhance the 

robustness of extreme value models. For instance, Gaigall et al. [13] analysed the asymptotic behaviour of the Cramer–

von Mises (CVM) statistic for exceedances and incorporated bootstrap methods to account for parameter uncertainty, 

highlighting the need to address estimation variability. In parallel, Murphy et al. [14] introduced an automated method 

specifically designed to manage the bias–variance trade-off, thereby improving the stability of extreme value estimates. 

Likewise, Minguez [15] developed a weighted mean-square-error approach using internally studentized residuals, 

achieving higher precision in extreme rainfall modelling than conventional techniques. Complementary to these, Alaswed 

[16] investigated graphical diagnostics and multiple threshold stability plots to mitigate subjectivity and formalize 

threshold identification. Within the broader domain of extreme value modelling, Curceac et al. [17] refined scale 

parameter estimation to improve the resilience of automated threshold selection, while [18] proposed a simultaneous 

estimation framework for both tail and threshold parameters, offering an efficient alternative to the traditional POT 

approach. Given the range of existing threshold selection techniques, this study focuses on four principal approaches: the 

MRL plot shown by Coles et al. [4], the modified GOF-based method by Solari et al. [11], the parameter stability approach 

by Thompson et al. [12], and our recently proposed automated AD-L method in Alif et al. [19], which integrates the 

Anderson–Darling (AD) GOF test with L-moment parameter estimation. These methods represent both traditional and 

advanced perspectives in threshold selection, with Solari et al. [11] and Thompson et al. [12] serving as established 

benchmarks against which newer, computationally efficient strategies can be evaluated. The AD-L method, in particular, 

offers a robust yet streamlined framework for determining optimal thresholds, aligning with the study's goal of balancing 

statistical rigor and simplicity. Since MRL plots remain widely used despite their subjectivity, this research aims to 

promote a more objective yet practical alternative. Accordingly, the study compares the four techniques for GPD threshold 

estimation, assesses the suitability of automated approaches like AD-L as reliable substitutes for graphical methods, and 

evaluates the impact of varying threshold strategies on 10-, 50-, and 100-year return level estimates and their 95% 

confidence intervals to inform hydrological risk assessment. 

2. Methodology 
2.1. Theoretical Background 

The GPD serves as a fundamental tool in extreme value theory, specifically for modeling exceedances above a selected 

threshold 𝑢 [4]. In this context, a threshold defines the lower bound beyond which data points are classified as extreme, 

allowing for an effective representation of tail behavior. Selecting an appropriate threshold is a critical step, as it directly 

influences the trade-off between bias and variance in parameter estimation [5]. Setting the threshold too low may 

introduce deviations from the GPD assumption, whereas an excessively high threshold can significantly reduce the 

available sample size, increasing estimation variability. Originally introduced by Pickands [6], the GPD is characterized 

by two key parameters: the scale parameter 𝜎 and the shape parameter 𝜉, as shown in Eq. (1). The cumulative distribution 

function (CDF) representing the relationship among these parameters and the threshold u can be defined as Eq. (1). 

𝐺(𝑥; 𝜎, 𝜉) = {1 − [1 + 𝜉 (
𝑥 − 𝑢

𝜎
)]

−
1
𝜉

, 𝑖𝑓 𝜉 ≠ 0, 1 −𝑒𝑥𝑝 𝑒𝑥𝑝 (−
𝑥 − 𝑢

𝜎
) , 𝑖𝑓 𝜉 = 0  (1) 

where 𝑥 represents an independent and identically distributed (iid) random variable, where the domain of 𝑥 depends on 

the shape parameter ξ. Specifically, for ξ ≥ 0, the excess 𝑥 > u, while for ξ < 0, the constraint u ≤ 𝑥 < u − σ ensures a finite 

upper bound. The model parameters are constrained as follows: σ > 0, −∞ < ξ < ∞, and −∞ < u < ∞. The shape parameter 

ξ plays a crucial role in defining the tail behavior of the distribution: when ξ > 0, the distribution exhibits heavy tails; ξ = 

0 corresponds to an exponential decay; and ξ < 0 imposes a finite upper bound on the data [18,20]. 

For general comparison, we will use L-moments to estimate the GPD model parameters from real-life rainfall datasets. 

L-moments provide a robust statistical framework for characterizing probability distributions and estimating their 

parameters. They are a sequence of statistics used to summarize distributional properties and serve as alternatives to 

conventional moments. Defined as linear combinations of order statistics (L-statistics), L-moments allow for the 

computation of quantities analogous to standard deviation, skewness, and kurtosis, referred to as L-scale, L-skewness, 

and L-kurtosis, respectively [21-22]. Standardized L-moments, known as L-moment ratios, provide insight into the shape 

of a distribution. A theoretical distribution has a set of population L-moments, while sample L-moments are derived from 

empirical data and serve as estimators of these population characteristics. L-moments are robust to the influence of outliers 

and remain defined as long as the mean of the distribution is finite [23].   [24] demonstrated that L-moments provide a 

unified framework for drawing statistical inferences from continuous univariate distributions. This approach is 

particularly advantageous in scenarios with small sample sizes, where traditional estimation techniques, such as maximum 

likelihood estimation (MLE) or the method of moments, may fail to perform accurately. The robustness of L-moments to 

sample variability enhances their applicability in real-world datasets that may include extreme or rare events. These 

attributes make L-moments highly suitable for modelling and inference involving data characterized by extreme values. 

Finally, the computational efficiency of L-moments offers an advantage, especially when implementing bootstrapping 
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techniques for uncertainty analysis, as noted by [11]. For a continuous random variable 𝑌, the quantile function 𝑄𝑌(𝑝) is 

defined as the value of 𝑦 such that the CDF satisfies𝐹𝑌(𝑌) =  𝑝 for 0 ≤  𝑝 ≤  1, where 𝐹𝑌(𝑌) =  𝑝 is the CDF of 𝑌 [25]. 

Hosking's [21] comprehensive work on L-moment theory provides a foundation for its application. The rth L-moment, 

expressed in terms of the quantile function, is defined as Eq. (2). 

 𝐿𝑟   =   ∫
1

0

𝑄𝑌(𝑝) 𝑃𝑟−1
∗ (𝑝) 𝑑𝑝, (2) 

where in Eq. (2), 𝑃𝑟−1
∗ (𝑝) can be defined as, 

 𝑃𝑟−1
∗ (𝑝) = ∑

𝑟

𝑘=0

[(−1)𝑟−𝑘 (
𝑟

𝑘
) (

𝑟 + 𝑘

𝑘
) 𝑝𝑘] (3) 

Eq. (2) represents the shifted Legendre polynomial of order 𝑟 −  1, and Lr denotes the rth L-moment. For further details, 

refer to [48]. To estimate the parameters using L-moments in this study, we will be utilizing the R package extRemes 

[18]. 

Next, to compare the compatibility of models generated by different threshold selection methods across datasets, we 

will use GOF tests and evaluate their p-values. Smaller p-values indicate stronger statistical incompatibility of the data 

with the null hypothesis, assuming the assumptions for p-value calculations hold, as noted in the literature [26]. This 

metric, ranging from 0 (indicating total incompatibility) to 1 (indicating perfect compatibility), assesses how well the 

model fits the data [27]. Before conducting the GOF tests, the GPD parameters must be estimated. In this study, we will 

employ three GOF tests: the Kolmogorov-Smirnov (KS) test, the Anderson-Darling (AD) test, and the CVM test, to 

determine the most appropriate threshold selection method. 

The KS test measures the largest absolute deviation between the empirical distribution function (EDF) and the 

theoretical CDF, providing insight into how well the model fits the observed data. It is computed as Eq. (4). 

 𝐾𝑆 = (|𝐺(𝑥(𝑖); 𝑢, 𝜎̂, 𝜉) −
𝑖 − 1

𝑛
| , |

𝑖

𝑛
− 𝐺(𝑥(𝑖); 𝑢, 𝜎̂, 𝜉)|) (4) 

where in Eq. (4), n is the sample size, 𝑥(𝑖) represents the ith order statistic, and 𝐺(𝑥(𝑖); 𝑢, 𝜎̂, 𝜉) denotes the estimated CDF 

of the GPD. Simulation-based evaluations by Chu et al. [7] highlight the effectiveness of the KS test in GPD modelling, 

particularly in detecting deviations across the entire distribution. Unlike KS, the AD test places greater emphasis on tail 

discrepancies, making it highly relevant for extreme-value analysis. Eq. (5) represents the test statistics for the AD test 

used in this study. The test assesses whether a given sample originates from a specified probability distribution. In its 

simplest form, AD assumes that the distributional parameters are known, enabling the derivation of critical values within 

a distribution-free framework. However, in practical applications involving parameter estimation, adjustments to the test 

statistic or its critical values are necessary to account for estimation uncertainty [29]. The AD statistic is given by 

𝐴𝐷 = −𝑛 −
1

𝑛
∑

𝑛

𝑖=1

[(2𝑖 − 1) 𝑙𝑜𝑔 𝑙𝑜𝑔 𝐺 (𝑥(𝑖); 𝑢, 𝜎̂, 𝜉) +𝑙𝑜𝑔 𝑙𝑜𝑔 (1 − 𝐺(𝑥(𝑛+1−𝑖); 𝑢, 𝜎̂, 𝜉)) ] (5) 

where 𝐺(𝑥(𝑖); 𝑢, 𝜎̂, 𝜉) represents the estimated CDF of the GPD at the ith order statistic. The weighting scheme used in 

AD enhances its sensitivity to extreme deviations, making it one of the most powerful goodness-of-fit (GOF) tests for 

detecting deviations in the tails of distributions [30-31]. 

The CVM test, another widely used GOF measure, assesses the alignment of sample data with a theoretical distribution 

[32]. Eq. (6) represents the test statistic for the CVM test. 

𝑊2 =
1

12𝑛
+ ∑

𝑛

𝑖=1

[𝐺(𝑥(𝑖); 𝑢, 𝜎̂, 𝜉) −
2𝑖 − 1

2𝑛
]

2

 (6) 

This test is particularly useful in evaluating the goodness-of-fit by quantifying the overall discrepancy between the 

empirical and theoretical distributions [1]. In the context of GPD modelling, CVM has been shown to perform comparably 

to KS, offering a robust approach for model validation [28]. The p-value for each GOF test quantifies the probability of 

obtaining a test statistic as extreme as, or more extreme than, the observed value under the null hypothesis [11]. However, 

since the null distributions of these test statistics are influenced by parameter estimation, obtaining accurate p-values often 

necessitates numerical approximations or resampling techniques [31]. For the KS test, p-values are computed by 

comparing the observed KS statistic to its theoretical distribution under the null hypothesis, accounting for parameter-

estimation effects [33]. The standard KS test assumes known parameters, but when parameters are estimated from data, 

the null distribution shifts, requiring adjusted critical values [34]. In this study, we employ the stats package in R, which 

provides methods for computing p-values from empirical distribution functions [35]. The AD test, unlike KS, does not 

have a closed-form theoretical null distribution when parameters are estimated [31]. Instead, critical values are obtained 

through numerical integration or simulation-based approaches [29]. Prior research has highlighted the AD test’s 

sensitivity to parameter estimation, necessitating modifications to either its test statistic or critical values for valid 
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inference [30]. We utilize the goftest package in R to compute p-values for the AD test [36]. Similarly, the CVM test 

relies on asymptotic approximations for its null distribution, which are further adjusted when parameter estimation is 

involved [32]. The CVM test is particularly robust at detecting deviations across the entire distribution, making it a strong 

complement to KS and AD in extreme-value settings [28]. The goftest package in R is used to determine p-values for the 

CVM test, leveraging tabulated critical values at common significance levels [36]. 

2.2 Return Level Estimation 

Accurate estimation of return levels is a crucial component of extreme value analysis, particularly after selecting an 

appropriate threshold u. As discussed by Coles et al. [4], the threshold plays a vital role in defining return levels. The r-

observation return level, denoted by  𝑍𝑟̂, can be computed as: 

𝑍𝑟̂ = {𝑢 +
𝜎̂

𝜉
[(𝑟𝑛𝑦𝛽𝑢̂)

𝜉̂
− 1] ,   𝑖𝑓 𝜉 ≠ 0 𝑢 + 𝜎̂ 𝑙𝑜𝑔 𝑙𝑜𝑔 (𝑟𝑛𝑦𝛽𝑢̂) ,   𝑖𝑓 𝜉 = 0  (7) 

In Eq. (7), 𝛽𝑢̂ is the empirical probability of exceedance, i.e., the estimated proportion of observations greater than the 

selected threshold 𝑢, and ny represents the average number of observations per year. The formula in Eq. (7) provides the 

return level  𝑍𝑟̂, which corresponds to the magnitude expected to be exceeded once every 𝑟 observations. To make return 

levels more interpretable in practical terms, especially in hydrological applications, they are often expressed on an annual 

basis. In that context, the 𝑟-year return level refers to an event likely to be exceeded once every 𝑟 years, which corresponds 

to rny observations when ny observations are recorded annually. Since return level estimation depends on the threshold, 

any bias or uncertainty in selecting 𝑢 may directly influence the final estimates. Therefore, assessing the reliability of 

both threshold and return-level estimates is essential. This is further addressed in our study through uncertainty 

quantification using bootstrap-based methods. 

2.3 Bootstrap Percentile Method 

To assess the uncertainty associated with the threshold and return-level estimates, we use the bootstrap percentile method. 

This method is widely accepted in the literature due to its intuitive interpretation, computational efficiency, and ease of 

implementation, making it particularly suitable for large-scale data studies [12]. The bootstrap percentile approach is a 

resampling-based technique for constructing confidence intervals for estimated statistics. Rather than relying on strict 

distributional assumptions, this method builds an empirical distribution of the estimator by repeatedly resampling the 

data. In our context, it enables robust estimation of the 95% confidence intervals for both the threshold values and the 

corresponding return levels. The core steps of the method, as established in the works of Mooney et al. [37] and Tibshirani 

et al. [38], are adapted in our study as follows: 

i) We generate B = 1000 bootstrap samples from the original rainfall dataset by sampling with replacement. 

ii) For each resampled dataset, we re-estimate the threshold and the return level using the same set of methodologies. 

iii) The collection of all bootstrap estimates is sorted to form empirical distributions of the statistics. 

iv) The lower and upper bounds of the 95% confidence intervals are obtained from the 2.5th and 97.5th percentiles of 

the sorted estimates, respectively. 

This method ensures that both the inherent sampling variability and the influence of threshold selection are properly 

accounted for, offering a more complete picture of the reliability of our extreme value estimates. 

2.4 The AD-L Threshold Selection Method 

The AD-L method introduced an automated threshold selection approach for GPD modeling, ensuring robustness across 

datasets of varying sizes and characteristics. The approach systematically partitions the dataset into 200 equal intervals, 

a choice empirically found to provide a suitable level of granularity without excessive fragmentation. This method 

generates a structured set of candidate thresholds, which are then assessed using GOF tests to determine the most suitable 

threshold for extreme value modelling. The method proceeds through the following steps: 

i) Partition the Dataset 

a. Sort the dataset in ascending order. 

b. Divide the sorted data into 200 equal intervals. 

ii) Determine the Initial Candidate Threshold 𝑢1 

a. If the dataset contains a significant number of zeros: 

i. Compute the mean of each interval (𝑀1, 𝑀2, … , 𝑀200). 

ii. Identify the first quantile of the full dataset, denoted 𝑄1. 

iii. Select the means greater than 𝑄1 and calculate: 𝑢1 =
∑𝑀𝑖>𝑄1

𝑀𝑖

𝐶
 where 𝐶 is the number of means exceeding 

𝑄1. 

b. If zeros are not a concern: 

i. Simply set u1 as the median of the dataset. 

iii) Define the Endpoint Threshold 𝑢𝑛 
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a. Set an approximation around the 5th largest observation. 

b. Impose the following minimum exceedance rules to ensure statistical reliability: 

i. At least 80 exceedances if the dataset contains at least 5000 observations. 

ii. At least 20 exceedances if the dataset contains 1000-5000 observations. 

iii. No strict minimum if the dataset has fewer than 1000 observations. 

iv) Generate Candidate Thresholds 

a. From 𝑢1 𝑡𝑜 𝑢𝑛, generate approximately 300 equally spaced candidate thresholds. 

v) Estimate Parameters Using L-moments 

a. For each candidate threshold 𝑢𝑘, extract exceedances above 𝑢𝑘. 

b. Estimate the GPD parameters (σ, ξ) using the L-moments method. 

vi) Apply the Anderson-Darling Goodness-of-Fit Test 

a. For each threshold 𝑢𝑘, compute the AD test statistic and its corresponding p-value. 

vii) Select the Optimal Threshold 𝑢0 

a. Choose the threshold that maximizes the AD p-value: 

𝑢0 =𝑎𝑟𝑔 𝑎𝑟𝑔 𝑝𝐴𝐷  (𝑢𝑘) 

This stepwise framework ensures a reproducible, data-driven process for threshold selection in extreme value modelling. 

Its effectiveness has been validated through simulation and real-world datasets, offering a reliable alternative to traditional 

graphical methods. 

2.5 Threshold Selection Method  

2.5.1By Solari et al. [11] 

Solari et al. [11] proposed an automated threshold selection approach based on the AD test statistic, specifically the right-

tail-weighted version. This methodology aims to systematically determine the optimal threshold by evaluating the GOF 

between the empirical and parametric distributions. The process begins by identifying all peaks in the dataset using a 

moving window, ensuring that the selected peaks are independent. The identified peaks are then sorted to form a candidate 

threshold series, and for each threshold, the GPD parameters are estimated using L-moments. After sorting the identified 

peaks, duplicate values are eliminated. Since the methodology of Solari et al. [11] does not specify an optimal number of 

candidate thresholds, we refer to their simulation study. Based on their approach, we adopt 100 candidate thresholds for 

our comparative analysis, as this is the maximum number considered in their simulation study. The right-tail weighted 

AD statistic, denoted as 𝐴𝑅
2  , is computed for each candidate threshold. The selected threshold is the one that minimizes 

1 −  𝑝, which is equivalent to minimizing the test statistic value since lower values of 𝐴𝑅
2  correspond to higher p-values, 

indicating better model fit [11]. Given the lack of explicit tables or formulas for obtaining p-values when parameters are 

estimated via L-moments, the test statistic values are used directly for threshold selection. Based on simulation studies, 

100 candidate thresholds will be considered to ensure a comprehensive evaluation. The right-tail weighted AD test, 

originally introduced by Sinclair et al. [39], modifies the classical test by placing more weight on the upper tail of the 

distribution. The test statistic for the right-tail weighted AD test is given by Eq. (8). This modification is particularly 

relevant for extreme-value modelling, where accurate tail estimation is of primary concern. The test statistic 𝐴𝑅
2  is defined 

as: 

𝐴𝑅
2 =

𝑛

2
− ∑

𝑛

𝑖=1

[(2 −
2𝑖 − 1

𝑛
) 𝑙𝑜𝑔 𝑙𝑜𝑔 (1 − 𝑧𝑖)  + 2𝑧𝑖], (8) 

where 𝑧𝑖 represents the cumulative distribution function evaluated at the ordered sample values 𝑥𝑖, and n is the sample 

size. Since the parameters of the fitted distribution are estimated from the sample using L-moments, the distribution of 

𝐴𝑅
2  is determined through simulation techniques rather than standard tables. Once the optimal threshold is selected, the 

GPD parameters are re-estimated using data above this threshold. High-return-period quantiles and their confidence 

intervals are subsequently obtained using nonparametric bootstrapping. The results from Solari et al. [11] demonstrated 

that, despite high uncertainty in the threshold selection process, the impact on the confidence intervals of high-return-

period quantiles remains minimal, confirming the robustness of the methodology. By incorporating the right-tail-weighted 

Anderson-Darling statistic and systematically evaluating multiple candidate thresholds, this approach provides an 

automated, statistically sound means of selecting an appropriate threshold for extreme-value analysis. 

2.5.2 By Thompson et al. [12] 

Thompson et al. [46] proposed an automated, computationally efficient threshold selection method that relies on 

differences in parameter estimates across thresholds. The core idea is that, for a suitable threshold 𝑢, the difference in the 

estimated scale parameter between consecutive thresholds should be approximately normally distributed with a mean of 

zero. Their approach systematically tests for this property to determine the lowest valid threshold. The method begins by 

selecting a set of 𝑛 equally spaced candidate thresholds, 𝑢1, 𝑢2, … , 𝑢𝑛, where the lowest candidate threshold 𝑢1 is the 

median of the data, and the highest candidate threshold un is set at the 98th percentile of the data unless fewer than 100 

values exceed this percentile, in which case un is set to the 100th largest value. The parameters are estimated using 
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maximum likelihood estimation for exceedances above each threshold. Let 𝜎𝑢𝑗̂
 and 𝜉𝑢𝑗

̂  be the maximum likelihood 

estimates of the scale and shape parameters for a given threshold 𝑢𝑗. In MLE, the likelihood function is formulated based 

on the assumed probability distribution of the data, and parameter estimates are obtained by maximizing it. For the GPD, 

the PDF when 𝜉 ≠ 0 is presented in Eq. (9). 

𝑔(𝑥; 𝜎, 𝜉) =
1

𝜎
(1 + 𝜉

𝑥 − 𝑢

𝜎
)

−
1
𝜉

−1

 (9) 

Taking the logarithm on both sides of Eq. (9) to obtain the log-likelihood function, which is shown in Eq. (10). 

𝑙𝑜𝑔 𝑙𝑜𝑔 𝐿 (𝜎, 𝜉) = −𝑛 𝑙𝑜𝑔 𝑙𝑜𝑔 𝜎 − (1 +
1

𝜉
) ∑

𝑛

𝑖=1

𝑙𝑜𝑔 𝑙𝑜𝑔 (1 + 𝜉
𝑥𝑖 − 𝑢

𝜎
)  (10) 

When ξ = 0, the GPD reduces to an exponential distribution with PDF given by Eq. (11). 

𝑔(𝑥; 𝜎) =
1

𝜎
𝑒𝑥𝑝 𝑒𝑥𝑝 (−

𝑥 − 𝑢

𝜎
) , (11) 

Taking the log on both sides of Eq. (11), the corresponding log-likelihood function is presented in Eq. (12). 

𝑙𝑜𝑔 𝑙𝑜𝑔 𝐿 (𝜎) = −𝑛 𝑙𝑜𝑔 𝑙𝑜𝑔 𝜎 −
1

𝜎
∑

𝑛

𝑖=1

(𝑥𝑖 − 𝑢) (12) 

MLE provides parameter estimates  𝜎̂ and  𝜉 by maximizing the log-likelihood function. In this study, these estimates are 

obtained using the R packages extRemes and ismev [18, 19]. According to [4], if 𝑢 ≤  𝑢𝑗 − 1 <  𝑢𝑗, the relationship 

between consecutive scale parameters is given by Eqs. (13) and (14). 

𝜎𝑢𝑗−1
= 𝜎𝑢 + 𝜉(𝑢𝑗−1 − 𝑢), (13) 

𝜎𝑢𝑗
= 𝜎𝑢 + 𝜉(𝑢𝑗 − 𝑢), (14) 

Eqs. (13) and (14) imply that the difference in scale estimates between consecutive thresholds satisfies Eq. (15). 

𝜎𝑢𝑗
− 𝜎𝑢𝑗−1

= 𝜉(𝑢𝑗 − 𝑢𝑗−1). (15) 

Since the MLE of 𝜎𝑢𝑗̂
 and 𝜉𝑢𝑗

̂  satisfy 𝐸 [𝜎𝑢𝑗̂
] ≈ 𝜎𝑢𝑗

, 𝐸 [𝜉𝑢𝑗
̂ ] ≈ 𝜉 , for any suitable threshold 𝑢, Thompson et al. [11] 

defined the transformation shown in Eq. (16). 

𝜏𝑢𝑗
= 𝜎𝑢𝑗̂

− 𝜉𝑢𝑗
̂ 𝑢𝑗 . (16) 

Taking the first-order difference in Eq. (16), they obtained Eq. (17). 

𝜏𝑢𝑗
− 𝜏𝑢𝑗−1

= (𝜎𝑢𝑗̂
− 𝜉𝑢𝑗

̂ 𝑢𝑗) − (𝜎𝑢𝑗−1̂
− 𝜉𝑢𝑗−1

̂ 𝑢𝑗−1). (17) 

Under a suitable threshold, the differences in Eq. (17) should follow a normal distribution with mean zero, 

𝐸 [𝜏𝑢𝑗
− 𝜏𝑢𝑗−1

]  ≈ 0.  To identify a valid threshold, Thompson et al. [12] applied Pearson's chi-square test for normality 

to the sequence of differences. The procedure starts with the lowest candidate threshold 𝑢1 and considers all differences 

𝜏𝑢2
−  𝜏𝑢1

, 𝜏𝑢3
− 𝜏𝑢2

, … , 𝜏𝑢𝑛
− 𝜏𝑢𝑛−1

. If the normality test does not reject the null hypothesis, 𝑢1 is selected as the 

threshold. Otherwise, the next threshold 𝑢2 is considered, removing 𝜏𝑢2
−  𝜏𝑢1

 from the differences, and the test is 

repeated. This iterative process continues until the test no longer rejects the null of normality. If no candidate threshold 

satisfies this condition, the highest candidate threshold is returned with a warning. 

Through simulation studies, Thompson et al. [12] found that using a 0.2 significance level in the Pearson test yields 

stable results across different datasets. Lower significance levels tend to yield lower thresholds, while higher levels yield 

higher thresholds. The method is computationally efficient and does not require graphical interpretation, making it a 

practical alternative to traditional methods like the mean residual life plot. The authors implemented their approach in R 

and validated it using rainfall and wave-height datasets, demonstrating its effectiveness across diverse applications. 

Additionally, they extended their method to allow the threshold to depend on covariates, such as the cosine of wave 

direction, further increasing its applicability in environmental studies. 

2.5.3 By Coles et al. [8] 

The MRL plot, also known as the mean excess plot, is a widely used graphical technique in extreme value analysis to 

determine an appropriate threshold for the GPD. The core idea behind the MRL plot is that for a suitable threshold 𝑢, the 

excesses above 𝑢 should exhibit a linear trend, which suggests that the tail of the distribution can be well modelled by the 
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GPD. The MRL plot is constructed using the mean residual life function, which quantifies the expected excess over a 

given threshold. Formally, for a random variable 𝑋 and a threshold 𝑢, the mean residual life function is given by: 

𝑒(𝑢) = 𝐸(𝑋 > 𝑢), (18) 

In Eq. (18), 𝐸(𝑋 > 𝑢) represents the expected value of the excess 𝑋 −  𝑢 given that 𝑋 exceeds 𝑢. In practice, for a dataset 

𝑥1, 𝑥2, … , 𝑥𝑛, Eq. (19) presents the empirical estimate of the mean residual life function. 

𝑒̂(𝑢) =
∑𝑛

𝑖=1 (𝑥𝑖 − 𝑢)𝐼(𝑥𝑖 > 𝑢)

∑𝑛
𝑖=1 𝐼(𝑥𝑖 > 𝑢)

, (19) 

In Eq. (19), 𝐼(𝑥𝑖 >  𝑢) is an indicator function that takes the value 1 if 𝑥𝑖 >  𝑢 and 0 otherwise. This function in Eq. (19) 

essentially calculates the mean of exceedances over each threshold, which is then plotted against the threshold values. 

To select an appropriate threshold, analysts examine the MRL plot to identify a region where it exhibits roughly linear 

behaviour. A suitable threshold 𝑢 is one at which the plot stabilizes into a linear trend, suggesting that the excess 

distribution follows a GPD. If the plot remains nonlinear across all candidate thresholds, this may indicate that the GPD 

model is not suitable for the dataset or that an alternative threshold selection method is required. An example of an MRL 

plot is illustrated for the Southeast England daily rainfall dataset in Figure 1. In this case, multiple points exhibit linear 

behaviours, suggesting potential threshold choices. The solid line at 𝑢 = 30 represents the threshold choice recommended 

by Coles et al. [4], while a second linear region appears around 𝑢 = 60, but selecting such a high threshold would result 

in too few exceedances to reliably estimate the GPD parameters, as noted by Thompson et al. [12]. The MRL plot remains 

a valuable tool for threshold selection, providing an intuitive visual approach to identifying a suitable threshold for 

extreme value modelling. However, its reliance on subjective graphical interpretation may introduce variability in the 

selection process, making it beneficial to compare its results with automated threshold selection methods. 

 

Figure 1. MRL plot illustrating threshold selection for GPD modelling in the Southwest England daily rainfall dataset. 

The linear behaviour above the selected threshold indicates suitability for GPD application 

2.6 Datasets 

To comprehensively evaluate the performance of various threshold selection techniques for modeling extreme rainfall, 

we consider datasets from multiple regions across the globe, namely Southwest England, New Zealand, Bangladesh, 

Singapore, and Seattle (United States). These locations represent a diverse range of climatic conditions, including 

temperate maritime, tropical, and subtropical environments, ensuring that the analysis captures a broad spectrum of 

rainfall patterns. Rainfall datasets are inherently challenging to handle due to their high spatial and temporal variability. 

The frequency, intensity, and distribution of rainfall events differ significantly across regions, influenced by complex 

meteorological and topographical factors. By incorporating datasets from distinct geographical locations, this study aims 

to assess the adaptability of threshold selection methodologies under varied climatic regimes. This approach allows for a 

rigorous examination of the strengths and limitations of each technique, offering valuable insights into their robustness 

and reliability when applied to real-world scenarios. Furthermore, including multiple datasets ensures the study does not 

rely on a single region-specific rainfall characteristic, thereby enhancing the generalizability of the findings. The presence 

of different data structures, ranging from low-intensity frequent rainfall to extreme, sporadic events, provides an ideal 

testbed for evaluating threshold selection methods. By subjecting these techniques to datasets with such variability, we 

can critically assess their effectiveness in capturing extreme values and their potential for broader application in 

hydrological modelling. 
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2.6.1 Southwest England daily rainfall dataset 

The Southwest England dataset consists of daily rainfall accumulations recorded at a specific location from 1914 to 1962, 

totaling 17,531 observations [40]. This dataset provides a valuable basis for studying extreme rainfall events and 

evaluating different threshold selection methodologies. To illustrate the dataset, Figure 2 presents a scatter plot of daily 

rainfall values (mm), highlighting the distribution and frequency of rainfall events. Additionally, the MRL plot in Figure 

1 provides insights into the dataset's extreme-value characteristics. The MRL plot plots the sample mean of excesses over 

a range of threshold values, along with pointwise confidence intervals, providing a graphical diagnostic tool for selecting 

an appropriate threshold for extreme value modelling [41]. This technique follows the approach proposed by Coles et al. 

[4] and is widely used in threshold selection for the GPD. 

 

Figure 2. Visualization of the scatter plot representing the characteristics of the daily rainfall dataset from Southwest 

England 

2.6.2 New Zealand daily rainfall dataset 

The New Zealand rainfall dataset used in this study comprises daily precipitation records from the Auckland region 

spanning 1960 to 2019. The data were sourced from the National Institute of Water and Atmospheric Research (NIWA) 

via the National Climate Database (CLiDB), which compiles high-quality climate records across the country [29]. For 

our analysis, only the Auckland region was considered, as it provides a continuous, complete time series suitable for 

extreme-value analysis. Each entry in the dataset corresponds to daily rainfall accumulations measured from 9 am to 9 

am the following day. In earlier years, particularly before 1962, missing records were reconstructed using the Virtual 

Climate Station Network (VCSN) to ensure temporal continuity [42]. After all filtering and pre-processing steps, the 

dataset contains 21,915 observations. 

  

Figure 3. Visualization of the Scatter plot (left panel) and MRL plot (right panel) based on daily rainfall data from 

Auckland, New Zealand. The solid line in the MRL represents the threshold selected by following the methodology of 

Coles et al. [4] 

To facilitate understanding of the dataset's behaviour, especially from an extreme-value modelling perspective, two 

key visualizations are presented: a scatter plot of the daily rainfall series and an MRL plot in Figure 3. The threshold 

choice of 54 mm present in the MRL plot in the right panel of Figure 3 has been chosen by following the methodology 

instruction from Coles et al. [4] discussed in Section 2.7. 
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2.6.3 Bangladesh daily rainfall dataset 

The Bangladesh rainfall dataset used in this study comprises daily precipitation measurements from 35 strategically 

distributed weather stations across the country. The data were provided by the Bangladesh Meteorological Department 

(BMD), which maintains a national network for recording meteorological observations [43]. Although the complete 

dataset includes rainfall records from multiple cities, this study focuses on data from Dhaka, the capital city, to ensure 

consistency and maintain a focused regional analysis of rainfall extremes. Each entry in the dataset corresponds to the 

total daily rainfall recorded over a 24-hour interval. After filtering and pre-processing steps, including the removal of 

missing values, a total of 23,010 daily rainfall observations from the Dhaka station over the period of 1961 to 2023 were 

retained for analysis [43]. The continuity and volume of this dataset make it suitable for studying extreme rainfall events 

and for evaluating the performance of different statistical models in simulating real-world precipitation data. To explore 

the dataset's statistical properties, with an emphasis on extreme values, two key visualizations are presented in Figure 4. 

The left panel shows the full scatter plot of the daily rainfall time series, while the right panel presents the MRL plot used 

to support threshold selection. The threshold of 72 mm indicated in the MRL plot was selected according to the 

methodology outlined by Coles et al. [4], as discussed in detail in Section 2.7. 

  

Figure 4. Visualization of the Scatter plot (left panel) and MRL plot (right panel) based on daily rainfall data from 

Dhaka, Bangladesh. The solid line in the MRL represents the threshold selected by following the methodology of Coles 

et al. [4] 

2.6.4 Singapore daily rainfall dataset 

The Singapore rainfall dataset utilized in this study comprises daily precipitation records collected from 2009 to 2017. 

The data were sourced from the National Environment Agency (NEA) of Singapore and are publicly available via the 

national open data portal, data.gov.sg. The historical weather records represent officially monitored rainfall amounts and 

are reported in mm [44]. 

 

  

Figure 5. Visualization of the Scatter plot (left panel) and MRL plot (right panel) based on daily rainfall data from 

Singapore. The solid line in the MRL represents the threshold selected by following the methodology of Coles et al. [4] 

For this study, daily rainfall values were extracted and pre-processed to retain only valid entries with measurable 

rainfall. The dataset, although covering a relatively short time span compared to other regions, provides reliable, high-

resolution daily measurements, making it suitable for short-term extreme-value modelling and rainfall distribution 

analysis specific to equatorial urban settings such as Singapore. To understand the dataset's characteristics in the context 

of rainfall extremes, Figure 5 presents a time-series scatter plot alongside an MRL plot. The threshold of 37 mm selected 

in the MRL plot presented by the solid line in Figure 5 (right panel) was determined in accordance with the methodology 

introduced by Coles et al. [4], as detailed in Section 2.7. 
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2.6.5 US (Seattle) daily rainfall dataset 

The US rainfall dataset used in this study comprises daily precipitation records from Seattle, Washington. This dataset is 

part of a broader historical climate compilation covering 210 cities across the United States, developed by researchers at 

Carnegie Mellon University. The original data were sourced from the Global Historical Climatology Network - Daily 

(GHCN-D) and retrieved through the Applied Climate Information System (ACIS), with the Seattle records assembled 

using the "ThreadEx" methodology. This approach ensures a coherent and continuous climate record by integrating data 

from multiple nearby stations [44]. For our research, only daily precipitation data from Seattle were used, covering the 

period from 1894 to 2023. Each observation represents daily rainfall totals measured in inches, which were subsequently 

converted into mm to maintain consistency with other datasets in the study. Furthermore, missing entries were 

systematically removed during pre-processing to ensure the reliability of subsequent statistical modelling. To gain insights 

into the statistical structure of the Seattle dataset, particularly in the context of extreme value modelling, Figure 6 displays 

both a scatter plot and an MRL plot. The MRL plot in the right panel illustrates the threshold of 31 mm for extremes, 

guided by the framework of Coles et al. [4], as detailed in Section 2.7. 

 

  
Figure 6. Visualization of the Scatter plot (left panel) and MRL plot (right panel) based on daily rainfall data from 

Seattle, United States. The solid line in the MRL represents the threshold selected by following the methodology of 

Coles et al. [4] 

3. Results and Discussion 
Before evaluating the performance of threshold selection methodologies, it is essential to understand the structure of the 

datasets utilized in this study. We analysed daily rainfall records from five distinct geographic regions: Southwest 

England, New Zealand (Auckland), Bangladesh (Dhaka), Singapore, and the US (Seattle). These datasets span a diverse 

range of climatic and geographical settings, offering a rigorous test bed for assessing the adaptability and robustness of 

extreme value modelling approaches. A notable feature of daily rainfall data is the frequent occurrence of zero rainfall 

days, reflecting dry periods. These zero values can influence the dataset's statistical characteristics and have been 

discussed in the context of extreme-value modelling in the literature [46-47]. While these works focus on specialized 

modelling frameworks for zero-inflated data, they collectively highlight the importance of understanding how structural 

zeros may interact with the tails of the distribution in certain modelling contexts. 

Table 1. Prevalence of zero rainfall days in the selected datasets 

Region Percentage of Zero 

Southwest England 47.025% 

New Zealand 50.892% 

Bangladesh 67.371% 

Singapore 44.843% 

US (Seattle) 58.027% 

 

Table 1 presents the proportion of zero rainfall observations in each dataset. The prevalence of zeros varies across 

regions, from 44.843% in Singapore to 67.371% in Dhaka, underscoring the climatic heterogeneity and rainfall variability 

across sites. This structural difference is a critical factor in analysing extreme rainfall behaviour, as it shapes the overall 

distributional form and influences the density of threshold exceedances. It is important to note that in this study, we retain 

all zero values in the datasets without any modification. We aim to evaluate how threshold selection techniques perform 

in realistic settings where zero rainfall days naturally coexist with extreme precipitation events. The variation in zero 

prevalence across datasets, as presented in Table 1, thus provides a valuable opportunity to test the durability and 

flexibility of each method under diverse data conditions. 

Table 2 summarizes the threshold values (u) selected by four different methods, those proposed by Alif et al. [19], 

Solari et al. [11], Thompson et al. [12], and the classical graphical method of Coles et al. [4], alongside the corresponding 

parameter estimates for the GPD: the scale parameter (𝜎̂) and the shape parameter (𝜉). These results are reported for each 
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of the five rainfall datasets, providing a comparative view of how each method responds to different data characteristics 

as presented in Table 2. An evident variation in the selected thresholds across all datasets is evident in Table 2. Notably, 

the method proposed by Solari et al. [11] consistently yields the highest threshold values, whereas Thompson et al.'s [12] 

approach tends to yield the lowest. This contrast is particularly striking in the Bangladesh dataset, where Solari et al. [11] 

recommend a threshold of 114 mm, nearly double the 56 mm suggested by Thompson et al. [12]. This divergence in 

threshold selection also leads to considerable differences in the estimated scale and shape parameters, with 𝜎̂ ranging 

from 25.064 to 33.855 and 𝜉 varying between 0.072 and 0.264, as detailed in Table 2. In terms of 𝜉, which governs the 

tail behavior and is thus crucial for estimating return levels, several interesting insights emerge in Table 2. For the New 

Zealand dataset, Solari et al.'s [11] method yields the highest shape estimate (𝜉 = 0.390), suggesting a heavier tail and a 

greater propensity for extreme rainfall events. In contrast, Thompson et al.'s [12] threshold yields a significantly lower 𝜉 

of 0.115, implying a more moderate tail behavior. This divergence underscores the influence of threshold selection on the 

interpretation of extreme value characteristics. 

Table 2. Comparison of the four methods in terms of determined threshold (u) and estimated scale (σ),  

and shape (ξ) for five daily rainfall datasets 

Dataset Method 𝒖 𝝈̂ 𝝃̂ 

Southwest England AD-L 33.668 8.167 0.189 

Solari et al. [11] 32.300 7.878 0.189 

Thompson et al. [12] 23.100 8.685 0.015 

Coles et al. [4] 30.000 7.299 0.197 

New Zealand AD-L 53.070 12.061 0.209 

Solari et al. [11] 62.000 9.789 0.390 

Thompson et al. [12] 26.200 13.061 0.115 

Coles et al. [4] 54.000 11.317 0.250 

Bangladesh AD-L 82.523 30.253 0.089 

Solari et al. [11] 114.000 25.064 0.264 

Thompson et al. [12] 56.000 29.470 0.072 

Coles et al. [4] 72.000 33.855 0.010 

Singapore AD-L 43.092 16.888 0.038 

Solari et al. [11] 72.200 24.332 -0.010 

Thompson et al. [12] 35.816 14.804 0.082 

Coles et al. [4] 37.000 13.958 0.121 

US (Seattle) AD-L 44.913 14.049 0.015 

Solari et al. [11] 71.882 7.326 0.316 

Thompson et al. [12] 21.082 9.347 0.080 

Coles et al. [4] 31.000 9.822 0.133 

 

The Singapore dataset also presents a noteworthy case in Table 2, where Solari et al.'s [11] method yields a slightly 

negative shape parameter (𝜉 = −0.010). While the magnitude is small, a negative shape parameter suggests the presence 

of an upper bound on extreme rainfall, which corresponds well with the generally moderate extremes observed in tropical 

urban areas like Singapore. In contrast, the methods by Coles et al. [4] and Alif et al. [19] yield small but positive values 

for 𝜉, highlighting the sensitivity of the shape parameter to the selected threshold. For the Southwest England and US 

(Seattle) datasets, the 𝜉 across the methods show relatively consistent values, typically ranging from 0.01 to 0.20, as 

shown in Table 2. The estimates are reasonably aligned, suggesting that for these datasets, the extreme value behavior is 

less volatile to changes in the threshold selection method, though even here, Thompson et al.'s [12] lower thresholds still 

lead to the smallest 𝜉 values. From a methodological standpoint, Coles et al.'s [4] graphical method tends to yield middle-

ground thresholds, producing 𝜉 values that are generally close to those from the AD-L method. For example, in Table 2, 

the US (Seattle) dataset, the shape parameter from Coles et al. [4] is 0.133, compared to 0.015 from AD-L, and 0.080 

from Thompson et al. [12]. These slight variations are expected due to the proximity of the threshold values among the 

methods in this case. It is also important to note the behaviours of the  𝜎̂ in Table 2. Larger thresholds generally correspond 

to larger scale values, reflecting the fact that more extreme events are being modelled. However, this pattern is not always 

linear or consistent. For instance, in the New Zealand dataset, although Solari et al. selected a higher threshold than Alif 

et al. [19], the corresponding scale parameter is slightly lower (9.789 vs. 12.061), suggesting nuances in dataset-specific 

variability. Overall, Table 2 illustrates how sensitive GPD parameter estimation is to the choice of threshold. The findings 

support the view that a single, universal thresholding strategy may not be appropriate, especially for zero-inflated datasets 

like those used in this study. The variability in the  𝜉 has direct consequences for return level estimation and risk 

quantification, which are explored in the following sections. 
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A closer look at Table 3 further emphasizes this point, particularly when comparing the thresholds and exceedances 

selected by the different methods. One of the most striking contrasts arises from Thompson et al.'s method, which includes 

a constraint requiring at least 100 exceedances above the selected 𝑢. This built-in condition systematically pushes the 

threshold lower than those identified by the other approaches. For instance, in the Southwest England dataset, Thompson 

et al.'s [12] method yields a 𝑢 of 23.1 mm with 349 exceedances, while the AD-L method selects a higher threshold of 

33.668 mm with 93 exceedances. Although a larger number of exceedances might initially seem advantageous, this does 

not necessarily improve the accuracy of parameter estimates. A lower threshold can include moderate, non-extreme 

observations, diluting the tail characteristics that the GPD is intended to capture. This can lead to biased parameter 

estimates and an underestimation of high return levels, ultimately compromising the reliability of risk assessments. Liang 

et al. [8] highlight this issue, noting that including non-extreme data can obscure the true extremal behaviours of the 

distribution. Conversely, selecting a threshold that is too high limits the sample to only the most extreme observations. 

While this helps better represent the tail, it comes at the cost of fewer data points, as observed in the case of Solari et al. 

in Table 3, increasing the variance and uncertainty of the estimates, as vividly evident in Table 4. This classic bias–

variance trade-off is a core challenge in effectively implementing the POT method. 

Table 3. A comparison of the four methods highlights the selected threshold values (u) and the number of exceedances 

identified, providing an overall perspective on how each method isolates the extreme value portion relative to the net 

dataset size 

Dataset Size 
Missing 

Values 
Net Size Method 𝒖 Exceedances 

South West England 17531 0 17531 AD-L 33.668 93 

Solari et al. [11] 32.300 111 

Thompson et al. [12] 23.100 349 

Coles et al. [4] 30.000 152 

New Zealand 21915 0 21915 AD-L 53.070 81 

Solari et al. [11] 62.000 44 

Thompson et al. [12] 26.200 438 

Coles et al. [4] 54.000 77 

Bangladesh 23010 0 23010 AD-L 82.523 194 

Solari et al. [11] 114.000 75 

Thompson et al. [12] 56.000 454 

Coles et al. [4] 72.000 257 

Singapore 2859 105 2754 AD-L 43.092 82 

Solari et al. [11] 72.200 11 

Thompson et al. [12] 35.816 140 

Coles et al. [4] 37.000 132 

US (Seattle) 47481 17 47464 AD-L 44.913 83 

Solari et al. [11] 71.882 15 

Thompson et al. [12] 21.082 915 

Coles et al. [4] 31.000 320 

 

Against this backdrop, the AD-L method's performance stands out. Across all datasets in Table 3, it consistently 

identifies thresholds that maintain a balance, high enough to focus on genuine extremes, yet not so high as to leave too 

few exceedances for reliable inference. This careful calibration avoids the pitfalls of both under- and over-thresholding, 

offering a more stable and context-sensitive approach. The logical consistency of the thresholds selected by the AD-L 

method and the corresponding exceedance counts reemphasizes the strength of its automated framework. This method 

adapts well to varying data characteristics without relying on rigid rules or arbitrary cutoffs. To further substantiate these 

observations, we next evaluate the GOF of each method through model compatibility, as summarized in Table 4. To 

reinforce the effectiveness of the threshold selection procedures, we assess model compatibility using GOF tests, 

including the KS, AD, and CVM. Table 4 presents the corresponding p-values for each method across all datasets. As 

evident from Table 4, the AD-L method consistently achieves the highest or among the highest p-values across all GOF 

tests and datasets, confirming strong compatibility between the fitted GPD and the empirical exceedances. Notably, Solari 

et al. [11] also show competitive performance, often matching or slightly outperforming the AD-L method in terms of 

GOF test p-values. For instance, in the New Zealand dataset, both the AD-L method and Solari et al. [41] yield 

exceptionally high p-values, with Solari et al. [11] reaching near-perfect fits (KS = 0.999, AD = 0.996, CVM = 0.998). 

In contrast, despite Thompson et al. [12] method yielding the highest number of exceedances in each dataset, due to its 

constraint of a minimum of 100 exceedances, its p-values are consistently lower than those of the AD-L method and 

Solari et al. [11], and in some cases notably poor. For example, in the US (Seattle) dataset, Thompson et al. [46] show a 
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KS p-value of just 0.201 and an AD p-value of 0.209, suggesting weak model fit. This pattern reinforces the earlier 

concern that a lower threshold leads to the inclusion of moderate, non-extreme values, which can bias parameter estimates 

and reduce the compatibility of the fitted model with the observed tail behaviours. Similarly, Coles et al. [4], which relies 

on the traditional graphical MRL plot method, performs moderately across datasets, often with p-values trailing those of 

the AD-L method and Solari et al. [11]. Despite sometimes achieving a better fit than Thompson et al. [12], Coles et al. 

[4] still fall short of the consistency shown by the automated methods, particularly in capturing the underlying extremal 

behaviours. 

Table 4. A comparative analysis of the p-values from the KS, AD, and CVM GOF tests across the four methods 

Dataset Method 
p-values 

KS AD CVM 

Southwest England AD-L 0.966 0.989 0.981 

Solari et al. [11] 0.958 0.963 0.983 

Thompson et al. [12] 0.450 0.234 0.345 

Coles et al. [4] 0.850 0.862 0.953 

New Zealand AD-L 0.946 0.900 0.876 

Solari et al. [11] 0.999 0.996 0.998 

Thompson et al. [12] 0.513 0.742 0.755 

Coles et al. [4] 0.869 0.957 0.907 

Bangladesh AD-L 0.961 0.904 0.802 

Solari et al. [11] 0.985 0.914 0.963 

Thompson et al. [12] 0.300 0.357 0.694 

Coles et al. [4] 0.862 0.723 0.874 

Singapore AD-L 0.903 0.946 0.881 

Solari et al. [11] 0.983 0.984 0.979 

Thompson et al. [12] 0.950 0.855 0.840 

Coles et al. [4] 0.920 0.903 0.883 

US (Seattle) AD-L 0.978 0.979 0.973 

Solari et al. [11] 0.902 0.932 0.876 

Thompson et al. [12] 0.201 0.209 0.528 

Coles et al. [4] 0.677 0.762 0.882 

 

3.2.1 Threshold uncertainties 

While Solari et al.'s [41] method demonstrates very strong model compatibility, this comes at a cost. As shown in Table 

3, Solari et al. [11] often select a much higher threshold, resulting in a very small number of exceedances. This approach 

ensures that only the most extreme values are modelled, naturally leading to a good fit, but at the cost of greater threshold 

uncertainty, as shown in Table 5. With fewer exceedances, the resulting confidence intervals become much wider due to 

higher variance. An examination of Table 5 reveals notable variations in the uncertainty associated with threshold 

selection across the four methods. The most prominent feature is the considerably wider 95% CIs produced by the Solari 

et al. [11] method. In several datasets, such as Bangladesh and Singapore, the CI widths exceed 150 and 70, respectively. 

This reflects substantial uncertainty, likely arising from the method's conservative selection of higher thresholds. While 

these thresholds may better isolate extreme events, the wide confidence bounds indicate limited precision, potentially 

complicating model interpretation and inference. In contrast, Thompson et al.'s [12] method consistently yields narrow 

CIs that compete with the AD-L method, in some cases producing the narrowest CIs with widths as small as 3.01 mm 

(US) and 5.00 mm (Bangladesh). These tightly bound intervals suggest high precision in threshold estimation. However, 

this should not be taken at face value as a strength; as noted earlier, the Thompson et al. [12] method tends to select 

substantially lower thresholds, which may inadequately represent the distribution's tail behaviour. This undermines the 

utility of its narrower CI, since the underlying threshold choice remains questionable for reliably capturing extreme 

values. AD-L method, meanwhile, offers balanced performance, balancing extremely competitive model compatibility 

with reasonably narrow CIs while maintaining logical and defensible threshold values across all datasets. 

It is also important to note that Coles et al.'s [4] method, due to its graphical and subjective nature, does not lend itself 

to quantitative uncertainty estimation. As Solari et al. [11] highlight, this subjectivity limits the ability to rigorously assess 

the confidence or robustness of thresholds derived through visual inspection. In summary, Table 5 reinforces the reliability 

of the AD-L method, which provides well-balanced uncertainty measures without sacrificing model performance. While 

Solari et al.'s [11] method excels at capturing extreme values by setting higher thresholds, it does so at the cost of greater 

uncertainty. Thompson et al. [12], though seemingly precise, raise questions about the validity of their threshold estimates. 

These insights further validate the AD-L method as a strong candidate for robust, consistent threshold selection across 

diverse rainfall datasets. 
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Table 5. Comparison of the four methods in terms of threshold uncertainties across five daily rainfall datasets. In 

this table, u is the determined threshold value 

Dataset Method 𝑢 CI Width of CI 

South West England AD-L 33.668 [23.777, 35.037] 11.26 

Solari et al. [11] 32.300 [24.700, 59.395] 34.695 

Thompson et al. [12] 23.100 [12.180, 24.100] 11.92 

New Zealand AD-L 53.070 [12.471, 54.544] 42.073 

Solari et al. [11] 62.000 [26.902, 88.800] 61.898 

Thompson et al. [12] 26.200 [5.260, 27.340] 22.080 

Bangladesh AD-L 82.523 [56.807, 115.724] 58.917 

Solari et al. [11] 114.000 [72.025, 231.000] 158.975 

Thompson et al. [12] 56.000 [54.000, 59.000] 5.000 

Singapore AD-L 43.092 [13.059, 43.344] 30.285 

Solari et al. [11] 72.200 [22.420, 93.000] 70.580 

Thompson et al. [12] 35.816 [17.600, 42.800] 25.200 

US (Seattle) AD-L 44.913 [22.523, 45.382] 22.859 

Solari et al. [11] 71.882 [32.766, 86.614] 53.848 

Thompson et al. [12] 21.082 [18.510, 21.520] 3.010 

 

3.2.2 Return level uncertainties 

In this section, we examine the uncertainty associated with estimated return levels for each method across five distinct 

rainfall datasets: Southwest England, New Zealand, Bangladesh, Singapore, and US-Seattle. The analysis covers 10-, 50, 

and 100-year return levels and includes 95% bootstrap CIs and their respective widths. One thing to note is that, due to 

the subjective nature of the MRL plot approach, return level uncertainties were instead computed using the delta method, 

as outlined by Oehlert [36]. Now, if we observe the Southwest England dataset in Table 6, the AD-L method and Solari 

et al. [11] produce comparable return levels with slightly varying CI widths, indicating robust performance. Thompson et 

al. [12] report consistently narrower intervals, especially at higher return periods, which may again reflect the impact of 

their lower threshold selection. Coles et al. [4], on the other hand, in Table 6 demonstrate the widest CI at the 100-year 

return period (81.722), indicative of higher variability or model uncertainty due to their subjective threshold estimation. 

Table 6. Comparison of the four methods in terms of return level estimates and uncertainties for the daily rainfall 

dataset of Southwest England at 10, 50, and 100 years return periods 

Method Return Period Return Level CI Width of CI 

AD-L 10 66.145 [56.977, 74.279] 17.302 

50 93.091 [70.292, 112.291] 42.000 

100 107.479 [75.395, 137.314] 61.919 

Solari et al. [11] 10 65.945 [56.774, 75.081] 18.307 

50 89.516 [70.324, 110.754] 40.430 

100 101.315 [76.404, 133.638] 57.234 

Thompson et al. [12] 10 64.106 [56.450, 71.956] 15.506 

50 83.484 [68.248, 100.847] 35.599 

100 92.702 [73.181, 116.213] 43.032 

Coles et al. [4] 10 65.961 [55.667, 76.254] 20.587 

50 92.336 [64.167, 120.506] 56.339 

100 106.342 [65.481, 147.203] 81.722 

For the New Zealand dataset in Table 7, all four methods yield fairly similar return levels, but Thompson et al. [12] 

report the highest returns across all periods. While this could indicate better tail modelling, the associated CIs are quite 

wide, especially for the 100-year level (110.185). Coles et al. [8] again show the widest CI for the 100-year return level 

(135.705) in Table 7, which may reflect its subjectivity and reliance on visual thresholding. The AD-L method shows 

competitive return levels with narrower CIs, supporting its reliability. 

In Table 8, Thompson et al. [12] and the AD-L method yield similar return level estimates with moderate Confidence 

Intervals (CIs) for Bangladesh. In contrast, Solari et al. [11] yield slightly higher 100-year return levels and significantly 

larger uncertainty (CI width = 216.799), reinforcing its tendency toward conservative but uncertain estimates. Coles et al. 

[4] produce the narrowest CIs in Table 8 across all return levels, yet their return levels are consistently lower than those 
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from the other methods, possibly reflecting an underestimation from the graphical approach. For the smallest dataset 

(Singapore), all methods estimate similar return levels, as shown in Table 9; however, CI widths vary notably. 

Table 7. Comparison of the four methods in terms of return level estimates and uncertainties for the daily rainfall 

dataset of Auckland, New Zealand, at 10, 50, and 100 years return periods 

Method Return Period Return Level CI Width of CI 

AD-L 10 94.808 [82.716, 111.814] 29.098 

50 134.622 [98.806, 171.816] 73.010 

100 156.361 [105.461, 210.720] 105.259 

Solari et al. [11] 10 93.806 [76.513, 124.271] 47.758 

50 136.711 [98.049, 169.419] 71.370 

100 159.988 [108.441, 209.332] 100.891 

Thompson et al. [12] 10 102.540 [86.201, 119.980] 33.779 

50 148.418 [111.038, 191.474] 80.436 

100 173.269 [121.394, 231.579] 110.185 

Coles et al. [4] 10 94.411 [80.616, 108.206] 27.590 

50 136.852 [93.296, 180.408] 87.112 

100 161.093 [93.241, 228.946] 135.705 

 

Thompson et al. [12] and Coles et al. [4] produce the widest CIs at the 100-year level, over 220 and 211, respectively, 

hinting at higher uncertainty in tail estimates. AD-L method and Solari et al. [41] offer slightly tighter bounds while 

maintaining plausible return levels as shown in Table 9, suggesting balanced modelling. The largest dataset (US (Seattle)) 

in our study exhibits the lowest return levels and CI widths overall, as shown in Table 10. Thompson et al. [12] deliver 

the narrowest intervals (as low as 11.506), consistent with its lower threshold strategy. However, the narrowness of CIs 

does not necessarily imply accuracy, as lower thresholds may not truly reflect tail behaviours. AD-L method and Coles 

et al. [4] perform competitively, with the AD-L method maintaining a strong balance between precision and realism in 

extreme value modelling. Also, as shown in Table 10, the return level estimates are relatively similar across the four 

methods at all given return periods.  

Table 8. Comparison of the four methods in terms of return level estimates and uncertainties for the daily rainfall 

dataset of Dhaka, Bangladesh, at 10, 50, and 100 years return periods 

Method Return Period Return Level CI Width of CI 

AD-L 10 203.733 [177.031, 234.054] 57.023 

50 274.716 [216.874, 371.361] 154.487 

100 308.556 [232.076, 459.578] 227.502 

Solari et al. [11] 10 200.718 [161.962, 243.265] 81.303 

50 296.795 [217.991, 368.375] 150.384 

100 349.862 [242.201, 459.000] 216.799 

Thompson et al. [12] 10 206.010 [180.865, 237.063] 56.198 

50 280.106 [228.406, 349.782] 121.376 

100 315.909 [249.223, 412.045] 162.822 

Coles et al. [4] 10 199.910 [176.410, 223.410] 47.000 

50 256.914 [206.338, 307.490] 101.152 

100 281.748 [214.441, 349.055] 134.614 

 

A clear pattern emerging from Tables 6 to 10 is that datasets with fewer observations, such as the Singapore daily 

rainfall dataset (Table 9), tend to produce noticeably wider 95% CIs. In contrast, larger datasets, such as the US (Seattle) 

daily rainfall dataset (Table 10), yield much narrower CIs. Across all datasets, the AD-L method demonstrates consistent 

and stable performance. It provides reasonably narrow CIs across all datasets and return periods while maintaining 

reliable, defendable return-level estimates. This suggests a strong ability to generalize across diverse climatic patterns 

without excessive uncertainty. Solari et al. [11] regularly report wide confidence intervals, particularly for the 100-year 

return levels. This supports the idea that while it isolates extreme events well, it does so at the cost of increased uncertainty, 

possibly stemming from higher thresholds and fewer exceedances. Thompson et al. [12] often yield the narrowest intervals 

but frequently report higher return levels due to their lower threshold selection. The artificially reduced variance from 

using more exceedances may give a false sense of precision, potentially undermining the trustworthiness of its return 

level projections. Coles et al. [4] show the most variable performance. While it sometimes reports narrow CIs, particularly 
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in the Bangladesh dataset, it also exhibits very wide CIs in other datasets. Its subjectivity in threshold selection may 

contribute to these inconsistencies, making it less reliable than automated methods in comparative studies. 

Table 9. Comparison of the four methods in terms of return level estimates and uncertainties for the daily rainfall 

dataset of Singapore at 10, 50, and 100 years return periods 

Method Return Period Return Level CI Width of CI 

AD-L 10 129.845 [97.012, 170.929] 73.917 

50 163.401 [107.081, 264.565] 157.484 

100 178.503 [110.564, 317.778] 207.214 

Solari et al. [11] 10 130.561 [95.669, 167.474] 71.805 

50 174.646 [105.825, 256.748] 150.923 

100 198.522 [107.989, 317.487] 209.498 

Thompson et al. [12] 10 130.186 [96.348, 176.428] 80.080 

50 168.587 [105.073, 273.722] 168.649 

100 187.431 [108.529, 331.864] 223.335 

Coles et al. [4] 10 137.153 [96.969, 177.337] 80.368 

50 183.487 [102.024, 264.950] 162.926 

100 206.395 [100.510, 312.280] 211.770 

 

Table 10. Comparison of the four methods in terms of return level estimates and uncertainties for the daily rainfall 

dataset of Seattle, US, at 10, 50, and 100 years return periods 

Method Return Period Return Level CI Width of CI 

AD-L 10 71.324 [64.142, 76.662] 12.520 

50 94.842 [83.069, 110.434] 27.365 

100 105.145 [89.627, 130.441] 40.814 

Solari et al. [11] 10 70.580 [61.025, 79.614] 18.589 

50 89.878 [78.087, 107.801] 29.714 

100 98.804 [82.333, 123.861] 41.528 

Thompson et al. [12] 10 69.386 [63.735, 75.241] 11.506 

50 94.083 [82.151, 107.770] 25.619 

100 106.123 [90.445, 124.910] 34.465 

Coles et al. [4] 10 70.234 [63.761, 76.707] 12.946 

50 97.226 [80.403, 114.049] 33.646 

100 110.753 [86.824, 134.683] 47.859 

4. Conclusions 
In this study, we conducted a comprehensive comparison of four threshold selection methods for the GPD applied to 

diverse rainfall datasets from Southwest England, New Zealand, Bangladesh, Singapore, and the US (Seattle). Our 

investigation reveals that the choice of threshold not only substantially affects GPD parameter estimation but also has 

significant implications for return-level predictions. The results demonstrate that methods based on automated statistical 

criteria, particularly the AD-L method, tend to achieve a favourable balance between bias and variance. The AD-L 

method, along with a simple, computationally favourable method, consistently produces thresholds that are both robust 

and defensible, yielding return level estimates with moderate uncertainty and strong model compatibility across datasets. 

In contrast, the Solari approach, while effective at isolating the most extreme events, often yields wider confidence 

intervals due to its conservative threshold selection. The Thompson method, which systematically selects lower thresholds 

to secure a high number of exceedances, delivers narrow confidence intervals but may risk underrepresenting tail 

behaviours. The classical graphical MRL plot method of Coles, though widely used and intuitive, lacks the quantitative 

rigor required to assess threshold uncertainty objectively. 

Overall, our findings clearly demonstrate that the threshold selection procedure proposed by the AD-L method 

generally exhibits a slight edge across the diverse rainfall datasets examined. AD-L method consistently delivers logically 

interpretable thresholds that strike an effective balance between bias and variance, yielding an optimal number of 

exceedances. It is particularly effective in managing the high prevalence of zero rainfall events, a common challenge in 

realistic datasets, which further enhances the robustness of extreme value estimates. It is important to note, however, that 

we do not claim that the alternative methods are unreliable or untrustworthy; in some instances, methods other than the 

AD-L method even produced more precise outcomes or narrower uncertainties. Rather, given all the observations and 

results presented in our study, the AD-L method appears to have a slight edge due to its consistency, simplicity, and 
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computational affordability. These insights provide a robust framework for both practitioners and researchers engaged in 

hydrological risk assessment and flood management. Future research should explore hybrid or adaptive methods to further 

refine threshold selection and account for evolving climate patterns, thereby enhancing the precision of return-level 

forecasting in extreme-event modelling. 
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